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Notes before we start

Please ask questions anytime!

There are exercises. If you have time, you will benefit by attempting
them. | will update slides with solutions at the end

Very few prerequisites — elementary probability only
There are some tricky concepts!

| am around if you want to chat/ask questions out of lectures



Why RL theory?

Use theory to guide algorithm design

Understand what is possible

Understand why existing algorithms work
Understand when existing algorithms may not work



Reinforcement Learning

Action

A

agent environment

__

Reward/Observation

Learner interacts with unknown environment taking
actions and receiving observations

Goal is to maximise cumulative reward in some sense



Markov Decision Processes (MDPs)

An MDPisatuple M = (5,4,?,R)

S is a finite or countable set of states

* 17 is a finite set of actions

e 7 is a probability kernel from s x 2to §

e R is a probability kernel from § x 4 to [0, 1]

Notation

P (s’|s, a) is the probability of transitioning to state s’ when taking action
ain state s

Mean reward when taking action a in state s is (s, a) = [ TR (d1]s, a)



Three types value/interaction protocol

Finite horizon Learner starts in an initial state. Interacts with the MDP
for H rounds and is reset to the initial state

Discounted Learner interacts with the MDP without resets. Rewards are
geometrically discounted.

Average reward Learner interacts with the MDP without resets. We care
about some kind of average reward

Discounted and finite horizon are often somehow
comparable and technically similar

Average reward introduces a lot of technicalities



Finite horizon MDPs

e | earner starts in some initial state s; € §
e |nteracts with the MDP for H rounds

e Assume § = |_|E:+11 Sn With 53 = {s1}and Sy 11 = {sys1}and

P(Shy1ls,a) =1foralls € $,, a € 2and h € [H]
P(sHy1lsHi1,a) =landr(syir,a) =0
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Finite horizon MDPs

A stationary deterministic policy is a functiont: s — 4

Policy and MDP induce a probability measure on
state/action/reward sequences

The probability that 7t and the MDP produce interaction sequence
$1,Q1,T1,...,SH, QH, TH IS

H

H Los=an R (Thish, an)P(shy1lsh, an)
h—1

Expectations with respect to this measure are denoted by E.. For
example,

H
V7(s1) = Ex [Z Th]
ho1

is the expected cumulative reward over one episode



Value and g-value functions

Given a stationary policy 7 the value function v7* : s — R is the function

H

Vi(s) =E, [Z T

u=h

Sh = s] forall s € s,

Questionable formalism: What if s is not reachable under
q-values

Value of policy 7t when starting in state s, taking action a and following 7
subsequently

q™(s,a) =7(s,a) + Z ?(s’|s, a)v™(s’)
s'es



Bellman operator

e QOperators on the spaces of value/q-value functions

(T7q)(s,a) =7(s,a) + Z P?(s’s,a)q(s’, mt(s"))

s’'es
(T™V)(s) = (s, 7t(s)) + Z ?(s’|s, 7t(s))v(s")
s’'es
Exercise 1 Prove that
1. v™ is the unique fixed point of 77 over all functions {q: § x 4 — R}
2. q™ is the unique fixed point of 77 over all functions {v: § — R}



Optimal policies
The optimal policy maximises v™ over all states
v*(s) = maxv"(s)
7T

Proposition 1 There exists a stationary policy 7* such that

V¥ (s) =v*(s) foralls € s

Optimal g-value is q*(s, a) = q (s, a)



Optimal policies
The optimal policy maximises v™ over all states
v*(s) = maxv"(s)
7T

Proposition 1 There exists a stationary policy 7* such that

V¥ (s) =v*(s) foralls € s

Optimal g-value is q*(s, a) = q (s, a)

Bellman optimality operator

(Tq)(s.a) =v(s,a) + }_ 2(s'ls,a) max q(s’,a’)
s’'es

(TV)()—Tg;l(Tsa—i-ZTslsa s’)
s'es
Exercise 2 Show that
1. q* is the unique fixed point of 7 over all functions {q: § x 2 — R}
2. v* is the unique fixed point of 7 over all functions {v: § — R}
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= (T'q)‘“) (9 )



Three Learning Models

Online RL the learner interacts with the environment as if it were in the
real world
Local planning the learner can ‘query’ the environment at any
state/action pair it has seen before
Generative model the learner can ‘query’ the environment at any
state/action pair

Generative mode |
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Learning with a Generative Model

Learner knows $, 4 and the initial state s; but not » and r
Learner and environment interact sequentially

Learner chooses any state/action pair (s¢, at) € $ x 4
Observes r¢, s{ wWith r¢ ~ R (s¢, a¢) and s{ ~ P(s¢, at)

How many samples are needed to find a near optimal
policy?

Sometimes want a policy that is near optimal at all
states. Sometimes only care about the initial state



Local planning

Same as learning with a generative model, but learner
can only query states it has observed before

e Learner knows s, 4 and s; but not ? and r

® 5 ={s1}

e Learner and environment interact sequentially

e Learner chooses any (s, a;) € § x 4 with s; € $;

e Observes 1, s{ With ry ~ R (s, a) and s{ ~ 2 (+[s¢, at)
® Sip1 =S U{s{}



Online RL

e Learner knows s and 4 but not 7 and r

e |earner interacts with MDP in episodes

¢ |n episode k the learner starts in state s‘f = s; and interacts with the
MDP for H rounds producing history

sk, a1k, s, ak, vl sl

* akis the action played by the learner in state sk

e skis sampled from 2 (-[sk_;,ak )
e r¥is sampled from g (s¥, ak)

How many times does the learner play a suboptimal
policy? How small is the regret?



Example of local planning

Finding optimal policies in simulators



Bandits

A (very simple) bandit is a single-state MDP: § = {s1}
Useful examples
Can be analysed very deeply

Ideas often generalise to RL — optimism, Thompson sampling and
many other exploration techniques were first introduced in bandits

Practical in their own right



Tabular MDPs



Learning tabular MDPs with a generative model

e Unknown MDP (s, 4, P, 1)
e Access to a generative model

How many queries to the generative model are needed
to find a near-optimal policy?



Learning tabular MDPs with a generative model

Suppose we make m queries to the generative model from each
state-action pair

Observe data (s¢, at, r¢, s¢)i; with n = m|s||4]
Estimate p and r by

n
, 1
|SCl ;12 (s,a,s")=(s¢,ag,sq)

Output the optimal policy 7 for the empirical MDP (s, 4, 2, 1)



Necessary aside
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Concentration

Hoeffding’s bound Suppose that X3, ..., X, arei.d.d. random variables
in [—B, B] with mean w. Then, for all 5 € (0, 1),

1 & log(1/6
[F’(mg Xi—u| >cnstB Og(/)><6
i=1

m
Categorical concentration Suppose that S, ..., S arei.d.d. random
elements in s sampled from P and P(s) = L 5™ 1s._. Then,

T m

N log(1/8
P (HP—PHl >cnst\/|5|c>gn£/)> <6,




Analysis

- 7t is true optimal policy
- 7tis optimal policy of empirical MDP
- v is value function of empirical MDP

I\’ﬂ*(sl) - Vﬂ(sl)l = Ivﬁ*(sl) —9”*(81)|+|\7ﬂ*(51) —\A’ﬂ(sl)lJrl\A/”(Sl) - Vﬂ(sl)l

error (A) (B) ©

- (B) is negative because 7t is optimal in empirical MDP
- (A) and (C) are the differences in value functions with a given policy



A useful lemma

e Compare the values of a single policy on different MDPs
e M = (s, 4, P, ) with value functionv: s — R
e M = (5,4, P,%) with value function 9 : § — R

Lemma 1 (Value decomposition lemma) Forall policies nt

H

V¥(s1) = 97(s1) =Ex | D_(r—F)(sn, an) + (P(sn, an) — P(sn, an), 97)
h—1

Exercise 3 Prove Lemma



Bounding the error

With probability at least 1 — 6 forall s € $, and a € 4,

|(r—7)(s, a)| < cnst k)g(lﬂJjﬂ/é)
(s, a) — (s, a)||l1 < cnst \/|~5h+1| |0i(l|.5||ﬂl/6)
By Lemma1
H
Vﬂ(sl) —()71(51) = [E7t [Z (T — ?)(Sh, (lh) + <?(Sh, ah) — Q’)\(Sh, ah)y(}ﬂ>]
h=1

H
< Ex [Z(T —1)(sn, an) + |2 (sh, an) — P(sn, 0h)||1”‘7”||oo]
h—1

H
< cnstEx [ Y \/'og(ié‘llﬂ%/é) N H\/|5h+1l log(1s1141/3)
h=1 m m

3 .
#queries sllal




Bounding the error

By the same argument

H3|a| log(|5]14]/8)
#queries

97 (s1) =7 (s1) < cnst ISI\/

Combining everything gives:
Theorem 2 The optimal policy in the empirical MDP satisfies with
probability at least 1 — 6

. \/|ﬂ|H3 log(Isll41/5)

v (s1) —v™(s1) < cnst|$] -
#queries

Corollary 3 If

cnst H3(s12 4] log(|5l]/8)
82

#queries >

Then with probability at least 1 — 5, v (s1) — v (s1) < ¢



Are these bounds tight?

Number of samples needed for ¢-accuracy

o cnst H3|5[2|4| log(1S]14]/6)
- 2

1/€2 is the standard statistical dependency - likely optimal
|4]|5|> parameters in the transition matrix
Rewards scale in [0, H]

H?|s[%|4]log(1/8)
e2

A good guess would be



Dependence on [§|

Key inequality:
(#(s,a) = 2(s,a), ) <

Remember,
(s|s, a)

Then

(P(s,a) —(s,a),07) = ) (P(s']s,a) — P

12 (s, a) —

1 m
Tt

iy

vgp cnst H M
m
(A{)™, are independent and |A;| < H and E[A;] =

115

(s, )11 oo

0



Dependence on [§|

Repeating the previous analysis gives the following

Theorem 4 If

cnst H*( s[4 | log(|s]|al/8)
n= 52

then with probability at least 1 — 5, v (s1) — v™(s1) < ¢

Exercise 4 Prove Theorem 4



Dependence on H
Dependence on H is also loose
Gi(s, a) = \/S/NT(S’W(S))[\;”(S’)]
Exercise 5 (Sobel 1982) Show that

Zrh] =En [ic sh,ah]

1

Naive bounds

< H3

H
< H2 Er [Z Gi(shv ah)
h=1




Dependence on H

Repeating the previous analysis and assuming known rewards (again...)

H
V(s1) =V (s1) = Ex [Z(-{P(Shv an) — P(sn, ah)y0”>]

h=1

<E |y \/cr%(sh,ah) log [5121/5)
m
h=1
H H
<y Ex | D oklsn, an) | log(lsllal/s)
\ h=1

H
> rh] log(Isl4l/8)

h=1

3
< \/ SN e stials)

#queries



Final result

Theorem 5 (Azar etal. 2012) If

cnst S|l /H3 log(|sl4]/8)
n= 82

+ lower order
then v (s1) —v™(s1) < ¢

Matches lower bound up to constant factors and lower order terms



Learning online

Online model

Learner starts at initial state and interacts with the MDP for an
episode

Cannot explore arbitrary states as usual

Our learner will choose stationary polices 7, . . ., 71, over n episodes
Assume the reward function is known in advance for simplicity



Regret

Regret is the difference between the expected rewards collected by the
optimal policy and the rewards collected by the learner

mn
Reg, = Y Vv*(s1) —Vv™(s1)
t=1

Exploration/exploitation dilemma

Learner wants to play 7t; with vt close to v* but needs to gain
information as well



Optimism
Standard tool for acting in the face of uncertainty
since Lai [1987] and Auer et al. [2002]

The

Optimism Bias

[rrationally

Positive Brain

Tali Sharot
Intuition

Act as if the world is as rewarding as plausibly possible

Mathematically

T = argmax max Vi, (s1)
T MeCt 1

where C¢_; is a confidence set containing the true MDP with high
probability constructed using data from the first t — 1 episodes



Confidence set

Cy = {Q lQ (s, a) — P¢(s, a)||1 < cnst \/LSslbg(TLLSMI) Vs, a}

1+ Nt(sr (1)

where

e N¢(s, a) is the number of times the algorithm played action a in
state s in the first t episodes

® s, is the number of states in the layer after state s

Proposition 2 P € (; forall episodes t € [n] with probability at least

1—1/n

Exercise 6 Prove Proposition 2



Optimism
Regret in episode t is
V¥(s1) —Vv™(s1)
Optimistic environment/policy

¢ = arg maxmaxv’ (s; 7T = arg max vy (1
g Q ) Qi
QeCt-1 (e s

Key point: if 7 € ¢;_1, then



Optimism
Regret in episode t is
V¥(s1) —Vv™(s1)
Optimistic environment/policy

¢ = arg maxmaxv’ (s; 7T = arg max vy (1
g Q ) Qi
QeCt-1 (e s

Key point: if 7 € ¢;_1, then

Vo' (s1) = v*(s1)

Vi(s1) —v™(s1) < v (s1) —Vv™(s1)




Analysis

ElReg,] =E [ZV*(Sl) —Vﬂ‘(sl)]
t=1

SE

M=

vt (s1) —v”t(sl)] (Optimism)

t

1

I
M=

(Qtlsp, ap) — (st aﬁ),v@] (Lemma 1)

Il
M- T
M= IM=

lQt(sh, af) — P (s}, aﬁ)]1||vg§|]oo] (Holder's inequality)

1 1

n H
|Sh1/log(1/8)
> > \/1 TN L ah)] (Def. of conf.)

t=1h=1

-+
Il
=
Il

< cnst HE




E[Reg,] <

cnst HE

= cnst HE

= cnst HE

< cnst HE

Analysis (cont)

hE

H
Z |Shy1llog(1/0)
he ]-+Nt 1(shrah)

1
y il t |Snt1/log(n|4alls]/8)
aeat=1 s 1+ Neals a)

Nn 1(8 (1

1

,_,.
I

(SN

|Sh+1/log(n|alls]/d)
1+u

M= £

u=0

1T
=
Il
—
1]
m
[oN
E]
o
m
n

I

VNn1(s, @)lSh i1l log(nls]lal/8)

TT
—
»
m

Sh aeAa

;r

< cnst HISI\/I/‘ZLInlog(nIAIISI/é)



Summary

e Regret of optimistic algorithm is

E[Reg,,] < cnst H|S[\/|4n log(n|4]s])

e With better confidence intervals and analysis

E[Reg,,] < cnst Hy/|S[[4n log(n|4]ls])

Exercise 7 Show how to compute the optimistic algorithm in
polynomial time

Exercise 8 Modify the algorithm to handle unknown rewards

Algorithm sometimes called UCRL (Upper Confidence for RL)

Original designed for average reward MDP setting [Auer et al.,
2009]




Comparing to the bounds with a generative model

Best regret bound: E[Reg,,] < cnst H\/ISHﬁIIn log(n|4lls])
Average regret

1 Al a
ntE[Regn]gcnstH\/'S” g AT,

2
. HZ|s]| 4] |02g(n|f4||5|)
€

H queries per episode
Sample complexity with a generative model:

H3[s]14] log(|-ls1/8)
€2




Relation to sample complexity

An alternative notion to regret

A learneris (¢, 8)-PAC if

P (Zl (V(s1) =v™(s1) > €) > 5(8,6)> <0
t=1

Similar optimistic algorithm has

cnst H2[s]14] log(|s]14]/8)
2
€

S(g,d) <

Sample complexity bounds like this imply regret bounds
Dann et al. [2017]



Other algorithmic approaches

UCB-VI [Azar et al., 2017]: Backwards induction in each episode
d(s,a) = #(s,a) + (?(s, a), ¥) + bonus V(s) = mgxﬁ{(s, a)
Thompson sampling [Ouyang et al., 2017]
Q¢ ~ Posteriory_1 T = argTrtnaxvgt

Information-directed sampling [Lu et al., 2021]

. Regret(m)?
Ty = argmin ————————

~ Inf. gain(m)
Optimistic Q-Learning [Jin et al., 2018]

d(s, a) « (1 —o)q(s, a) + ae(r+ max q(s’, a’) + by)

E2D [Foster et al., 2021]



Value-seeking vs information-seeking

Bondit with Graph Feedback

&
&)e/\/ \‘?O_'; Inpormative Ackion




A note on conservative algorithms

Algorithms that use confidence intervals for exploration
are at the mercy of their designers cleverness

Loose confidence intervals <= slow learning

Confidence intervals based on asymptotics may not be
valid — can lead to linear (!) regret



Instance-dependent bounds

Maybe the focus on minimax bounds is misguided

¢ |nstance-dependent regret is well understood in bandits

Reg,, = O ( 3 '°i(n)>

a:Aq>0

* We have asymptotic problem-dependent bounds for MDPs [Tirinzoni
etal., 2021]

e Hard to tell how relevant asymptotic-style problem-dependent
bounds are for MDPs



Real problem |s|is usually enormous

e QOur hypothesis class does not encode enough structure
Number of states in most interesting problems is enormous
e May never see the same state multiple times

We need ways to impose structure on huge MDPs
Conflicting goals:

Structure needs to be
- restrictive enough that learning is possible

- flexible enough that the true environment is
(approximately) in the class



Linear function approximation

Slides available at
https://tor-lattimore.com/downloads/RLTheory.pdf

%/

\ 4



https://tor-lattimore.com/downloads/RLTheory.pdf

Function approximation

Represent (part of) huge MDP by low(er) dimension objects

There are lots of choices
e Represent MDP dynamics and rewards (model-based)
e Represent value functions or g-value functions (model-free)



Remember

MDP (5, 4,2, 1)
Value functions: v™
Optimal value functions: v* and q*
Rewards in [0, 1]. Episodes of length H
Layered MDP assumption

Generative mode |
/ /‘0——?0 /
0—>oT>o o't "o

Local Access

:S—Randq™:5sx2—-R

Online

/o_’-_ao’—w;o—i?oyo
N "
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Linear function approximation

Let ¢ (s, a) € R4 be a feature vector associated with each
state/action pair

Assume that for all policies 7t there exists a 6 such that

q" (s, a) = (d(s, a),0)

Dynamics may still be incredibly complicated
But generalisation across g-values is now possible



A necessary aside (linear regression)



Least squares

e Given covariates ay, . . ., an € R4 and responsesyy, ..., yn With

Yt = (ag, 04) +1¢

0, € R4 is unknown (n¢)1-, is noise and y bounded in [-H, H]



Least squares

e Given covariates ay, . . ., an € R4 and responsesyy, ..., yn With

Yt = (ag, 04) +1¢

0, € R4 is unknown (n¢)1-, is noise and y bounded in [-H, H]
e Estimate 0, with least squares

n n
0= argemin Z((at, 0) —y)?=G! Z atYt
t=1 t=1

with G =Y ' ; a,a/ the design matrix



Least squares

e Given covariates ay, . . ., an € R4 and responsesyy, ..., yn With

Yt = (ag, 04) +1¢

0, € R4 is unknown (n¢)1-, is noise and y bounded in [-H, H]
e Estimate 0, with least squares

n n
0= argemin Z((at, 0) —y)?=G! Z atYt
t=1 t=1

with G =Y ' ; a,a/ the design matrix

e Conc: |6 —0,]c 2 |G2(6 —0,)| SHylog(1/5)+d2 B

(a6 —8.) < llallg118 —6.lc < Bllallg-
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Geometric interpretation
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Experimental design

Suppose we get to choose ay, ..., a, from 2 c R4
Estimate 0, by 6

Error in direction a is proportion to ||al|g-:

How to choose the design to minimise maxqcg ||al/g-1



Experimental design

* Suppose we get to choose a, ..., a, from 4 c R¢
Estimate 0, by 6
Error in direction a is proportion to ||al|g-:

How to choose the design to minimise maxqcg ||al/g-1

Theorem 6 (Kiefer and Wolfowitz 1960) For all compact 24 ¢ R9 there
exists a distribution p on 4 such that

.
TSEHGHG(Q)*l <Vd G(p) = Z p(a)aa

acAq



Experimental design

* Suppose we get to choose a, ..., a, from 4 c R¢
Estimate 0, by 6
Error in direction a is proportion to ||al|g-:

How to choose the design to minimise maxqcg ||al/g-1

Theorem 6 (Kiefer and Wolfowitz 1960) For all compact 24 ¢ R9 there
exists a distribution p on 4 such that

.
TSEHGHG(Q)*l <Vd G(p) = Z p(a)aa

acAq

If we choose n experiments ay, ..., an in proportion to p, then

n whp Ha||zg(p)—1 d
- < -1 = _— < -
?ea;d(a'e 0.1 < Bllallg> =8 n <P n



Geometric interpretation

Kiefer-Wolfowitz distribution is supported on (a subset of) the minimum
volume centered ellipsoid containing 4



Computation

The support of the Kiefer-Wolfowitz distribution may have size d(d +1)/2

Theorem 7 There exists a distribution 7t supported on at most
cnst d log log d points such that

2
||a||G(7t),1 <2d

Minimum-VoLume
- Ewupsoins

Can be found using Frank-Wolfe and careful
initialisation [Todd, 2016]



Least-squares ‘policy iteration’

Generative model setting
Given featuremap ¢ : S x 4 — R4

Assumption 1 For all wthere exists a 0 such that q™(s, a) = (6, (s, a))

Start with arbitrary policy 71
forh=Htol

- Estimate g™+ by some gh+!

Tthy1(8) ifs & Sn
argmaxgc4 4" 1(s,a) otherwise

- Update policy mt,(s) = {




Least-squares ‘policy iteration’
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Policy evaluation

Given a policy 7, how to estimate q™ (s, a) with a generative model
and linear function approximation?

Find an optimal design pon{d(s,a):s,a e s x 4}

Sample rollouts starting from coreset of p in proportion to p
following policy 7 to estimate q™(s, a) on the coreset

Use least squares to generalise to all state/action pairs

1 H
oo\g/
o o o o
o o

© 6 0 o
o o\ o

o 0 -0




Policy evaluation (rollouts)

Given policy 7t and state-action pair (s, a) sample a rollout starting in
state s € $,, and taking action a and subsequently taking actions

using 7

Collect cumulative rewards 1y, . . .,
Then E[q] = E[Y_ !, ru] = q" (s, q)
gl = Zinrul <H

1




Policy evaluation (extrapolation)

Perform m rollouts
Start from state (s, a) in proportion to optimal design p
Collect the data:

Compute least-squares estimate

m

6 = argmin % D (8, d(st,a)) — ) §7(s,a) = (8, db(s, a))
0 cRd t—1



Policy evaluation (extrapolation)

Perform m rollouts
Start from state (s, a) in proportion to optimal design p
Collect the data:

Compute least-squares estimate

m

6 = argmin % D (8, d(st,a)) — ) §7(s,a) = (8, db(s, a))
0 cRd t—1

With probability at least 1 — 5, forall s,a € § x 2

~

lq7 (s, a) — q" (s, a)l = [({(s, a), 0, —6)]

< -
\Bm



Policy evaluation (summary)

e Given a policy r and mH queries to the generative model we can find
an estimator 4™ of g™ such that

N log(1/d)
7T 7T

— < =
s,ame?sxx |q (s, a) q (s,a)] < cnstdH

e Equivalently, with

- cnst d2H3 log(1/6)

€2

queries to the generative model we have an estimator 4™ of q™ such
that

7T 7TH A

7T ~ATT
max s,a)— s,a)| < ¢
w2 max [q7(s,a) —4"(s a)l <

la™ —4§



Least squares policy iteration

Start with arbitrary policy 71
forh=Hto1l

- Use policy evaluation and

cnst d2H5 log(H/?)
n= s

queries to find ||§™+t — q™+1 || < e/H

Tth1(8)
argmaxqc, 4™ +1(s, a)

- Update policy 7y, (s) = {

if s & Sn
otherwise

Theorem 8 With probability at least 1 — 6, v™ (s1) — v*(s1) < 2¢

Corollary 9 With a generative model and q™-realisable linear function

approximation, sample complexity is at most

cnst d>HO log(H/5)
2




Analysis

e Same idea as backwards induction
e All policies are optimal on the last layer:

VL (g) = v*(s) for s € Spy1
e We will prove by induction that

(H+1—h)

2¢
Vvth(s) > v¥*(s) — forall s € Uy>hSu



Analysis

Fors € s

Th(s) = arg max qh“

acA

(s, a)

Hence

q™ (s, mR(s))



Analysis

Fors € s

Th(s) = arg max qh“

acA

(s, a)

Hence

q7 (s, (s)) = (s, mR(s)) — (concentration)

£
H



Analysis

Fors € Sn
7 (s) = argmax 4" (s, a)
acAq
Hence
q™ (s, (s)) = ™ (s, TR (s)) —% (concentration)
= max §™*1(s,a) — £ (def of my,)
a H



Analysis
Fors € $n

7 (s) = argmax 4" (s, a)
acAa
Hence

Q™4 (s, 7T (s)) = 4™ (s, 7 (s)) —

(concentration)
= max ™ (s,a) —
a

Tl T

(def of 7y,)
> maxq ™+ (s, a) — 2¢

concentration
o ( )



Analysis

Fors € Sn
7 (s) = argmax 4" (s, a)
acAq
Hence
q™ (s, (s)) = ™ (s, TR (s)) —% (concentration)
— max §™ (s, a) — — (def of 7n)
a H
2 :
> max q™+1(s, a) — ﬁs (concentration)
a
2¢e
— / Thil (/) — 22
——WEXTB,G)+- Z: P(s'ls, a)v™i(s") 0

s'E€Shy1



Analysis

Fors € Sn
7 (s) = argmax 4" (s, a)
acAq
Hence
q" (s, R (s)) = @™ (s, Ttn(s)) —% (concentration)
= max §™*1(s,a) — £ (def of my,)
a H
2 .
> max q™+1(s, a) — ﬁs (concentration)
a
2
= maxT(s, a) + Z ?(s']s, a)v™+i(s’) — ﬁe
¢ s'E€Snt1
2¢  2¢(H—nh)
> / x( ) st et /Iy
> mjxr(s,a) + Z P(s'ls, a)v*(s’) T m
s'€Shy1
2¢(H4+1—h)

—Vi(s) -



Analysis

Fors € Sn
7 (s) = argmax 4" (s, a)
acAq
Hence
q" (s, R (s)) = @™ (s, Ttn(s)) —% (concentration)
= max §™*1(s,a) — £ (def of my,)
a H
2 .
> max q™+1(s, a) — ﬁs (concentration)
a
2¢e
_ / TTh41 / ="
_-mgxr@,a)+- ZE; P(s'ls, a)y™+1(s") 1
s'E€Snt1
2¢  2¢(H—nh)
> / x(o 0y <& cclit /Iy
> mc?xr(s,a) + Z P(s’ls,a)v*(s’) T m
s'€Shy1
2¢(H4+1—h)

—Vi(s) -



Misspecification

What happens if the g-values are only nearly linear

Assumption 2 For all 7t there exists a 6 such that

1q7 (s, a) — (d(s,a),0)| < pforalls,a

Estimating q™ (s, a) using least squares leads to

log(1/9)

ATT _AHTT < H TR T
17(s,a) = q"(s, @)l < enstdHy [ 5y T

o

Repeating the analysis before

V(s) = v*(s) — cnst dH3 M —2pHVd
#queries

Lower bound huge price for beating the pH+/d barrier



Johnson-Lindenstraus Lemma

Lemma 10 There exists a set 2 ¢ R4 of size k such that
1. |la||=1foralla e a
2. [{a,b)| < y/8log(k)/(d—1) =y foralla,b e awitha#b




Johnson-Lindenstraus Lemma

Lemma 10 There exists a set 2 ¢ R4 of size k such that
. Jla]f=1foralla e a

2. [{a,b)| < y/8log(k)/(d—1) =y foralla,b e awitha#b
d- @ | = EU“O"—L]
a(lo:u(/(s ) } EE[G,]
E[cb3 ) 5 . dEls]
£[6]

Hence  g[<aib3)==
E[1b] o ]



Johnson-Lindenstraus Lemma

Lemma 11 There exists a set 2 ¢ R4 of size k such that
1. |la|=1foralla e a
2. [{a,b)| < y/8log(k)/(d—1) =y foralla,be awitha#b




Johnson-Lindenstraus Lemma

Lemma 11 There exists a set 2 ¢ R4 of size k such that
1. |la|=1foralla e a
2. [{a,b)| < y/8log(k)/(d—1) =y foralla,be awitha#b

Proof of lower bound
e Construct a needle-in-a-haystack
e H=1and 4 is from Lemma 11
¢(s1,a) =aforalla
e Leta* € 4 and

e/y ifa=a*
0 otherwise

q(s1,a) =1(s1, a) :{

e Sample complexity to find ¢ /y-optimal action is at least k



Johnson-Lindenstraus Lemma

Lemma 11 There exists a set 2 ¢ R4 of size k such that
1. |la|=1foralla e a
2. [{a,b)| < y/8log(k)/(d—1) =y foralla,be awitha#b

Proof of lower bound
e Construct a needle-in-a-haystack
e H=1and 4 is from Lemma 11
¢(s1,a) =aforalla
e Leta* € 4 and

B _Je/y ifa=a*
qls1,0) =rls1.a) = {0 otherwise

e Sample complexity to find ¢ /y-optimal action is at least k
® qis e-close to linear with 0, = ¢/ya*

(a*,e/ya*) =¢/yand [(a, e/ya*)| < e



Exercise

Before we assumed that g-values are nearly linear

Alternative

Assumption 3 There is a given function ¢ : § — R¢
such that for 7t there exists a 0 such that

Exercise 9 What sample complexity can you achieve
under Assumption 3




Local planning

e Using the generative model is simple and statistically efficient
e Computationally hopeless when s is big

¢ Finding the optimal design and extending using least-squares is
impossible

e If you only care about local planning then more sophisticated
algorithms can find a policy 7 such that

VTi(s1) > v*(s1) —¢
with polynomial sample complexity [Hao et al., 2022]

High level idea

Explore using approximately optimal design on set of observed states so
far

Add states to the optimal design as necessary



Online setting

Not known if polynomial sample complexity is possible
with only linear g™ functions



Online setting

Not known if polynomial sample complexity is possible
with only linear g™ functions

Linear MDPs

(8,4, P,v) with feature map ¢ : s x 4 — R4 is linear if
e There exists a 0 such that r(s, a) = (¢ (s, a), 0)
 There exists a signed measure . : s — R¢ such that

P(s'ls, a) = (d(s, a), u(s"))



Online setting

Not known if polynomial sample complexity is possible
with only linear g™ functions

Linear MDPs

(8,4, P,v) with feature map ¢ : s x 4 — R4 is linear if
e There exists a 0 such that r(s, a) = (¢ (s, a), 0)
 There exists a signed measure . : s — R¢ such that

P(s'ls, a) = (d(s, a), u(s"))

Learning  is hopeless



Why are linear MDPs learnable?

P(sls,a) = (P(s, a), u(s))
Key point Never need to learn n
All our algorithms need to learn is the Bellman operator

r(s,a)+ Y 2(s'ls,a)v(s") = (b(s, ), 0) + d(s,a)" Y uls')v(s")

s'es s’'es

Right-hand side only depends on (s, a) via ¢(s, a)



Estimating expectations

Some algorithm interacts with the MDP (online model)
collecting data

D = (Su, Qu, T, S )4

Letv:s — [0, H]
Want to estimate from data
r(s,a) + ) 2(s'ls, )f(s') = (d(s,a),0) + bls, @) " D uls)v(s")

s’'es s’'es

Care about value of LHS for all (s, a)



Estimating expectations
D = (Sy, Qu, T, SL )0

sa+Z£Ps|sa (sa)6+¢saTZu s’)

s'es s'es

= (d(s, a),wy)

Estimate with least squares

W, = arg min Z((d)(su, ay), w) — 1o —v(s!))?
weRrd T

Makes sense because

Efry +v(s)] = (sw, aw) + > P(slsu, au)v(s') = (b(su, au), wy)

s’'es



Estimating expectations

G = Zr::l (b(su: au)d)(suy au)T

Wy = argmin Y ((b(su, ay), w) — Ty — v(s]))?

WGRd u=1

=G ') Plsu au)lry+v(s))]
u=1

(almost) Usual story in terms of the error

wh
(s, @) Wy —wy)| < H|b(s, a)]l1y/d+ log(1/0)



UCB-VI for Linear MDPs [Jin et al., 2020]

e Use data to construct optimistic g-values by
backwards induction

® Guii(s,a)=0andforh=Hto1
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e Use data to construct optimistic g-values by
backwards induction

® Guii(s,a)=0andforh=Hto1

dn(s,a) = d(s, @) G ) dlsu, ) [ry + Fnaa(s))]

u=1
+ f’”d)(sv (1) HG*l Vht1(s) = maxq nyils, a)

bonus




UCB-VI for Linear MDPs [Jin et al., 2020]

e Use data to construct optimistic g-values by
backwards induction

® Guii(s,a)=0andforh=Hto1

dn(s,a) = d(s, @) G ) dlsu, ) [ry + Fnaa(s))]

u=1
+ 6”(1)(31 (1) HG*l Vht1(s) = maxq nyils, a)

bonus

e Act greedily: forh =1to H

ap = arg max (s, a) and observe sy
aceAa



Optimism

Need to find large enough 3 that the algorithm is
optimistic

dn(s,a) = (s, a) TG Y dblsu, au) ru + Tnpalsy)]

u=1
+ .B (s, a) He—ll T y1(s) = maxq dnials, )

bonus

Caveat 7V, is not independent of the data



Where did we get?

e We have data from m interactions
* We can use it estimate (s, a) — (s, a) + 3 5 P(s’[s, a)v(s’)
e With probability 1 — 9,

[{d(s, a), Wy —wy)| S H[[d(s, a)l|g-1v/d + log(1/5)
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e We want this to hold for all possible ¥y, functions
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e How many functions are there of this form?



Where did we get?

e We have data from m interactions
* We can use it estimate (s, a) — (s, a) + 3 5 P(s’[s, a)v(s’)
e With probability 1 — 9,

[{d(s, a), Wy —wy)| S H[[d(s, a)l|g-1v/d + log(1/5)

e We want this to hold for all possible ¥y, functions

I € {s > mgx(d)(s, a),w) + \/d)(s, a)TWo(s,a):weRIWe RdXd}

e How many functions are there of this form? oo



Covering numbers and union bound

V= {s — max(dp(s, a),w) + \/d)(s, a)TWo(s,a):weRYWe [RZdXd}
Covering number argument. Effective number of functions of this form is
d2
- ()
€
By a union bound, with probability at least 1 — 6 forall v € ¢

((s, @), Wy —wy) S [[d(s, a)llg-1Hy/d + log(N/3) £ B|d(s, )] g



Optimism

Prove by induction that g.(s, a) > q*(s, a)

Start with §1y41(s, a) =0 (Vr(s) = maxq n(s, a))

qh(S,Cl) :(b(S Cl 1Z¢ Su, au) [Tu+vh+1( ]+BH¢) s, a HG 1

u=1
d(s, @) "Wy, + Blld(s, a)] g
d(s, a)"wy,

r(s,a)+ Y 2(s'ls, a)¥ni1(s’)

s’'es

(s, a +—ZE;Q’ (s’ls, a)v q*(s, a)

s’'es

Vol



Bellman operator on g-values

Letg: s xa2 =R
Abbreviate v(s) = maxqec4 q(s, a)
Define 7 : RS*2 — RS*A by

(Tq)(s,a) =7(s,a) + Y 2(s'ls, a)v(s)

s’'eS

Note: 7 depends on the dynamics/rewards of the (unknown) MDP
We write 74 for the greedy policy with respect to g

mq(s) = argmaxq(s, a)
acA



Policy loss decomposition

Proposition 3 Letq:S5 x4 — R,v(s) =maxq q(s, a) and 7w = mq. Then

H
v(s1) —v7™(s1) = Ex [Z (q—Tq)(sn, ah)]

h=1

Proof

q(s1,m(s1)) —v™(s1)

= (q —7q)(s1,7(s1)) + (Tq)(s1,7(s1)) — q" (51, 7(s1))

= (q—7q)(s1,7(s1)) + T (q — q"™)(s1,7(s1))

= (q—Tq)(s1,7(s1)) + Z P(sals1, 7t(s1))(q(s2, 7t(s2)) — g™ (s2, 7(s2)))

S2

H
=Ex | ) (q—Tq)(sn,7(sn))
h—1



From optimism to regret

Reg, =E ZV*(Sl) —Vﬂt(sl)]
(=1
SE|Y 9(s1) —v“t(sl)] (Optimism)
Lt—1
'tn H
=E Z (qt—th)(Sﬁvaﬁ)] (Prop 3)
[t=1 h=1



Bellman error
Remember

de(s,a) = d(s,a) G Y Z G(sw, aw)lru + V1 (s1)] + Bl d (s, a)llg 1,

u=1

Tqe(s,a) =7(s,a) + Z ?(s’]s, a)Ve(s’)
s’es

Concentration

dels, a) =T qGels, a) < 2B[|d(s, a)llg2,



Back to the regret

n H
Regn < [Z 2@ e ah)]

t=1 h=1

n H
< 2BE [Z > (st aﬁ)”GtH]

t=1h=1

n H
3> sk a)I

t=1h=1

JnHE



Back to the regret

n H
Reg,, < [Z Z sh ah)]

t=1h=1

n H
< 2BE [Z > (st aﬁ)”GtH]

t=1h=1

J nHE

Naive application of elliptical potential lemma

n H
>3 letshoeill

t=1h=1

n H
> > liblshiah)lE 1 < dHlog(n)

t=1h=1



Back to the regret

t=1h=1
n H
< opE [Z 5 (st oo
t=1h=1
n H
<2B,|nHE | ) > Hq)(sﬁ,ath)llétll] < \/d3H4n log(n)
t=1h=1

Naive application of elliptical potential lemma

n H
> D ldlshab)llf 2 < dHlog(n)

t=1h=1



Misspecification

e Same algorithm is robust to misspecification
[2(-Is,a) = (d(s, a), u())|lrv < elrls,a) = (P(s, ), 0)] <e

e Additive O(endH) term in the regret



Beyond linearity

R

Slides available at
https://tor-lattimore.com/downloads/RLTheory.pdf


https://tor-lattimore.com/downloads/RLTheory.pdf

Nonlinear function approximation

Previous we assumed that for all 7t there exists a 0 such that

q"(s, @) = (d(s, a), 0)

Equivalently, for all 7r, ™ € {(s, a) — (d(s, a),0) : 0 € R}

Sample complexity depends on d

Alternative Assume q™ € ¥ for some abstract function class ¥
Somehow bound sample complexity in terms of the structure of 7



VC Theory

Complete charactersiation of sample complexity for
binary classification

SampleComplexity(e) = © (VC(}[) + |0g(1/6))

3

Wow! Good job. What's the RL version?



Nonlinear function approximation for bandits

Remember bandits

Learner takes actions a;,...,an in 4
Observes rewards rq, ...,y Withry = f(a¢) +n¢ forsomef: 2 — R
Assume f € ¥ for some known function class ¥

Generative model, local planning and fully online are all the same for
bandits



Nonlinear function approximation for bandits

Remember bandits

Learner takes actions a;,...,an in 4
Observes rewards rq, ...,y Withry = f(a¢) +n¢ forsomef: 2 — R
Assume f € ¥ for some known function class ¥

Generative model, local planning and fully online are all the same for
bandits

Can we get a regret bound that depends on 7?



Eluder dimension (intuition)

We are going to play optimistically
Somehow construct confidence set # based on data collected
Optimistic value function is fy = arg max¢cs_, Maxqea f(a)

Play ay = arg maxc 4 ft(a)
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Somehow construct confidence set # based on data collected
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Play ay = arg maxc 4 ft(a)

Regret
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Eluder dimension (intuition)

We are going to play optimistically

Somehow construct confidence set # based on data collected
Optimistic value function is fy = arg max¢cs_, Maxqea f(a)
Play ay = arg maxc 4 ft(a)

Regret
Reg,, =E [Z f(a*) — f(at)] (regret def)
t=1
<E [Z(ft(at) — f(at))] (optimism principle)
t=1

Eluder dimension
measures how often f(a;) — f(a;) can be large



Confidence bounds for LSE

Least squares estimator of f, after t rounds is

ft—argman —f(as))
fer s—1

Lemma 12 There exists a constant 32 < log(|7|n) such that

t

A 1
_f 2> g2) < = _all2 — B 2
P (mex I~ B> 87) < & - gl = Y_(fla) - gla)

s=1

Define confidence set 7, = {f € F_1 : ||[f. — f]|? < B2}

ByLemma12,P(Fte n]:f, € 1) <1/n



Confidence bounds

LSE minimises the sum of squared errors by definition
t

fy =argmin Y (rs — f(as))?

Rearrange some things

s=1 s=1

t t
=) (fulag) +ns —felag))? =Y

STl . s=1
:Z(f*(as)_ft(as))2+2zns(f*(as)_ft(as))

want this small noise



CLT things
Last slide

Z(f*(as) —fi(as)) 2 < 2ZTIS filas) (as))

1
sum of zero-mean random variables

Given fixed f € 7. Using V[aX] = a?V[X]

t

t
22\/5—1[ s(filas) —flag)) Z (as) —f(as) )2

s=1

Martingale CLT

t wh t
2Zﬂs(f*(as) —flas)) Sp \J Z(f*(as) —fe(as))? log(1/5)



CLT things
Last slide

Z(f*(as) —fi(as)) 2 < 2ZTIS filas) (as))

1
sum of zero-mean random variables

Given fixed f € 7. Using V[aX] = a?V[X]

t

t
22\/5—1[ s(filas) —flag)) Z (as) —f(as) )2

s=1

Martingale CLT forall f € 7




CLT things
Last slide

Z(f*(as) —fi(as)) 2 < 2ZTIS filas) (as))

1
sum of zero-mean random variables

Given fixed f € 7. Using V[aX] = a?V[X]

t

t
22\/5—1[ s(filas) —flag)) Z (as) —f(as) )2

s=1

Martingale CLT for LSE fy € ¥

t wh t
2) mslfilas) = filas)) Np\lz (as) — fe(as))? log(|F/5)
s=1

s=1



Confidence bound

t

D (fulas) = fe(ag)®* < 2 mslfilas) — filas))

s=1 s=1

L 1
sum of zero-mean random variables

whp

t
S Z(f*(as)_ft(as))zlog(m’—vé)
s=1



Confidence bound

t

D (fulas) = fe(ag)®* < 2 mslfilas) — filas))

s=1 s=1

L 1
sum of zero-mean random variables

whp

t
S J Z(f*(as) — fi(as))?log(|71/d)
s=1

Rearranging

t wh
1o =22 S (fulas) — filas)? S log(I71/)

s=1



Eluder dimension

Let # be a set of functions from 4 to R

Eluder dimension is a complexity measure of 7

e Givenan e > 0and sequence aj,...,an in 4,wesaythata € 2 is
e-dependent with respect to (a¢)}; if
n
Vf, g€ Fwith > (fla) —glar)® <€, fla) —gla) <e
t=1

* ais e-independent with respect to (a¢)}", if it is not e-dependent

Definition 13 (Russo and Van Roy 2013) The Eluder dimension

dimE(F, ¢) of 7 atlevel ¢ > 0 is the largest d such that there exists a
sequence (at)d_; of e-independent elements



Theorem 14 Let (a¢){; be a sequencein 2 and (f¢)]* ; a sequencein ¥
and
Fe=F1N{ferF: ||f—ft]|% < B3 wela) = max f(a) —g(a)
f.ge%

L 1
width of / wrt a

Then #{t : wi_1(a¢) > €} < cnst B2dimE( T, €)/¢€?




Theorem 14 Let (a¢){; be a sequencein 2 and (f¢)]* ; a sequencein ¥
and

Fo=Fan{feF [f—fi <B?} wila)= f";g{} f(a) —g(a)

L 1
width of / wrt a

Then #{t : wi_1(a¢) > €} < cnst B2dimE( T, €)/¢€?

Proog In round £ Casel: wild)se ¢ do nothing
Case 2: Wwe(af>e
a,
B‘ at @ 3f9er, s+ flag-glacs>¢
5 [ @ ug-gi; < we-Beiezug -fon;
2 [ { ¢ $‘L
: =2 3B st 7 (pla)-3) g
- atp
\Bm a}a, @ Add a, 4o B

i -ind. { 45 in
m:(‘f‘j}z/tfl buckess @ G, i £-ind. Of elemenis ! "

B. Heace ab mers Edim iHemra



Eluder dimension

Corollary 15 Let (a¢)i_; be a sequencein 4 and (fy){* ; bea
sequencein ¥

Fr=F1N{fer: Hf_ftH% < %

Then with wi(a) = max¢, ges, fla) — g(a)

Zwt,l(at) < ne+cnsty/nPR2dimE(F, ¢€)



Eluder dimension for bandits

Let 7 be a set of functions from 2 to R and f € # is unknown
Learner plays actions (a¢)}*_; observing rewards (r){* ;

Ty = flag) +1e

5 flo _fat]

Regret is Reg,, = max E

Given a confidence set ﬂ after round t, the algorithm plays

ay = argmax max g(a)
aca 9€h-1



Bounding the regret

Theorem 16 For EluderUCB: Reg,, < /np2dimE(¥F,1/n)

Proof Letgi 1 =argmaxgey , Maxaeca g(a)

Reg,, =E Zf —fat]
Lt=1
SE (Z ge—1(ae) — f( at)>] (Optimism)
L \t=1
<E ZWt 1( ]
L1
< y/ndimE(F, 1/n) log(|Fn) (Corollary 15)

O]



Bounds on the Eluder dimension
Proposition 4 dimE(7,¢) < |4|foralle >0andall ¥

Proof Supposethata € {ay,...,a,}. We claimthat ais
¢-dependenton{ay, ..., a.}
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Proposition 4 dimE(7,¢) < |4|foralle >0andall ¥

Proof Supposethata €{ay,...,a,}. We claimthat ais
¢-dependenton{ay, ..., a.}
Def. of independence Given an ¢ > 0 and sequence ay, ..., an in 4,

we say that a € 4 is e-dependent with respect to (a¢)}-; if

vf,g € F with ) (f(a) —gla)))* <€, fla)—gla) <e

t=1




Bounds on the Eluder dimension

Proposition 4 dimE(7,¢) < |4|foralle >0andall ¥

Proof Supposethata €{ay,...,a,}. We claimthat ais
¢-dependenton{ay, ..., a.}
Def. of independence Given an ¢ > 0 and sequence ay, ..., an in 4,

we say that a € 4 is e-dependent with respect to (a¢)}-; if

vf,g € F with ) (f(a) —gla)))* <€, fla)—gla) <e

aci{a,...,a,}so
> (fla) —gla))? < €| = [f(a) —g(a) < e
t=1



Proposition 5 When 2 c RYand 7 ={f: f(a) = (a,0),0 € R4}, then
dimE(7#,¢) = O(dlog(1/¢)) foralle >0

Proof

Complicated... Elliptical potential... Blah blah

Let d[im T dimE(#, €). By definition, there exists a sequence (a){™ and (f, g¢)¢™ such that for
t € [dim],

t—1
(fe —ge,a) > € Z<ftfgt,as>2§£2
s=1
Hence, with Gy = eI+ Y ', asa/,
e(1— HﬂtHé 1) < (ft —gr, ar)?(1— HatHZG 1)
t t

<= geli ladlg o = (fe— g an)?lladlig o
=[|f¢ — QLH%L lHatHél—l
<2€2Hat\|2c|ll

dim Abbasi-Yadkori et al. [2071]

) . dim
Summing: dim ¢ <352;Hm”éll < 3de?log <1+ @) O



Consequences

e For k-armed bandits: 2 ={1, .. ., k}and ¥ = [0, 1]¥,
Reg, < vknlog(|Fn)
e For linear bandits: 2 c R4 and 7 ={a ~ (q,0) : 0 € R4}

Reg, < v dnlog(|Fn)



Consequences
e For k-armed bandits: 2 ={1, ..., k}and 7 = [0, 1]¥,
Reg,, < v knlog(|Fn)
e For linear bandits: 2 c R4 and 7 ={a ~ (q,0) : 0 € R4}

Reg,, < v/dnlog(|Fn)

|F| = oo in both cases???



Covering

® T IF-9lle €7,  Rego(f) = Regn(9)
@ GcF = dime (G, c) s dimE (F,¢)

@ Find Smallest GcF  Such +Lat

flaa) ¥FeF, 3ge6 9w < &

o) ?o?nﬂ' n F

o Poiats in G (ané F)

@ Cavering Aumber (5 fite of G
> fl)




Consequences

e For k-armed bandits: 2 ={1, .. ., k}and ¥ = [0, 1]¥,

Reg,, S \/knlog(Covering n) < k\/nlog(n))

e For linear bandits: 2 c R4 and 7 ={a ~ (q,0) : 0 € R4}

Reg,, < /dnlog(Coveringn) < dy/nlog(n)



Notes on Eluder dimension

Definitions are made for optimistic algorithms

Not a real (?) dimension — no lower bounds

Relatively simple to work with

further information: Li et al. [2021]

Alternative information-theoretic complexity measures
RL/Bandits: Foster et al. [2021]

Adversarial partial monitoring: L [2022]



Global Optimism based on Local Fitting [Jin et al., 2021]

Online RL setting
Nonlinear function approximation
Subsumes many existing frameworks on function approximation

Statistically efficient

Not computationally efficient



Assumptions

Algorithm uses a function approximation class # c [0, H]**~

Remember, the Bellman operator 7 : RS** — RS*1 is

(Tf)(s,a) =7(s,a) + ) _2(s'ls, a)f(s’)
s'es

with f(s) = maxqc4 f(s, a)

Assumption 4 (Realisability) q* € F

Assumption 5 (Closedness) 7fc # forallfe #




Bellman operator on g-values

Letf:s x4 —>R
Abbreviate f(s) = maxqec4 f(s, a)
Define 7 : RS*2 — RS*A by

(Tf)(s,a) =71(s,a) + Z ?(s’|s, a)f(s’)
s'es

Note: 7 depends on the dynamics/rewards of the (unknown) MDP
We write 7t¢ for the greedy policy with respect to f

7¢(s) = argmaxf(s, a)
acAa



Policy loss decomposition

Proposition 6 Letf:s5 x 2 — R, f(s) = maxq q(s, a) and 7w = 7t¢. Then

H
f(s1) —v™(s1) =Ex [ (f —T1)(sn, ah)]

h=1



GOLF Algorithm Intuition

e Maintain confidence set #; containing g* with high probability
e Let fy € 71 be the optimistic g-function

fy = argmaxf(sq1)
feEFi1

* Play optimistically: 7t (s) = arg max ¢4 ft(s, a)



GOLF Algorithm Intuition

Maintain confidence set 7; containing q* with high probability
Let fy € #_1 be the optimistic gq-function

fy = argmaxf(sq1)
feEFi1

Play optimistically: 7t (s) = arg max ¢4 ft(s, a)
By optimism and policy loss decomposition

H
V¥ (s1) =V (s1) < fils1) =V (s1) = Ery | ) (fe—TFe)(sn, an)

regret h=1



GOLF Algorithm Intuition

Maintain confidence set 7; containing q* with high probability
Let fy € #_1 be the optimistic gq-function

fy = argmaxf(sq1)
feEFi1

Play optimistically: 7t (s) = arg max ¢4 ft(s, a)
By optimism and policy loss decomposition

H
Vi(s1) =V (s1) < fi(s1) =v™(s1) = Er, D (fu—Tf)(sn, an)
regret h=1

Acting greedily with respect to an optimistic g-value function that nearly
satisfies the Bellman equation is nearly optimal



GOLF Algorithm Intuition

Maintain confidence set 7; containing q* with high probability
Let fy € #_1 be the optimistic gq-function

fy = argmaxf(sq1)
feEFi1

Play optimistically: 7t (s) = arg max ¢4 ft(s, a)
By optimism and policy loss decomposition

H
Vi(s1) =V (s1) < fi(s1) =v™(s1) = Er, D (fu—Tf)(sn, an)
regret h=1

Acting greedily with respect to an optimistic g-value function that nearly
satisfies the Bellman equation is nearly optimal

Need a way to eliminate functions f in the confidence set for which the
Bellman error is large

Problem Bellman operator depends on unknown dynamics



GOLF Algorithm Intuition

Suppose s’ ~P(s,a)and r ~ R (s, a)

if 7=

Elr +£(s")] = (7f)(s, a) f(s, a)

If 7f — fis large

Y (fsa)—r—1£(s")*> > ((Tf)(s,a) — v —£(s")?

s,a,r,s’€D s,a,r,8’€D  cx

f7f="~



GOLF Algorithm

.Setp=0and co =7
. for episode t =1,2...
. Choose policy 7ty = 74« where

fy = argmaxf(sq1)
feCi—a

. Run 7ty for one episode and add data to »
. Update confidence set:

Co={f € Cir: Lo(f, 1) < inf Lo(g, 1) + B7)

where £5(g,f) = Y ¢ o oren (9(s, @) — 17— f(s"))?




Concentration analysis

Given D C § x 4 x [0,1] x s collected by some policy and

Cp = {f EF :Lp(f) < inf Lp(g, )+ 62} o= enstloe <m>
geyr °

where £, (g, f) =)_ [g(s,a) — T —f(s")]? and L, (f) = Ly (f, f)

s,a,r,s'e€D

Proposition 7 If f =7f, thenP(fecp) >1-5




Concentration analysis

Given D C § x 4 x [0,1] x s collected by some policy and
_ ) : 2 2 |71
Cp=<TfeF :Lp(f) < inf Lp(g,f)+P < =cnstlog
geTF 5

where £5(g,f) = 3 ¢ o rsrenld(s, a) =7 — f(s”)]? and Ly (f) = Lp (f, T)

Proposition 7 If f =7f, thenP(fecp) >1-5

Proof Letg € #. By concentration of measure (next slide), with

probability at least 1 — §/|F|

L(f)—L(g,f) < —Z(f— g)z(s, a) + cnst [\J Z (f—g)2%(s,a)log (?) + log (li;l)}

s.ars'ep s,a,r,s’€D

—x? + cnst x, [log (l?> —l—cnstlog(lg‘)

<cnst|og<|7|> B2

Result follows by union bound (and covering number argument) O]

< sup
xeR




Concentration analysis (cont.)

Lp(f) = Lop(g,f) = Zl[f(siv ai) — i — f(s))1? — [g(si, ai) — i — f(s{)]?
i=1 Xi
Givenr ~ R (s,a)and s’ ~ ?(s, a),
X =E|(f(s,@) = (r+£(s")))" = (g(s, ) = (r+ 1(s")))’]

f(s, a)® — g(s, a)? + 2E[r + f(s")] (g(s,a) —
= f(s, a)® — g(s, a)® + 2(7f)(s, a)) (g

f(s, a)® —g(s, a)® + 2f(s, a)(g(s,

= —(f(s,a) — g(s,a))?

Similar calculation: V[X] < cnst(f(s, a) — g(s, a))?

f(s,
(s, a) f(s, a))
a) — )

By martingale Bernstein inequality

iZle Z[E +cnstJZ\/ Iog( >+cnst|og <;)




Concentration analysis (cont.)

Lp(f) —Lo(g.f) = Zl[f(siv ai) —ri — f(s{)1* — [g(si, ai) — i — f(S{ﬂzl
i=1 Xi
Givenr ~ R (s,a)and s’ ~ ?(s,a) and g = 71,

X:[E[(f(s,a)—(r+f( )% = (g(s, @) — (r+f(s ')))2]

) —
= f(s,a)2 — g(s, a)? + 2E[r + £(s")](g(s, a) — f(s, a))
= f(s,a)® — g(s, a)® + 2(Tf)(s, a))(g(s, a) — f(s, a))
= f(s, a)® — (T1)(s, a)® + 2(TF)(s, a))((TF)(s, a) — f(s, a))
(

f(s,a) — (7f)(s, a))?
Similar calculation: V[X] < cnst(f(s, a) — (7f)(s, a))?

By martingale Bernstein inequality

D> Xiz ) EX{] cnstJZ\/ Iog( >—cnst|og<2)
im1 i=1




Concentration analysis (summary)

We showed that with probability at least 1 — 5 that any f with 7f = f

fect

’ q* in ¢y for all episodes t with high probability

Lop(f) — Lp(TT, 1)

>y ((f—m(s,a))2—\/ Y (- T)(s,a) log g —log ¢

d

s,a,r,s’eD s,a,r,s’eD

Lo (f) — Lo, (T, ) > B2 if

t H
Z E e [Z((f —Tf)(sp, a‘}{))zl > cnst B2
u=1

h=1




Regret analysis

1. By optimism

Regy = ) v*(s1) —v™ (s1)
t—1
vg’ th(slvﬁft(sl)) —Vv7™(s1) (Optimism)
=1
= H
=) D Exl(f' =71 (sn, an)l (Prop. 3)
t=1h=1

2. Since f* € F_4

H

t—1
Z Eru Z((ft*‘Tft)(Sﬁ,aﬁ))z < cnst B2
u=1 h=1



Bellman Eluder dimension

n H
Regn < ) ) Exl(f' =T (sn, an)]

t=1h=1
For all t
t—1 H
Z Erw Z —TfY) (s}, al))?| < cnst B2
u=1 h=1



Bellman Eluder dimension

n H
Reg,, < Z Z Ex [(f' — 7% (sn, an)]

t=1h=1

For all t
H

Z Eu [Z —TfY) (s}, aﬁ))Zl < cnst B2

h=1

Bellman Eluder dimension
Letz ={Ex, : f€ 7}

Given a sequence [y, . . ., E.n in E. We say E € £ is e-dependent if for all
f—Tf,
H
Z[E [Z )(sh,ahw] <e2:»[E[Z((f—ﬂ)(sh,ah)] <e
h=1 h=1

The BeIIman Eluder dimension dimBE(7, ¢) is the longest sequence of
e-independent expectation operators



Final result and applications

Theorem 17 Reg,, = O(H,/dimBE(#, ¢)np2)

What has low Bellman eluder dimension?

Tabular (first lecture)

Linear MDPs (last lecture)
Generalised linear MDPs

Kernel MDPs

All problems with low Bellman rank

All problems with low Eluder dimension



Comparison to other complexity measures

Linear MDPs

Eluder dimension [Osband and Van Roy, 2014]
Bellman rank [Jiang et al., 2017]

Witness rank [Sun et al., 2019]

Bilinear rank [Du et al., 2021]



Negative results

e Last lecture we showed that you can learn with a generative model
when for all 7t there exists a 6 such that q(s, a) = (¢ (s, a), 0)

e What if only the optimal policies are linearly realisable?

q*(s, @) = (¢(s, a), 6)

¢ Polynomial sample complexity not possible



TensorPlan [Weisz et al., 2021]

Finite horizon setting
Local access planning
Linear features ¢ : 5 — R¢
Only assume that value function of optimal policy 7t* is realisable
There exists a 0 such that
VT (s) = (@(s),0) forall s € §

Number of samples needed for e-accuracy is

poly((dH/e) )



Other (not covered) topics

Information-theoretic complexity measures
Batch RL
RL Theory website https://rltheory.github.io/

Draft RL Theory book by (Alekh Agarwal, Nan Jiang, Sham Kakade
and Wen Sun): https://rltheorybook.github.io/
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