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Preface

This book is about zeroth-order convex optimisation. That is approximately
solving
arg min f(x),
xeK

where f : K — R? is convex, K ¢ R is a convex body and the learning
system can only observe noisy function values and not gradients or higher-order
derivatives. The focus is on finite-time minimax bounds on the regret or sample
complexity that is standard in the multi-armed bandit literature. The book
covers all the algorithmic ideas, including gradient-descent, barrier methods,
cutting plane methods, exponential weights, information-theoretic arguments
and second-order methods. One chapter is devoted to bandit submodular
minimisation and its relation to bandit convex optimisation via the Lovasz
extension. The book is more-or-less self-contained, though a little background
in optimisation and online learning will go a long way. The content is almost
entirely theoretical.
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Introduction and problem statement

This book is about approximately solving problems of the form

arg min f(x), (1.1
xeK

where K is a convex body in R¢ (convex, compact and non-empty interior)
and f : K — R is a convex function. Problems of this kind are ubiquitous in
machine learning, operations research, economics and beyond. The difficulty
of this problem depends on many factors. For example, the dimension and
smoothness properties of f. Most important, however, is the representation of
the function f and constraint set K. Our focus is on zeroth-order stochastic
optimisation where you can query f at any x € K and observe y = f(x) + noise.
By contrast, the vast majority of the literature on mathematical programming
allows both the value of f and its derivatives to be computed at any x € K.
Sometimes exactly or with additive noise. This is not a book about applications,
but for the sake of inspiration and motivation we list a few situations where
zeroth-order optimisation is a natural fit.

o Real-world experiments: A chef wants to optimise the temperature and
baking time when baking soufflé. The constraint set K is some reasonable
subset of the possible temperature/time pairings and f(x) is the expected
negative quality of the finished product. Noise arises here from exogenous
factors, such as unintentional variation in recipe preparation.

o Adversarial attacks in machine learning: A company releases an image
recognition system. Can you find an image that looks to the human eye
like a stop sign but is classified by the system as something else? Unless
the company has released the code/weights, you can only interact with a
black-box function C that accepts images as input and returns a classification,
possibly at some cost. A simple idea is to take an image x, and let K be
the set of images that are close to x, with respect to some metric. Then
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approximately solve the following optimisation problem:

arg min S(C(x), C(x,)),
xeK
where S(C(x), C(y)) is some measure of similarity between the classifica-
tions C(x) and C(y). That is, to find an image x that is close to x, but where
the similarity between the outputs of the classifier is low.

o Reinforcement learning and control: There are many ways to do reinforce-
ment learning. Suppose that 7¢ is a policy parameterised by 6 € K and f(6)
is the (expected) loss when implementing policy mg. Then solving (1.1)
corresponds to finding the optimal policy in {7y : 6 € K}.

o Hyperparameter tuning: Most machine learning systems have a range of
parameters. For example, the width/depth/structure of a neural network
or learning rates (schedules) for the training algorithm. You may want to
automate the process of finding the best architecture and training parameters.
The loss in this case could be the performance of the resulting system after
training. So computing f(x) requires running an entire training process,
which is enormously expensive and possibly random. Generally speaking f
cannot be differentiated.

o Dynamic pricing: In dynamic pricing a retailer interacts sequentially with
an environment. Customers arrive in the system and the retailer suggests a
price X; € K C R. The loss f(X;) is the (expected) negative profit. When
the price is too high the customer will not purchase and some loss is incurred
(operating costs). On the other hand, when the price is too low there is also
a loss. The function f is not known a-priori to the retailer and variability in
customers introduces noise in the observations.

The last application reveals another con-
sideration. Approximately minimising
the loss f as in (1.1) is not the only
possible objective. In dynamic pricing
every query to the loss function (deci-
sion) entails an actual cost (or profit). In
this situation a more natural objective is
to minimise the cumulative loss over all
interactions. Most of this book is about
this objective, which is most often seen in the literature on multi-armed bandits.
As we shall soon see, an algorithm that approximately minimises the cumulative
loss can be used to solve the optimisation problem (1.1), but the reverse does not
hold. Note that many practical problems are not convex. Nevertheless, enormous

Profit
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practical experience with first-order methods suggests this is less of a problem
than it seems. The same may be true in the zeroth-order setting.

Many of the proposed applications are aspirational rather than truly practical.
Automatic hyperparameter tuning is used everywhere, but the algorithms
employed are usually based on other methods, such as Gaussian process bandits.
Presumably the reason for this is because convex bandit algorithms are not
quite ready for the big stage yet. The simple methods converge slowly, while the
complicated methods are challenging to implement and tune. Hopefully in the
coming years new and better algorithms will be developed.

1.1 Prerequisites

Most readers will benefit from a reasonable knowledge of online learning
(Cesa-Bianchi and Lugosi, 2006; Hazan, 2016; Orabona, 2019) and bandits
(Bubeck and Cesa-Bianchi, 2012; Slivkins, 2019; Lattimore and Szepesvari,
2020). We use some theory from interior point methods, which you could refresh
by reading the lecture notes by Nemirovski (1996). None of this is essential,
however, if you are prepared to take a few results on faith. Similarly, we use
a few simple results from concentration of measure. Our reference was the
book by Vershynin (2018) but Boucheron et al. (2013) also covers the material
needed. We do use martingale versions of these results, which sadly do not
appear in these books but are more or less trivial extensions. The standard
reference for convex analysis is the book by Rockafellar (1970), which we refer
to occasionally. No deep results are needed, however. Similarly, we make use
of certain elementary results in convex geometry. Our reference for these is
mostly the book by Artstein-Avidan et al. (2015). The symbol (-®) on a proof,
section or chapter means that you could (should?) skip this part on your first
pass. The book contains a number of exercises, which are assigned a difficulty
based on a star rating. Problems with one W are straightforward, requiring
limited ingenuity or mathematical sophistication. Problems with two YW are
moderately difficult and may require considerable ingenuity. Problems with
three W will probably take several days of work. Problems marked with &
may require extensive literature searches and problems marked with ? have not
been solved yet. All difficulty assessments are subjective estimates only.
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1.2 Bandit convex optimisation

Let K c R4 be convex and fi,---» fn : K > R be an unknown sequence of
convex functions. A learner interacts with the environment over n rounds. In
round ¢ the learner chooses an action X; € K. They then observe a noisy loss
Y; = fi(X;) + &, where (&)]_, is a sequence of noise random variables. The
precise conditions on the noise are given in (1.2) below, but for now you could
think of the noise as a sequence of independent standard Gaussian random
variables. The learner’s decision X; is allowed to depend on an exogenous source
of randomness and the data observed already, which is X, Y1, ..., X;—1,Yi—1.
The main performance metric in this book is the regret, which is

n
Reg, = sup > (fi(X,) - fi(x)) .
xeK =1
The regret is a random variable with the randomness coming from both the noise
and the learner’s decisions. Normally the regret will be bounded in expectation
or with high probability, depending on what is most convenient. Of course, the
regret also depends on the loss functions. In general we will try to argue that our
algorithms have small regret for any convex losses within some class. Stronger
assumptions (smaller classes) lead to stronger results and/or simpler and/or
more efficient algorithms. The following definition and notation is sufficient for
our purposes.

Definition 1.1 Let # be the space of convex functions from K to R and with
||-]| the standard euclidean norm define the following properties of a function
feF:

Prop (b) fisbounded: f(x) € [0,1] forall x € K.

Prop (1) fisLipschitz: f(x) — f(y) < |lx —y| forallx,y € K.
Prop (sm) f is B-smooth: f(x) — g [|x||? is concave on K.

Prop (sc) f is a-strongly convex: f(x) — 5 ||x||? is convex on K.
Prop (lin) fislinear: f(x) =x"b +c.

Prop (quad) f isquadratic: f(x) =xTAx +x"h +c.

We use the property symbols to define subsets of & . For example:

o Fp={feF: f(x)e[0,1] forall x € K}.
o Fp,sm.sc 18 the set of bounded convex functions that are smooth and strongly
convex.

When smoothness and strong convexity are involved, our bounds will depend on
the parameters @ > 0 and 0 < 8 < oo, which we assume are known constants.
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1.2.1 Constraint set

The set K is called the constraint set and its geometry also plays a role in the
hardness of bandit convex optimisation. We make the following assumption
throughout the entire book:

Assumption 1.2 The constraint set K C R4 is a convex body, which means
that:

(1) K is convex; and
(2) K has a nonempty interior; and
(3) K is compact.

Only convexity and the boundedness part of compactness are really essential
for most results. Every nonempty convex set has a nonempty interior when
embedded in a suitable affine subset of R¢. Properties of K that influence
the regret of various algorithms include its diameter and how well-rounded
it is (Section 3.6). Mathematically speaking nothing more is needed from
the constraint set. Computationally the representation of K is very important.
Standard options are as a polytope, convex hull of a point cloud or given by a
separation/membership oracle. Matters involving computation and the constraint
set are discussed in Section 3.9.

Remark 1.3 You may be interested to know what happens when K is not
bounded. For example, when K = R?. We discuss this and other possible
assumptions on the constraint set in Note 1.1i1i at the end of the chapter.

1.2.2 Noise

Our assumption on the noise is that the sequence (&);", is conditionally
subgaussian. By this we mean that:

Assumption 1.4 The noise random variables &1, ..., &, are conditionally
subgaussian:

E[et | X13Y13"'»Xt—layt—15xt] :0; and
E [exp(e}) | X1, Y1, ..., Xe—1, Yoo, Xo| < 2. (1.2)

Assumption 1.4 is considered global and will not be referred to subsequently.
Note that (1.2) together with the fact that x> < exp(x?) — 1 for all x guarantees
that the conditional variance of &, satisfies

Elef|X1, Y1, ..., X—1. Yoo, X ] < 1. (1.3)

This definition of subgaussianity is based on the Orlicz norm definitions. We



6 Introduction and problem statement

give a brief summary in Appendix B or you can read the wonderful book by
Vershynin (2018). Sometimes we work in the noise-free setting where &; = 0.
The assumption of subgaussian noise is rather standard in the bandit literature.
The Gaussian distribution .47 (0, 3/8) is subgaussian. And so is any distribution
that is suitably bounded almost surely. All that is really needed is a suitable
concentration of measure phenomenon and hence all results in this book could
be generalised to considerably larger classes of noise distribution without too
much effort. We keep things simple, however.

1.2.3 Adversarial and stochastic convex bandits

We already outlined some of the assumptions on the function class to which the
losses belong. The other major classification is whether or not the problem is
adversarial or stochastic.

Adversarial bandit convex optimisation In the adversarial setting the most
common assumption is that the noise &, = 0 while the functions fi, ..., f, are
chosen in an arbitrary way by the adversary. Sometimes the adversary is allowed
to choose f; at the same time as the learner chooses X;, in which case we say
the adversary is non-oblivious. Perhaps more commonly, however, the adversary
is obliged to choose all loss functions fi, ..., f, before the interaction starts.
Adversaries of this kind are called oblivious. For our purposes it is convenient
to allow nonzero noise even in the adversarial case. This is sometimes essential
in applications. For example, in bandit submodular minimisation (Chapter 13).
And besides, it feels natural that the adversarial setting should generalise the
stochastic one.

Remark 1.5 In the adversarial setting you might be tempted to combine the
noise and losses by defining the loss function to be f; + &;. But this would
prevent the noise distribution from depending on the action of the learner, which
is permitted by Assumption 1.4 and is essential in certain applications like
submodular bandits (Chapter 13).

Stochastic bandit convex optimisation The stochastic setting is more classical.
The loss function is now constant over time: f; = f for all rounds ¢ and unknown
f. The standard performance metric in bandit problems is the regret, but in the
stochastic setting it also makes sense to consider the simple regret. At the end
of the interaction the learner is expected to output one last point X € K and the
simple regret is

sReg, = f(X) ~ inf f(x).
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Thanks to convexity, there is a straightforward reduction from cumulative regret
to simple regret. Simply let X = % _, X;. Then by convexity,

1
sReg, < —Reg,, . (1.4)
n

Another standard measure of performance in the stochastic setting is the sample
complexity, which is the number of interactions needed before the simple regret
is at most € > 0 with high probability. The following fact provides a conversion
from a high probability bound on the cumulative regret to sample complexity.

Fact 6 Suppose that with probability at least 1 — ¢ the regret of some algorithm
is bounded by Reg, < R(n). Then, by the above conversion, the sample
complexity can be bounded by the smallest n such that R(n)/n < &. Concretely,
if R(n) = An? for p € (0,1) and A > 0, then the sample complexity is at most
1+ (A/g)l/0-P),

There is also a simple reduction from a bound on the expected regret to
a (high probability) sample complexity bound. The idea is to run the regret
minimising algorithm kp,x = O(log(1/6)) times with horizon n large enough
that E[%Regn] < §. By Markov’s inequality and (1.4), with constant probability
the average iterate over any run is nearly optimal, which means that one of the
kmax average iterates is nearly optimal with high probability. Lastly, a best arm
identification procedure is applied to select a near minimiser among the kmax
candidates. The full procedure and its analysis follow.

args: base algorithm aLc, R(:), €>0, 6 (0,1)
let n=min{s: R(s)/s < &/4}

for k=1 to k= [SE20]:

run ALG over n rounds
observe iterates Xi,...,X,
let fk:%Z?:lxs
return BAI(&/2,6/2,X1,. .., Xk,,.) # Algorithm 9.2

NN kA WD

Algorithm 1.1: A master algorithm for obtaining high probability sample
complexity bounds from a base algorithm with expected regret. See Section 9.3
for a detailed explanation of the BA1 subroutine.

Proposition 1.7  Suppose that E[Reg, ] < R(n). Then
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(1) Algorithm 1.1 queries the loss at most
R log(1/o
O ({minin : ﬂ < £ +M log(1/6)
n 4 g2
times; and
(2) With probability at least 1 — 6 Algorithm 1.1 returns an X € K such that

F(X) < inf f(x)+e.

Proof Let fy = infyeg f(x).By (1.4), E[f(Xk)]—fi < £.Since f(x)—fx 2 0
for all x € K, by Markov’s inequality,

£ 1
P(rEo-fz2)<s.

FO) = fez5) <5

Hence, by the definition of kp,x, with probability at least 1 — §/2 there exists a
1 < k < kpmax such that
—~ &
F@E) - fe< .

Finally, by Theorem 9.9 the call to Algorithm 9.2 uses

kmax kmax
o))

queries to the loss function and with probability at least 1 — §/2 returns an
X € {)?], - 73C\kmax} with

= . - £
< =
fX) < min  f(xe) + 3
Combining everything with a union bound completes the proof. O

Our focus for the remainder is primarily on the cumulative regret, but we
occasionally highlight the sample complexity of algorithms in order to compare
to the literature. The arguments above show that bounds on the cumulative
regret imply bounds on the simple regret and sample complexity. The converse
is not true.

Regret is random You should note that Reg, and sReg,, are random variables
with the randomness arising from both the algorithm and the noise. Most of our
results either control E[Reg, ] or prove that Reg,, is bounded by such-and-such
with high probability. Bounds that hold with high probability are generally
preferred since they can be integrated to obtain bounds in expectation. But
we will not be too dogmatic about this. Indeed, we mostly prove bounds in
expectation to avoid tedious concentration of measure calculations. As far as we
know, these always work out if you try hard enough.
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1.3 Notation

A list of notation is available in Appendix C.

Norms The norm ||-|| is the euclidean norm for vectors and the spectral norm
for matrices. For positive definite A, (x,y), = xT Ay and ||x||124 = (X, X) 4.
Given a random variable X, [|X||,, = inf{r > 0 : Elexp(|X|%/t)] < 2} for
k € {1,2} are the Orlicz norms. Remember, X is subgaussian if || X]|,, < co
and subexponential if || X||,,, < 0. You can read more about the Orlicz norms
in Appendix B.

Sets R and Z are the sets of real values and integers. The restriction of the reals to
the (strictly) positive real line are R, = [0, c0) and R, = (0, 00). The euclidean
ball and spheres of radius r are denoted by BY = {x € R¢ : ||x|| < r} and
S4=1 = {x e R? : ||x|| = r}. Hopefully the latter is not confused with the space
of positive (semi-)definite matrices on R4, which we denote by (Sﬁf) Sﬁf +- Given
xeR%and 0 £ 7 € R? welet H(x,77) = {y : (y —x,n) < 0}, which is a closed
half-space passing through x with outwards-facing normal 7. Given x € R and
positive definite matrix A, E(x, A) = {y € R? : ||lx — y|| 41 < 1}, which is an
ellipsoid centered at x. When E = E(x, A) is an ellipsoid, E(r) = E(x, \rA)
denotes the same ellipsoid scaled by a factor of r. The space of probability
measures on K ¢ R4 is A(K) where we always take the Borel o--algebra %(K).
Given natural number m, A, = {p € R” : ||p|l; = 1} and A}, = A,, NRT,.
For x,y € R4 we let [x,y] = {(1 = )x + Ay : A € [0, 1]}, which is the chord
connecting x and y.

Basic We define arithmetic operations on sets in the Minkowski fashion.
Concretely, given A, B C R4 the Minkowski sum is A + B = {x+y:xeA,ye
B}. When u € R we let uA = {ux : x € A} and of course —A = (-1)A and
A — A = A + (-A). Occasionally for x € R? we abbreviate {x} + A = x + A.
The boundary of A is dA = {x € A : x + B¢ ¢ Aforalle > 0} and the
interior is int(A) = A \ dA. When A is convex, the relative interior of A is
ri(A) = {x € A : exists & > 0, (x+B%) naff(A) c A} where aff(A) is the affine
hull of A. The polar of A is A° = {u : sup,4 (x,u) < 1}. We use 1 for the
identity matrix and O for the zero matrix or zero vector. Dimensions and types
will always be self-evident from the context. The euclidean projection onto K is
Hk (x) = argminyc g [|x — y||. Suppose that f: R? 5 A — R is differentiable
atx € A, then we write f’(x) for its gradient and f”’(x) for its Hessian. When f
is convex we write d f (x) for the set of subderivatives of f at x. More generally,
D f(x)[h] is the directional derivative of f at x in the direction /. Higher-order
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directional derivatives are denoted by DX f(x) [, . .., h]. Note that for convex
f, Df(x)[h] is defined for all x € int(dom(f)) and & € R? but the mapping
h +— D f(x)[h] need not be linear as the convex function R : x — |x| shows.
Densities are always with respect to the Lebesgue measure. The diameter of a
nonempty set K is

diam(K) = sup |x -y .
x,yeK

The Lipschitz constant of a function f : K — Ris

JO-fQ) .

() = sup { L L0) s ey

When f : RY — RU{co} is convex we write lip( f) to mean lipgom sy (f) where
dom(f) = {x : f(x) < co}. Suppose that A, B € S¢. Then A < Bif B— A € §¢
and A = Bif A— B e S% A< Band A > B are defined similarly but with S¢
replaced by S¢, .

Probability spaces We will not formally define the probability space on which
the essential random variables X;,Y;,..., X,,Y, live. You can see how this
should be done in the book by Lattimore and Szepesvari (2020). In general
P is the probability measure on some space carrying these random variables
and we let & = o (X1,Y1,..., X;,Y;) be the o-algebra generated by the first
t rounds of interaction. Events are often defined as {condition}. For example,
{f(X;) > &} is the event that f(X;) > &. We abbreviate P;(-) = P(-|%)
and E; [-] = E[-|#;].The multivariate Gaussian distribution with mean u and
covariance X is .4 (u, 2). Given A ¢ R we let % (A) be the uniform probability
measure on A, which can be defined in multiple ways. We only need it when A
is finite or A € {B¢, S¢~1} where the definition is obvious.

Regret Recall the regret is
n
Reg, = sup > (fi(X0) = fi(x)).
xeK i

The sup cannot always be replaced by a max because even for compact K
the function f may not be continuous. For example, when K = [0, 1] and
f K — [0,1] is defined by f(0) = 1 and f(x) = x for x > 0, then f is convex
and does not have a minimiser on K. We occasionally need the regret relative to
a specific x € K, which is

Reg, (x) = D (fi(X,) - f;(x)).
t=1
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1.4 Notes

1.i: The function classes outlined in Definition 1.1 are by no means the only
ones considered. For example, the definition of smoothness can be generalised
beyond the second-order smoothness. There are multiple ways to do this, but
one is to call a function f : R? — R is smooth of order p € [2, o) on R if for
all x,y € RY,

IDf(x) = DUf(I < Bllx—yIP~7,

where ¢ is the largest integer strictly smaller than p and the norm of the left-hand
side is the operator norm. When p = 2 and f is convex this definition is
equivalent to what appears in Definition 1.1 (Nesterov, 2018, Theorem 2.1.5).
Zeroth-order convex optimisation has been studied for highly smooth functions
with slightly varying definitions of smoothness by Polyak and Tsybakov (1990);
Bach and Perchet (2016); Akhavan et al. (2020, 2024b) and others. This line of
work is briefly discussed in the notes of Chapter 6.

1.ii: The focus of this book is on a particular kind of constrained optimisation
where the learner must play in a convex body K, which by definition is compact,
convex and has a non-empty relative interior. As mentioned, only boundedness
and convexity is really important for the results in this book. But assuming
boundedness discards many interesting settings. Most fundamentally, it prohibits
the unconstrained setting where K = R?. Similarly, K cannot be a half-space or
other unbounded subset of R?. Practically speaking unbounded domains can
often be reduced to bounded ones with prior knowledge that the minimiser must
lie in a bounded convex set. But such reductions do not always play well with
the other assumptions. For example, that the loss is bounded on K.

1.iii: Another situation related to the constraint set that arises often is that
the losses are defined on all of R and the learner can query any point in R¢ but
is only evaluated against the best point in K. This setting is sometimes referred
to as the improper setting. The definition ensures that the improper setting is
easier than both the constrained setting (the learner has more power) and the
unconstrained setting (the adversary has less power).

1.iv: Other performance criteria also exist in the literature. For example,
both the distance to the minimiser and the gradient of the loss are potentially
sensible measures of quality. Neither of these is considered in this book.

1.v: We assume throughout that the noise either vanishes completely or is
1-subgaussian: E,_; [exp(&?)|X,] < 2 and E,_; [&,] = 0. At the same time, we
often assume that the range of the losses is in [0, 1]. This means the scale of the
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noise is the same as the scale of the losses and makes it hard to know how the
range or variance of the noise might affect the regret bound if either of these
quantities were scaled individually. One analysis that decouples these quantities
is given in Section 6.6 and occasionally we give pointers to the literature or
suggest exercises/open problems.

1.vi: More exotic interaction protocols have also been investigated. Consider
for a moment adversarial setting without noise. A number of authors have
explored what changes if the learner is allowed to choose two points X; 1, X; » €
K and observes f; (X;.1) and f; (X;.2). One might believe that such a modification
would have only a mild effect but this is not at all the case. Having access to
two evaluations makes the bandit setup behave more like the full information
setting (Agarwal et al., 2010; Nesterov and Spokoiny, 2017; Duchi et al., 2015).
Essentially the learner can compute directional derivatives to arbitrary precision,
which is not possible in the standard setting. Note that in the stochastic setting
the noise is what makes it impossible to compute directional derivatives, while
in the adversarial setting there need not be any relation from one loss to the next.

1.vii: Atthe end of the day, the number of settings and possible assumptions
is enormous. We naturally selected a subset most aligned with our interest and
expertise. Many of the algorithms and analysis presented can be generalised
straightforwardly to other settings. But sometimes the conditions/modifications
are subtle. As much as possible we try to give pointers to the literature, but no
doubt much has been missed.
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Overview of methods and history

2.1 Methods for bandit convex optimisation

Methods for bandit convex optimisation can be characterised into five classes:

o Cutting plane methods are important theoretical tools for linear programming
and non-smooth convex optimisation. The high-level idea is to iteratively cut
away pieces of K that have large volume while ensuring that the minimiser
stays inside the active set. Cutting plane methods are the geometric version
of elimination algorithms for bandits and consequentially are typically
analysed in the stochastic setting. At least three works have adapted these
ideas to stochastic convex bandits. Agarwal et al. (2011) and Lattimore and
Gyorgy (2021a) both use the ellipsoid method, while Carpentier (2024) uses
the center of gravity method. A simple bisection algorithm is discussed
in Chapter 4 for one-dimensional convex bandits while in Chapter 9 the
approach is generalised to higher dimensions using the center of gravity
method, ellipsoid method or the method of inscribed the ellipsoid.

o Gradient descent is the fundamental algorithm for (convex) optimisation and
a large proportion of algorithms for convex bandits use it as a building block
(Kleinberg, 2005; Flaxman et al., 2005; Saha and Tewari, 2011; Hazan and
Levy, 2014, and more). At a high level the idea is to estimate gradients of a
smoothed version of the loss and use these in gradient descent in place of the
real unknown gradients. We explore this idea in depth in Chapters 5 and 6.

o Newton’s method is a second-order method that uses curvature information
as well as the gradient. One of the challenges in bandit convex optimisation
is that algorithms achieving optimal regret need to behave in a way that
depends on the curvature. Second-order methods that estimate the Hessian of
the actual loss or a surrogate have been used for bandit convex optimisation

13
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by (Suggala et al., 2021; Lattimore and Gyorgy, 2023; Suggala et al., 2024;
Fokkema et al., 2024) and are the topic of Chapter 10.

o Continuous exponential weights is a powerful algorithm for full information
online learning and has been used for convex bandits by Bubeck et al. (2017),
who combined it with the surrogate loss function described in Chapter 12
along with many tricks to construct the first polynomial time algorithm for
bandit convex optimisation in the adversarial setting with O (4/n) regret
and without any assumptions beyond boundedness. Their algorithm is more
complex than you might like and is not discussed here except for the special
case when d = 1 where many details simplify and the approach yields a
reasonably practical algorithm. More details are in Chapter 8.

o Information-directed sampling is a principled Bayesian algorithm for se-
quential decision making (Russo and Van Roy, 2014). Bubeck et al. (2015)
showed how to use information-directed sampling to bound the Bayesian
regret for one-dimensional convex bandits and then applied minimax duality
to argue that the minimax Bayesian regret is the same as the adversarial regret.
This idea was later extended by Bubeck and Eldan (2018) and Lattimore
(2020). Although these methods still yield the best known bounds for the
adversarial setting, they are entirely non-constructive thanks to the applica-
tion of minimax duality. We explain how these ideas relate to continuous
exponential weights and mirror descent in Chapter 8.

2.2 History

Bandit convex optimisation is a relative newcomer in the bandit literature,
with the earliest work by Kleinberg (2005) and Flaxman et al. (2005), both of
whom use gradient-based methods in combination with gradient estimates of
the smoothed losses (explained in Chapter 5). At least for losses in F, 1 they
showed that the regret is at most O (n*/*). Agarwal et al. (2010) showed that by
assuming strong convexity and smoothness the regret of these algorithms could
be improved to O (+/n) in the improper setting where the learner is allowed to
query outside K (see Note 1.1i1).

The big question was whether or not O(+/n) regret is possible without
assuming smoothness and strong convexity. A resolution in the stochastic setting
was provided by Agarwal et al. (2013), who used the ellipsoid method in
combination with the pyramid construction of (Nemirovsky and Yudin, 1983,
Chapter 9), which is classically used for deterministic zeroth-order optimisation.
They established O (d'®+/n) regret while assuming only that the loss is bounded
and Lipschitz. Because their algorithm is essentially an elimination method,
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the idea does not generalise to the adversarial setting where the minimiser may
appear to be in one location for a long time before moving elsewhere.

Meanwhile, back in the adversarial setting Hazan and Levy (2014) assumed
strong convexity and smoothness to prove that a version of follow-the-regularised-
leader achieves O (4/n) regret without the assumption that the learner can play
outside the constraint set, thus improving the results of Agarwal et al. (2010). The
observation is that the increased variance of certain estimators when the learner
is playing close to the boundary can be mitigated by additional regularisation at
the boundary using a self-concordant barrier (Chapter 6).

One fundamental question remained, which is whether or not O (+/n) regret
was possible in the adversarial setting without strong convexity or smoothness.
The first breakthrough in this regard came when Bubeck et al. (2015) proved that
O (+/n) regret is possible in the adversarial setting with no assumptions beyond
convexity and boundedness, but only when d = 1. Strikingly, their analysis was
entirely non-constructive with the argument relying on minimax duality to relate
the Bayesian regret to the adversarial regret and information-theoretic means to
bound the Bayesian regret (Russo and Van Roy, 2014).

Bubeck and Eldan (2018) subsequently extended the information-theoretic
tools to d > 1 showing for the first time that poly(d)+/n regret is possible
in the adversarial setting. Later, Lattimore (2020) refined these arguments to
prove that the minimax regret for adversarial bandit convex optimisation with
no assumptions beyond boundedness and convexity is at most d>/n. This
remains the best known result in the adversarial setting with losses in F,.
One last chapter in the information-theoretic story is a duality between the
information-theoretic means and classical approaches based on mirror descent.
Lattimore and Gyorgy (2021b) have shown that any bound obtainable with
the information-theoretic machinery of Russo and Van Roy (2014) can also be
obtained using mirror descent. Their argument is still non-constructive since
the mirror descent algorithm needs to solve an infinite-dimensional convex
optimisation problem. Nevertheless, we believe this is a promising area for
further exploration (Chapter 8).

The most obvious remaining challenge was to find an efficient algorithm with
O (\/n) regret for the adversarial setting and losses in %,. An interesting step in
this direction was given by Hazan and Li (2016) who proposed an algorithm
with O (4/n) regret but super-exponential dependence on the dimension. Their
algorithm had a running time of O (log(n)P°Y(4)),

Finally, Bubeck et al. (2017) constructed an algorithm based on continuous
exponential weights for which the regret in the adversarial setting with losses in
F, is bounded by O (d'%3+/n). Furthermore, the algorithm can be implemented
in polynomial time. Although a theoretical breakthrough, there are several
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serious limitations of this algorithm. For one, the dimension-dependence is so
large that in practically all normal situations one of the earliest algorithms would
have better regret. Furthermore, although the algorithm can be implemented in
polynomial time, it relies on approximate log-concave sampling and approximate
convex optimisation in every round. Practically speaking the algorithm is near-
impossible to implement. The exception is when d = 1 where many aspects of
the algorithm simplify (Chapter 8).

The remaining challenge at this point was (and still is) to improve the
practicality of the algorithms and reduce the dimension-dependence in the
regret. Lattimore and Gyorgy (2021a) used the ellipsoid method in the stochastic
setting in combination with the surrogate loss introduced by Bubeck et al. (2017)
to show that O (d*+/n) regret is possible in that setting with a semi-practical
algorithm. Recently Lattimore and Gydrgy (2023) showed that O(d'->+/n)
regret is possible in the improper stochastic setting when the loss is Lipschitz
and K = Bf, which was extended to the constrained setting without the
Lipschitz assumption by Fokkema et al. (2024). This last algorithm is detailed
in Chapter 10.

2.3 Lower bounds

You should be wondering about lower bounds. What are the fundamental
limitations in bandit convex optimisation? The situation is a bit miserable (the
optimist says “hopeful”). The best known lower bound when the losses are in
Fy is that the minimax regret is at least Q(d+/n). What is upsetting about this is
that the lower bound was established using linear losses where the upper bound
is also O(d+/n). Can it really be that the hardest examples in the enormous
non-parametric class of bounded convex functions , lie in the tiny subset of
linear functions? Our intuition from the full information setting says it could be
like this. Curvature always helps in the full information setting. We discuss in
Chapter 10 why in bandit convex optimisation curvature both helps and hinders
in a complicated way. There also exist lower bounds for more structured classes
of convex losses, which are summarised in Table 2.1. Importantly, even when
strong convexity and smoothness are assumed, the lower bound is still Q(d+/n).
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AUTHOR REGRET CLASS CONSTRAINT SET
Dani et al. 2008' Q(d+n) f’i;lin product of spheres
Shamir 2013 Q(dvn) Ftcew @=3.8=3 K=B¢

i —pB= —pd
Shamir 2013 Q(d+/n) FS a=p=1 K =B

,1,quad,sc,sm’

Akhavanetal. 2024b> Q(¥')  FE p=0(a)  K=Bf

SIMPLE REGRET

Shamir 2013 Q(d/+n) Ft e @=138=3 K=Bf
2 d )i _ _ rd
Akhavan et al. 2024b Q(m) "oibs,ll,sc,sm’ ﬁ = O(CY) K= Bl

! This result was proven for a non-convex K. As Shamir (2015) argues, in the linear

setting lower bounds for non-convex sets imply lower bounds on conv(K) via a simple
reduction. For linear bandits, lower bounds of Q(d+/n) are also known when K = [0, 1]¢
and K = B‘li (Rusmevichientong and Tsitsiklis, 2010; Lattimore and Szepesvari, 2020).

2 These authors also prove a more general result for function classes with more
smoothness and their results hold for a large class of noise models.

Table 2.1: Summary of lower bounds. In the class colum we use a (s) superscript
to indicate that the lower bound holds in the stochastic setting and (i) that it
holds in the improper setting explained in Note 1.1ii. In the improper setting,
Lipschitzness and boundedness only hold inside K while smoothness and strong
convexity hold everywhere.

Let us make some comments on the lower bounds and how they relate to each
other:

o The unconstrained and constrained settings are both harder than the im-
proper setting. Hence, lower bounds that hold in the later also hold in the
unconstrained/constrained settings.

o The reduction in (1.4) shows that lower bounds on the simple regret imply
lower bounds on the cumulative regret.

o Lower bounds that are proven with Gaussian noise can be generalised to
lower bounds with bounded noise at the price of at most logarithmic factors,
which follows by a scaling and truncation argument (Shamir, 2015).

o The adversarial setting as defined here is strictly harder than the stochastic
setting, which means that all the bounds in Table 2.1 also apply to the
adversarial setting. Many authors focus on the adversarial setting without
noise and where the losses are assumed to be bounded. The scaling and
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truncation argument by Shamir (2015) shows that lower bounds proven with
Gaussian noise also apply in this case except for logarithmic factors.

o As far as we know, no-one has written a minimax simple regret lower
bound for linear losses. At least when K = [—1, 1]¢, then the technique for
bounding the cumulative regret by Lattimore and Szepesvari (2020) also
yields a bound on the simple regret of Q(d/+/n).

o The quadratic case with smoothness and strong convexity is quite interesting.
The lower bound on the cumulative regret is Q(d+/n), which except for
logarithmic factors is matched by upper bounds in the unconstrained/improper
settings (Agarwal et al., 2010; Akhavan et al., 2020) and nearly so in the
constrained setting (Hazan and Levy, 2014). In the unconstrained/improper
settings, however, the upper bound on the simple regret improves to O (d?/n).
This shows that the reduction in (1.4) is not guaranteed to be tight.

o Many of the algorithms in this book are based on combining gradient descent
with noisy gradient estimates of some surrogate loss function. Hu et al.
(2016) explore the limitations of this argument. Their idea is to modify the
information available to the learner. Rather than observing the loss directly,
the learner observes a noisy gradient estimate from an oracle that satisfies
certain conditions on its bias and variance. This allows the authors to prove
a lower bound in terms of the bias and variance of the oracle that holds for
any algorithm. The main application is to argue that any analysis using the
spherical smoothing estimates explained in Chapter 5 either cannot achieve
O (+/n) regret or the analysis must use some more fine-grained properties of
the specific estimator than its bias and variance alone.

2.4 Classical stochastic optimisation and non-convex methods

This book has a particular focus on constrained optimisation with finite-time
bounds on the regret as a measure of performance. You are surely not surprised
to know that stochastic zeroth-order optimisation has a long history. Maybe
one of the earliest works is by Kiefer and Wolfowitz (1952),1 who studied the
one-dimensional problem and constructed an iterative algorithm based on the
Robbins—Monro algorithm for root finding (Robbins and Monro, 1951). The
same idea was generalised to the multi-dimensional setting by Blum (1954).
In the language of online learning, these algorithms are rather similar to the
gradient-based algorithms proposed by Flaxman et al. (2005) with the only real
difference that they work in the stochastic setting and use multiple queries to

! This paper is just 5 pages long. You should go and read it right now and come back.
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estimate the gradient rather than the single-point estimator used by Flaxman et al.
(2005) (see Chapter 5). By the way, this difference is important in the adversarial
setting where the learner does not have the luxury of obtaining multiple samples
from the same function. The more fundamental difference, however, is in the
assumptions and analysis. The stochastic optimisation community has largely
avoided assuming global convexity but is quite satisfied to make assumptions
on smoothness and (more importantly) proving asymptotic convergence bounds.
Because of this, the results have a different flavour and can be hard to compare.
For example, Kiefer and Wolfowitz (1952) prove their scheme converges to the
minimiser of f in probability under mild assumptions on the noise and assuming
that

(1) fisunimodal and has a global minimiser x, € R; and

(2) f is bounded and Lipschitz on an interval containing x,; and

(3) f is not arbitrarily flat away from the minimiser. Formally, there exists a
function o : (0, o) — (0, o0) such that

|x — x«| = € implies  inf [f(x+9) = f(x=9)l

> .
5€(0,£/2) 0 o(®)

Convergence in probability is rather a weak notion and later work has strength-
ened this considerably, for example, by proving asymptotic normality (Spall,
1992). At the moment there seems to be a regrettable divide between the bandit
convex optimisation literature and classical stochastic optimisation literature.
The two communities focus on different aspects of related problems with the for-
mer intent on finite-time bounds in the convex setting with limited assumptions
beyond global convexity. The latter lean more towards exact asymptotic analysis
with more local assumptions. It seems there is some scope for unification, which
we do not address at all here.

Dependent noise model In many works on zeroth-order stochastic optimisation
there is some unknown convex function f : K — R to be minimised. The
learner has oracle access to some function F : K X Q — R and a probability
measure p on measurable space (L, &) such that

/Q F(x&)dp(@) = f(x) VreK.

Equivalently, f(x) = E[F(x,&)] when & has law p. The learner can sample
freely from p and query F at any point x € K and ¢ € Q. Structural assumptions
are then made on F, f or both. For example, Nesterov and Spokoiny (2017)
assume that f is convex and x — F(x,¢) is Lipschitz p-almost surely. The
big difference relative to the setting we study is that the learner can query
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x — F(x,£) at multiple points with the same & € Q. Our stochastic setting
can more-or-less be modelled in this setting but where the only assumption
on F is that for all x € K the random variable F(x,¢) has well-behaved
moments. Our setting is slightly more generic because we allow the noise to
depend on the history as well as the decision. Whether or not you want to
make continuity/Lipschitz/smoothness assumptions on F' depends on how your
problem is modelled. Here are two real-world examples.

o You are crafting a new fizzy beverage and need to decide how much sugar
to add. A focus group has been arranged and with each person you can
give a few samples and obtain their scores. You want to find the amount of
sugar that maximises the expected score over the entire population. This
problem fits the stochastic optimisation viewpoint because you can trial
several difference recipes with each person in your focus group. Connecting
this formally to the notation,  is the space of potential customers and p is
some reasonable distribution over customers. K is the space of parameters
for the fizzy beverage (the amount of sugar) and F(x, ¢) is the loss suffered
by person & on beverage x.

o You operate a postal service using donkeys to
transport mail between Sheffield and Hather- Donkey Post
sage. Donkeys are stoic creatures and do
not give away how tired they are. Every day
you decide how much to load your donkey.
Overload and they might have a nap along
the way but obviously you want to transport
as much post as possible. The success of a
journey is a function of how much mail was
delivered and how long it took. You’ll get a telegraph with this information at
the end of the day. This problem is best modelled using the bandit framework
because the tiredness of the donkey varies from day to day unpredictably
and you only get one try per day. Formally in this setting K is the set of
possible loads for the donkey and p is a distribution on unobservable states.

There is too much material to do justice to this literature here. Some influential
papers are by Ghadimi and Lan (2013) and Nemirovski et al. (2009).

2.5 Summary table

The table below summarises the past and current situation. Those bounds
that depend on n are regret bounds while those that depend on ¢ are sample
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complexity bounds. Remember you can use Fact 6 or Proposition 1.7 to convert
a regret bound into a sample complexity bound. The superscript (s) in the
function classes indicate whether or not the work only considers the stochastic
setting, while the superscript (i) is used when the algorithm needs to query
outside K (the improper setting of Note 1.1i1i). In some cases the subindice
d = 1 in the function class indicates that the algorithm assumes the dimension
d = 1. The quantity ¥ is the parameter associated with a self-concordant barrier
on K (see Chapter 6) and D is an abbreviation for the diameter D = diam(K).
The coMpPUTE column gives the per-round complexity of each algorithm, which
is co in the few cases that the regret bound was established non-constructively.
Some algorithms need to position K into Lowner’s position or isotropic position,
which is marked in the compUTE column by LOW and 1so, respectively. The
coMPUTE column also indicates whether the algorithm uses one of the classical
cutting plane methods: ellipsoid method (ELLIPSOID), center of gravity method
(cog) or the method of inscribed ellipsoid (iNnscrIBED). The symbol I1 refers to
the complexity of a euclidean projection onto K, which depends on how K is
represented and svp the complexity of a singular value decomposition, which
is generally O (d?). Those algorithms that use O (1) computation per round all
query the same point for many rounds in a row. In many implementations this
could take O(d) computation, since storing/copying the iterate generally has
this complexity. We offload this aspect to the oracle computing the loss function.
The last column refers to the chapter where we analyse the relevant algorithm,
if applicable.
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AUTHOR REGRET/COMP CLASS COMPUTE CH
logs omitted
Flaxman et al. (2005) d'2p'/2p3l4 F1  O(d)+TI 5
" dn’/° S O(d) +11 + 150
This book d\29l /4R34 F O(d®) +opr+svp 6
Agarwal et al. (2010)' d/Bn]a F ansc O(d)
Saha and Tewari (2011) [98]'3[Ddn]?? Fo.sm O(d?) + opT + svD 6
Agarwal et al. (2013) Vn gls’dzl o(l)
Agarwal et al. (2013) d"’n Fg1 O0(1), rLupsom
Hazan and Levy (2014) d\/m Fo.sm.sc O(d?) + oPT + svD 6
Belloni et al. (2015) d’> /g2 Fs o(l)
Bubeck et al. (2015) Vn Fb,d=1
Hazan and Li (2016) 204\ F  O(log(n)PV (@)
Bubeck et al. (2017) d"%3n F poly(d, n)
" Vn Fb.a=1 O(\n) 8
Bubeck et al. (2018) d"®\n F o0
Lattimore (2020) d*3+\n F o0
Tto (2020)> d+Bnja Fo.sm.sc poly(d)
" d'>\Bn/a Fb,sm,sc poly(d)
Suggala et al. (2021) d'on Fb.quaa poly(d)
Lattimore and Gyorgy (2021a) d*>+/n FS 0(d?), ELLIPSOID
Lattimore and Gyorgy (2023)! d'+/n P}f’i 0(d?) +svp
Fokkema et al. (2024)3 d">~n FS O(d?) + 11 + svp, LowW 10
Fokkema et al. (2024) d*\n FS 0(d?) + 11 +svp,1s0 10
Fokkema et al. (2024) d*3\n Fb poly(d,n), 1s0 11
Carpentier (2024) d*/&? Fe 0(d?), co 9
This book d’/&? FE 0(d?), ELLIPSOID 9
This book d*/&? Fe 0(d?), INSCRIBED 9

! These results hold in the improper setting of Note 1.ii and with K a euclidean ball.
2 This result holds when the minimiser lies deep inside K.
3 This also holds if K is symmetric and either in John’s position or its polar is isotropic.
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2.6 Notes

2.1: There are some books on zeroth-order optimisation (Larson et al., 2019;
Conn et al., 2009, for example). These works focus most of their attention
on noise free settings and without a special focus on convexity. Nemirovsky
and Yudin (1983) is a more theoretically focussed book with one chapter on
zeroth-order methods. Bhatnagar et al. (2012) take the asymptotic stochastic
optimisation viewpoint. There is also a nice short and quite recent survey by
Liu et al. (2020).

2.1i: Speaking of non-convexity, zeroth-order methods are also analysed in
non-convex settings. Sometimes the objective is still to find the global minimum,
but for many non-convex problems this cannot be done efficiently. In such cases
one often tries to find a point x € K such that || f"(x)|| is small or even a local
minimum. We only study convex problems here. A recent reference for the
non-convex case is the work by Balasubramanian and Ghadimi (2022).

2.1ii: There are esoteric settings that are quite interesting and may suit some
applications. For example, Bach and Perchet (2016) study a problem where the
learner chooses two actions in each round. The learner receives information for
only the first action but is evaluated based on the quality of the second. They
also study higher levels of smoothness than we consider here.

2.iv: Online learning has for a long time made considerable effort to prove
adaptive bounds that yield stronger results when the loss functions are somehow
nice or show that the learner adapts to non-stationary environments. Such results
have also been commonplace in the standard bandit literature and are starting
to appear in the convex bandit literature as well (Zhao et al., 2021; Luo et al.,
2022; Wang, 2023; Liu et al., 2025)

2.v: Wedid not talk that much about the efforts focussed on sample complexity
or simple regret for the stochastic setting. Jamieson et al. (2012) consider
functions in gy sc and K = R¥ and prove a sample complexity bound of O(‘;—;)
for an algorithm based on coordinate descent with polynomial dependence on
the smoothness and strong convexity parameters hidden. Belloni et al. (2015) use
an algorithm based on simulated annealing to prove a sample complexity bound
of O( %) for losses in F,. In its current form their algorithm is not suitable for
regret minimisation though this minor deficiency may be correctable. Another
thing to mention about that work is that the algorithm is robust in the sense that
it can (approximately) find minima of functions that are only approximately
convex. Slightly earlier Liang et al. (2014) also use a method based on random
walks but obtained a worse rate of O( dg—lj).
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Mathematical tools (-®)

The purpose of this chapter is to introduce the necessary tools from optimisation,

convex geometry and convex analysis. You can safely skip this chapter, referring
back as needed. The main concepts introduced are as follows:

o

Convex bodies, the Minkowski and support functions and basic theory of
polarity.

Basic properties associated with smoothness and strong convexity.

The near-Lipschitzness of convex functions and the implications of this on
the location of near-minimisers of convex functions.

Rounding procedures for convex bodies, including the classical John’s and
isotropic positions of convex bodies.

Smoothing operators and mechanisms for extending the domain of a convex
function f : K — R to all of RY,

Methods for computing various operations on convex bodies, such as
projection and optimisation.

3.1 Convex bodies

A convex set K ¢ R is a convex body if it is compact and has a nonempty
interior. The latter corresponds to the existence of an x € R¢ and & > 0 such
that x + B¢ ¢ K. The Minkowski functional of X is the function 7 : R — R
defined by

n(x) =inf{t>0:x €tK} .

A top-down illustration is provided in Figure 3.1a. Another way to visualise the
Minkowski functional is via the suspension cone, which is the set

S(K) ={(x,y) :x e Ry e R,w(x) < y,y > 0}.

24
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The set S(K) is a cone with tip (0,0) and {x : (x,1) € S} = K. In most of our
applications 0 € int(K) and K is a convex body (hence closed). In this case
1k (x) = 1(n(x) < 1). Moreover, when K is a symmetric convex body, then 7
is anorm and K is its unit ball. The support function is
h(u) = sup {u,x) .
xeK
The support function is defined so that for any R? 5 u # 0, the hyperplane
{x : (u,x) = h(u)} is a supporting hyperplane of K (Figure 3.1b). Of course
the Minkowski functional and support function both depend on K as well as x.

When necessary we explicitly write 7x or hg but in general the set will be K
and is omitted from the notation.

t(x)

{x = Qu,x) = h(u)}

(a) Minkowski functional (b) Support function

Figure 3.1: The Minkowski and support functions.

The polar is K° = {u € R? : h(u) < 1}. The polar is not easy to visualise
and for our purposes an in-depth understanding of this concept is rarely needed.
Readers looking for more intuition and theory should read the classic text:
(Rockafellar, 1970, §14).

Proposition 3.1 The following hold:

(1) Given convex bodies K C J, polarity reverses inclusion: J° C K°.

(2) Given convex body K with 0 € int(K), the polar K° is a convex body with
0 € int(K°).

(3) The polar body of a nonempty ball K = BY is K° = Bil/r.
(4) For symmetric convex body K, ||-||g £ 7k () is a norm.

(5) For symmetric convex body K, the dual of ||-||x is ||| g--
llull go = max{(u,x) : ||x]|g < 1,x € R4},

Exercise 3.2 W Prove Proposition 3.1.
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The Minkowski functional has many properties:

Lemma 3.3 Let K be a convex body with 0 € int(K) and n the associated
Minkowski functional. The following hold:

(1) n(ax) = an(x) forall a > 0.

(2) mis convex.

(3) 7(x+y) <a(x) +n(y) forall x,y € R4,

(4) x/n(x) € K whenever n(x) > 0.

(5) mis the support function of the polar body: m(x) = sup,cgo- (x, u).
(6) Dn(x)[h] = {u, h) for some u € K°.

(7) lip(x) < 1/r whenever B¢ C K.

Proof Part (1) is immediate from the definitions. For part (2), by definition,
x € r(x)K and y € n(y)K. Hence, for any 4 € [0, 1],

(I-Dx+Aye (1 -Drn(x)K +An(y)K = ((1 = D)r(x) + An(y))K .

Therefore 7((1 —A)x +Ay) < (1 =) (x) + An(y), which establishes convexity.
Part (3) follows from (1) and (2) since n(x +y) = 7((2x)/2 + (2y)/2) <
m(2x)/2+n(2y/2) = n(x)+nr(y). Forpart (4), let x be such that 7 (x) > 0. That
x/n(x) € K is immediate from the definition. Suppose that y = x/7(x) € int(K),
then there exists an € > 0 such that y + B‘EJ C K. A simple calculation shows
there exists a § € (0, (x)) such that x/(xw(x) — §) € K, which contradicts
the definition of 7 (x). Part (5) is given by Rockafellar (1970, Theorem 14.5)
and part (6) follows from part (5) and Rockafellar (1970, Corollary 23.5.3).
Part (7) follows because the Minkowski functional is the support function
of the polar body K° and polarity reverses inclusion, K° C ]Bld/r. Finally, the
subgradients of the support function are in K° and the result follows (Rockafellar,
1970, Corollary 23.5.3). |

Convex functions f : K — [0, 1] are often not well-behaved near the
boundary (see Section 3.4). For this reason we often shrink K towards the origin.
Given € > 0, let

K.={(1-e)x:xeK}={xeK:n(x)<1-¢&}.

Lemma 3.4 Suppose that BY c K and x € K. Then x + B¢, C K.

Proof Letx € K. By the definition of the Minkowski functional there exists
ay € K such that x = (1 — &)y. Since K is convex and B¢ c K, it follows that

KDsB;l+(1—s)y=x+B‘ér. O
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3.2 Smoothness and strong convexity
For your own understanding, you should solve the following:

Exercise 3.5 W Suppose that f € Fen sc and f is twice differentiable. Then

al = f”(x) 2 Bl forall x € int(K) .

Besides this, the only properties of smoothness and strong convexity that we
need are as follows:

Lemma 3.6 If f € F is a-strongly convex, then for all y € int(dom(f)),
a
) = )+ DI =31+ 5 e =1
Proof Letg(x) = f(x)-% lIx||?, which by assumption is convex. By convexity,

) =3 Il = 5(x)
2 g(y) +Dg(y)[x -]
= FM =5 IYIP+ DF O =31 = (rx =) -

Rearranging shows that

FO) 2 )+ DFOIx =31+ 5 Il = S IV = (ox =)
= FO) + DFOLx =31+ 5 =17 o

Lemma 3.7 If f € F is S-smooth and X is a random variable supported in K
and x = E[X]. Then,

BLF(X) - ()] < B [Ix - xIP] |

Proof Letg(x)= f(x) - g lIx|I?, which by assumption is concave. Then,

BLF(X) - ()] = Blg(X) - g1 + 58 [I1XI - 1]
< ’gE [||X||2 - ||x||2] since g is concave
= 'gIE [||X —x||2] . since E[X] = x

]
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3.3 Scaling properties

A class of problems is defined by the constraint set K and the function class in
which the losses lie (see Definition 1.1) as well as constraints on the adversary
(stochastic/non-stochastic) or the noise. Regardless, we hope you agree that
simply changing the scale of the coordinates should not affect the achievable
regret. The following proposition describes how the various constants change
when the coordinates are scaled.

Proposition 3.8 Ler f : K — [0, 1] be convex and twice differentiable. Define
g(y) = f(x/y) and J = {yx : x € K}. The following hold:

(1) g:J — [0, 1] is convex and twice differentiable.

@ (= L,

(3) gn(y) — f”glxz/?’).
(4) diam(J) = y diam(K).

From this we see that the product of the Lipschitz constant and diameter
is invariant under scaling. As is the ratio of strong convexity and smoothness
parameters. You should always check that various results are compatible with
these scaling results in the sense that the regret bound should be invariant to
scale if the assumptions permit scaling.

3.4 Convex functions are nearly Lipschitz

Let f : K — [0,1] be a convex function. The example K = [0, 1] and
f(x) = 1 — +/x shows that such functions are not always Lipschitz. What is true
is that f must be Lipschitz on the interior of K in some sense. You should start
by solving the following exercise:

Exercise 3.9 W Suppose that f : R — R U {co} is convex. Show the
following:

(1) Suppose that A c int(dom( f)). Then

lipy(f) < sup sup Df(x)[n].

x€A TIESTI_I
(2) Suppose that A is a bounded subset of R¢ and dom( f) = R¢. Then

lip(f) <sup sup Df(x)[n].
X¢A UES?_]
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Proposition 3.10  Suppose that f € Fy and r > 0 and x + B¢ C K, then

max Df(n] <+

I]ES‘li’

Proof The assumption that f is convex and bounded in [0, 1] on K shows that
forany n € Sf‘l,

1> flx+rn) = f(x) +Df(x)[rn]l =2 Df(y)[rnl =rDf(y)[n].
Therefore D f(y)[n] < } O

Combining Proposition 3.10 and the solution to Exercise 3.9 yields the
following:

Corollary 3.11 Let f € Fp be convex and suppose that A is convex and
A+B? C K. Thenlip,(f) < L.

Corollary 3.12  Suppose that f : K — [0,1] is convex and B¢ c K and
K¢ = (1 - &)K. Thenlipg_(f) < é

3.5 Near-optimality on the interior

The observation that convex functions are Lipschitz on a suitable subset of
the interior of K suggests that if we want to restrict our attention to Lipschitz
functions, then we might pretend that the domain of f is not K but rather a
subset. This idea is only fruitful because bounded convex functions are always
nearly minimised somewhere on the interior in the following sense. Recall the
definition of K, from Section 3.1.

Proposition 3.13 Let K be a convex body with 0 € int(K) and € € (0, 1) and
f € Fp. Then

yrgglgf(y) Sylg}’(f(y) te.

Proof K, is a closed subset of int(K), hence compact. Convex functions are
continuous on the interior of their domain, which means that f is continuous on
K. c int(K) and hence has a minimiser. Let y € K. Then z = (1 — &)y € K,
and by convexity, f(z) < (1—-&)f(y) +&f(0) < f(y) + &. Taking the infimum
over all y € K completes the proof. O
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3.6 Classical positions and rounding
We make frequent use of certain classical positions of convex bodies.

o A convex body K is in John’s position if Bi’ is the ellipsoid of largest volume
contained in K.

o A convex body K is in Lowner’s position if Bf is the ellipsoid of smallest
volume that contains K.

o A convex body K is in isotropic position if m fK xx"dx = 1 and
fK xdx =0.

The unifying characteristic of these positions is that for every convex body K
there exists an affine map T : RY — R? such that the image T(K) is in the
relevant position:

Theorem 3.14 Given X € {John’s, Lowner’s, isotropic} and convex body K
there exists an affine transformation T : R? — R? such that T(K) is in X
position.

Some of our analysis depends on the constraint set K being well rounded. By
this we mean that

B;’CKCB%,

where R/r is not too large. The following shows that convex bodies in John’s
position are well rounded:

Theorem 3.15  Suppose that K is in John’s position. Then
d d
Bf c K cBj.

Theorem 3.15 is an immediate consequence of John’s theorem (Artstein-
Avidan et al., 2015, Remark 2.1.17). Combining Theorem 3.15 with Theo-
rem 3.14 shows that for any convex body K there exists an affine map 7 such
that

B¢ c T(K) c BY. 3.1

This is less constructive than we would like because even when K is represented
by a separation oracle, there is no known procedure for efficiently computing
John’s position. In a moment we discuss how to algorithmically find an affine
mapping 7 such that (3.1) holds approximately. First though, we explain how
such a mapping can be used. Any affine T for which (3.1) holds must be
invertible. A learning algorithm designed for rounded constraint sets can be
used on arbitrary constraint sets by first finding a 7 such that (3.1) approximately



3.6 Classical positions and rounding 31

holds. The learner is then instantiated with 7'(K) as a constraint set and proposes
actions (X7)7", with X/ € T(K). The responseis ¥; = f(T~Y(X])) +&,. Letting
g = f, oT™!, we have

n

sup > (fi(X,) = f(x))

xekK =1

Reg,

sup > (Ai(T7' (X)) = f,(T7'(x)))

X' eT(K) 1=

n
sup > (80(X)) ~ /().

x'e€T(K) 721
The Lipschitz and smoothness properties of g; may be different than f;, but
if f; is bounded on K, then g, is similarly bounded on 7' (K). Therefore when
assuming losses are in %, and you are indifferent to computation cost you
can assume that Bf cKc BZ. Next we discuss what is possible using a
computationally efficient algorithm.

Rounding algorithms In order to implement the translation we need a procedure
for finding 7. Let vk be the uniform probability measure on K and y =
/devK (x) be the center of mass and X = /K(x —w)(x — )T dvg (x) the
moment of inertia of K. Let 1sog (x) = X7?(x — u) and J = 1s0x(K). A
simple calculation shows that /J xdvy(x) =0and fj xxT dvy(x) = 1. That is,
J is in isotropic position.

Theorem 3.16 (Theorem 4.1, Kannan et al. 1995)  Suppose that J is in isotropic
position. Then

d d
B cJCBl,,.

Remark 3.17 Be careful. Our definition of isotropic position is standard in
probability theory while in geometric analysis it is normal to say that K is
in isotropic position if fodx =0, vol(K) = 1 and fK xxTdx = Lg1 for
some Lg. The ‘slicing conjecture’ is that Lx = O(1). A major recent result is
that Lx = O(1), which means that up to logarithmic scaling factors the two
definitions of isotropic position are the same.

Provided that K is suitably represented, then there exist algorithms that find an
affine map 7 in polynomial time such that J = T'(K) is close enough to isotropic
position that Bﬁl cKc Bg 4+ The procedure is based on estimating the center
of mass and moment of inertia of K using uniform samples and estimating the
corresponding affine map 7 defined above (Lovasz and Vempala, 2006).
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3.7 Extension

Some of the algorithms presented in this book are only defined for unconstrained
problems where K = R<. Furthermore, techniques designed for handling
constraints such as self-concordant barriers introduce complexity and dimension-
dependent constants into the analysis. One way to mitigate these problems is
to use an algorithm designed for unconstrained bandit convex optimisation
on an extension of the loss function(s). An extension of a convex function
f:R? = RU {co} with K = dom( f) is another convex function e : R¢ — R
such that

e(x) = f(x)forallx e K.

Sometimes no such extension exists. For example, the function defined by

f(x):{l—\/)_c ifx>0

) ifx <0

cannot be extended to a convex function with domain R. When f is Lipschitz
on its domain then an extension to R is always possible.

Proposition 3.18  Suppose that f : R? — R U {co} is convex and lip(f) < co.
Then there exists a convex function e : R¢ — R such that:

(1) e(x) = f(x) forall x € dom(f), and
(2) lip(e) = lip(f).

Proof (“®) To keep things simple, let us assume that dom( f) has nonempty
interior (but see Exercise 3.19). The idea is to define e as the supremum of all
tangent hyperplanes to f in int(dom(f)). Define

e(x) = sup  (f)+Dfy)[x-yl).

yeint(dom(f))

Note that no convex extension can take smaller a smaller value than this by
convexity so this e is the minimal extension. We leave it as an exercise to
establish the claimed properties of e. O

Exercise 3.19 () W& Prove Proposition 3.18. We suggest you start by
assuming dom( f) has nonempty interior. In case dom( f) has no interior you
should first extend f to the affine hull of the relative interior and then extend
the extension to the whole space. You may find it useful to use the fact that for

y € int(dom(f)), Df(y)[h] = supgeqy(y) (& M-

The extension in Proposition 3.18 has the limitation that it cannot be evaluated
in an unbiased way with stochastic oracle access to f. The reason is that to even
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approximate e¢ at some point x ¢ dom(f) you need to solve an optimisation
problem that may require you to evaluate f at many points in K. The next
proposition shows there exists an extension that can be evaluated at x ¢ dom( f)
using only a single evaluation of f.

Proposition 3.20 Suppose that B c K and f € Fy is a function with
dom(f) = K and lip(f) < oo. Let m be a real value such that —D f(y)[-y] —
f(y) <mforall y € K. Let it be the Minkowski functional of K and

X

e(x) = max(l,zr(x))f( ) +m(max(l,7(x)) —1).

max(1, 7(x))
The function e satisfies the following:

(1) e(x) = f(x) forallx € K.

(2) e is convex.

(3) lip(e) < 2 + L +1ip(f).

(4) Forallx ¢ K, e(x/n(x)) < e(x).

Remark 3.21 When K C Bﬁ, then for any y € K,

-Df(y)[y] - f(y) < llylltip(f) < Rlip(f),
which shows that lip(e) = O(2 lip(f)).

Compared to the extension in Proposition 3.18, the extension above has the
drawback that the Lipschitz constant depends on K as well as the Lipschitz
constant of f. On the other hand, the extension above can be evaluated at x by
computing 7 (x) and evaluating f at x/max(1, 7(x)), which means the extension
can be evaluated at x using a single query to f. By employing the rounding
procedure in Section 3.6 you can always ensure that R/r = O(d) in which case
the Lipschitz constant of the extension in Proposition 3.20 is a factor of O (d)
worse than that of Proposition 3.18.

Intuition Let x € 0K. By Lemma 3.3(1), the Minkowski functional is ho-
mogeneous, which means that for r > 1 e(tx) = tf(x) + m(¢t — 1) is a linear
function. So e is defined outside of K by glueing together rays emanating from
points x € K. The most challenging part of the proof of Proposition 3.20 is
establishing convexity.

Proof of Proposition 3.20  Since f is only defined on K the directional deriva-
tive D f(x)[-] may not be well-defined for x € K. To avoid this issue, we
define f outside of K by the extension defined in Proposition 3.18, which exists
because f is Lipschitz. With this modification D f(x)[-] is guaranteed to exist
everywhere. Abbreviate 7, (x) = max(1, 7(x)). Part (1) follows immediately
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from the fact that for x € K, n(x) < 1 and therefore 7,(x) = 1. Moving
to part (2). Define g(z,4) = Af(z/A), which is called the perspective of f
and according to Boyd and Vandenberghe (2004, §2.3.3) is jointly convex on
R¥ x (0, 00). Let z € R¢ and A > 7,(z). Then,

dg(z, 0)

2z ) > gz, m,(2)) + —1.(2))

DA e
Se(zm () -mA-m,(2) 3.2)

where in (a) the derivative is the right-derivative and the inequality follows
from convexity of g, (b) by the chain rule and the definition of g and (c) by
the assumptions on m in the proposition statement and because z/7,(z) € K.
Letx,y e R%and p € (0,1) and z = px + (1 — p)y. By definition,

e(z) = m(z)f( G )) +m(m,\(2) = 1)

= g(Z7 ﬂA(Z)) + m(ﬂ',\(Z) - 1)

@

< 8(z, pri(x) + (1 = p)mn(y) +m [pr,(x) + (1 = p)ma(y) = 1]

()

< pg(x,my(x)) + (1 = p)g(y, mn(y) + m [pr,(x) + (1 - p)ms(y) — 1]

=pe(x) + (1 -ple(y),
where (a) follows from (3.2) with A = pn,(x) + (1 — p)n,(y) = 7,(2) by
convexity of 7. (b) follows from joint convexity of g and because z = px+ (1 —
p)y. Therefore e is convex. Next we prove part (3). Let h € S‘f‘l andx ¢ K,
which means that 7, (x) = 7(x) > 1. By Lemma 3.3(6), Dr(x)[h] = (6, h) for
some 6 € K°. Because polarity reverses inclusion (Proposition 3.1) and B¢ c K,
K° c B‘f Ir and therefore ||@]| < 1/r. Since f is convex and defined everywhere,
Rockafellar (1970, Theorem 23.4) says that D f(x)[h] = supgeqr(x) (85 ).

which means that D f(x) [k + hy] < D f(x)[h1] + Df(x)[hy] for any Ay, hy €
R¢. Combining this with the assumption that lip( f) < m shows that

De(x)[h] = (0, h) (m+f( ())) Df(%) [h_x;?;go

X x(@h)
"”f( <>) Df(@)[ )

By assumption and convexity,

ozmes (5] o (555)

< liell +lip(f) .

—L]Sm+f(0)Sm+l,
m(x)
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which when combined with the fact that ||6|| < 1/r shows that De(x)[h] <
m + m/r + 1/r. The claim now follows from Exercise 3.9 and the fact that K is
bounded. For part (4), since x ¢ K we have

X

X X
e(x) =n(x)f (ﬂ(x)) +m(n(x) - 1) = f (m) =e (m) ,
where we used the fact that x/7(x) € K so that e(x/n(x)) = f(x/n(x)). O

Proposition 3.20 is only directly applicable when f is Lipschitz. The next
proposition provides an extension of f restricted to a subset of its domain:

Proposition 3.22  Suppose that f € Fy and BY C K. Let nt be the Minkowski
Sfunctional of K and € € (0, 1) and n,(x) = max(1,n(x)/(1 — &)) and

X

7 (x)

e(x) = m(x)f( ) + 1;—8 (mo(x) = 1) .

Then, the following hold:

(D) e(x)=f(x)forallx e Ko ={x e K:m(x) <1-¢}.
(2) e is convex.

(3) lip(e) < —2—

e(l-g)r:

(4) Forallx ¢ K, e(x/n,(x)) < e(x).

Proof Llety € K. and z =y/(1 - &) € K, which means that z —y = ;Z-y.
Combining this with the fact that f € F, yields

12 /() fe
> f()+Df(y)[z-y] f convex
= FO) + 7D ()D] def. of z
> )+ 7= (-DFOI-3D)  h DF()[A] subadditive
> = (-Df()[-y] - f()) - feF

Rearranging shows that forall y € Ko, -D f(y)[-y] — f(y) < 1_7‘9 = m. The
claim now follows by applying Proposition 3.20 to K., which by definition
has B(1-¢), C K.. Hence, by Corollary 3.12, lipg_(f) < L which by

er’
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Proposition 3.20 means the Lipschitz constant lip(e) is bounded by

m+1 1
li < + + 1
ip(e) < O—or T U-or 1pK8(f)
Sl 1
< + +—
(I-&)yr (-&r re
T e(l-e)r’
3.8 Smoothing
Let ¢ : R — R be the twice differentiable 0.6 : : :
function given by 0.4 |
0.2] i
¢(x) = 1 (1 - ||X||2)3 14(x) with 0 |
S C B 2 -1 0 1 2
3
¢= / (1 - ”xllz) dx. Figure 3.2: ¢ in dimension
= one

Note that ¢ is the density of a probability measure on R¢ that is supported on
BY. Given & > 0, let

pe(x) = (x/e),

which by a change of measure is also a probability density, this time supported
on BY.

Proposition 3.23  Suppose that f : RY — R U {oo} is convex and lip(f) < oo
and let g = f * ¢ with = the convolution, which is defined on dom(g) = {x €
RY : x + B4 c cl(dom(f))}. Then the following hold:

(1) g is twice differentiable on int(dom(g)).

(2) lip(g) < lip(f).

(3) gissmooth: ||g” (x)]| < wﬁ)r all x € int(dom(g)).

(4) maxyedom(g) |f(x) = g(x)| < elip(f).

Proof Part (1) follows by writing out the definition, a change of variable and

by exchanging limits and integrals. This is a good technical exercise. Part (2)
is also left as an (easy) exercise. For part (3), the constant C can be calculated
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by integrating in polar coordinates:

C:A @—MWY

3
= dvol(Bd)/ 1 -r*) dr Proposition A.2
48 vol(BY)
S (d+2)(d+4)(d+6)°

By convexity of the spectral norm and naive calculation:

ng%mn—w/«ﬂx+w¢(Mdu

2 [ (e = e d

Zetiptr) [ 0]
gﬂlﬁ/}w%mnw

w !
lp(f)/ [[24uu™ (1 = [Jull®) = 61.(1 — ||uel|*)? du

@ 1 T

< ‘pc(g) ’ (Il (1—||u||2)||+6||]l(1—||u||2)2||)du

® dvol(B‘f) lip(f)

B Ce 0

_ (d+1)(d+6)lip(f)
. :

247 (1 =) + 6(1 = rH)?] dr

where (a) follows because /B‘i ¢ (u) du = 0. (b) since f is Lipschitz and the
spectral norm is convex (or trlangle inequality). (c) and (d) by a change of mea-
sure and differentiating. (e) the triangle inequality and (£) by Proposition A.2
and because ||uuT|| = ||u||>. For part (4), since f is Lipschitz,

lg(x) = f(0)| = ’/Bd (f(x+u) = f(x)) pe(u)du

<tip(f) |l o)

< elip(f). o

Exercise 3.24 ¥ Prove Proposition 3.23(1) (2).
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3.9 Computation

There are a variety of standard operations that are components in (bandit) convex
optimisation algorithms. For example, projections and positioning a convex
body K into isotropic/John’s position.

Standard operations We are interested in the following operations:

o MEMg is the membership oracle: MEMg (x) = 1g (x).

o SEPg is a separation oracle: sepg (x) = L if x € K and otherwise sepg (x) =
H for some half-space H with K C H.

o LINg is the linear optimisation oracle: LiNg (¢) = arg min, . {c, x).

o cvx is the function with cvxg (f) = argmin, g f(x).

o PROJk,y is the function PrRoIk n (y) = argmin, g N(x —y) where N is a
norm.

o 180k is the affine map such that {1sox (x) : x € K} is istropic.

o JOHN is the affine map such that {s5ouNg (x) : x € K} is in John’s position.

o SAMPf is the oracle that returns a point sampled from the uniform distribution
on K.

o GRAD/ returns the gradient of a function f : R — R.

Table 3.2 provides complexity bounds for computing one oracle from others.
The bounds ignore logarithmic factors and are given in terms of the number of
arithmetic operations as well as calls to other oracles. For example, the table
claims that linear optimisation can be computed in O (d?) arithmetic operations
and O(d) calls to a separation oracle for K. More importantly, we are only
claiming the relevant quantity can be computed approximately. Moreover, the
oracles used as inputs are permitted to be approximate as well. We badly want
to avoid handling approximation errors for computations in this book. We will
assume exact computation in our analysis and leave it to you to carefully consider
the approximation error if this concerns you. For some of the oracles it is not
even obvious what metric should be used to define the approximation error.
That too, we leave to you to figure out. Usually the reference in the table below
contains what you need to know.

Exercise 3.25 W Prove the complexity bound for all entries in Table 3.2
without a reference.

The operations can be chained. For example, when K is a polytope, then
150k~ can be computed in O (md>> + d°).
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op COMPLEXITY REFERENCE
MEM md

MEMg y2:374 Jiang et al. 2020

MEMK> 1 +LiNg

SEPK md

SEPK d MEMK Lee et al. 2018

LINK d3 + d* MemEK Lee et al. 2015 Lee et al. 2018
LINK d3 + dserk Lee et al. 2015

LINgK m237+ Jiang et al. 2020

LINK vd

CVXK a3+ d GRADf +d? MEMK Lee et al. 2015 Lee et al. 2018
CVXK d?+ d GRAD +d SEPK Lee et al. 2015

CVXK d? + d 6rRAD +md? Lee et al. 2015

PROJK, N d° + d GrRADN +d? MEMK

PROJK. N d° + d GRADN +d SEPK

PROIK. N d° + d GrADN +md”?

ISOK d* + d* MmEMK Lovész and Vempala 2006
ISOK d3 + d sampg Lovisz and Vempala 2006
JOHNK m3> Khachiyan and Todd 1993
JOHN[o v3d Khachiyan and Todd 1993

2.055 2.055

+ these bounds would improve to m and v

theoretical limits (Jiang et al., 2020).

if matrix multiplication algorithms improved to their

Table 3.2: Computation costs for standard operations. In rows where m appears
we assume that K = {x : Ax < b} with A € R”*¢_ In rows where v appears we
assume that K = conv(xy,...,x,). Since K is assumed to be a convex body
m = Q(d) and v = Q(d).

3.10 Notes

3.1i: Versions of some or all the properties used here have been exploited in a
similar fashion by Flaxman et al. (2005); Bubeck et al. (2017); Lattimore (2020)
and others.

3.ii: Occasionally it would be convenient to be able to extend S-smooth
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functions while preserving S-smoothness to all of R¢. Curiously, this is not
possible (Drori, 2018).

3.iii: The extension in Proposition 3.20 is due to Fokkema et al. (2024). A
related extension was proposed by Mhammedi (2022), who also use an extension
based on the ‘projection’ x /7 (x) but assume knowledge of the gradient of f at
this point.
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Bisection in one dimension

We start with a simple but instructive algorithm for the one-dimensional
stochastic setting. The next assumption is considered global throughout the
chapter:

Assumption 4.1 The following hold:

(1) d =1 and K is a nonempty interval; and
(2) the setting is stochastic: f; = f for all #; and
(3) the loss function is Lipschitz: f € F.

Like many algorithms for convex bandits, the bisection method is based on a
classical technique for deterministic convex optimisation. The algorithm in this
chapter only works in the stochastic 1-dimensional setting but has the advantages
that it can be implemented trivially and is nearly minimax optimal. The ideas are
also quite instructive and highlight some of the challenges when moving from
deterministic to noisy zeroth-order optimisation. The main theoretical result is
a proof that under Assumption 4.1 the regret of Algorithm 4.3 is bounded with
high probability by O (v/n).

4.1 Bisection method without noise

We start by considering the noise free setting, which illustrates the main idea.
The bisection method for deterministic zeroth-order convex optimisation is very
simple.

Theorem 4.2 Let (Ky),>_, be the sequence of sets produced by Algorithm 4.1.

41
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let K1 =K
for k=1 to oo:
let x=minK; and y = max Ky

if f(x1)> f(xo): then Kpy = [x,x]

1
2
3
4 let x0=%x+%y,x1=%x+%y
5
6 else: Kii1 = [x0,Y]

Algorithm 4.1: Bisection method without noise

Then,

k-1
2
max f(x) < min f(y) + (—) vol(K) forall k > 1,
xeKy yekK 3
where vol(K) is the width of the interval K.

Proof Suppose that x € K and x ¢ Kiy. By convexity you im-
mediately have that f(x) > minyek,,, f(y). Therefore by induction,
mingeg, f(x) = mingeg f(x) for all k. By construction of the algorithm
vol(Ky) = (2/3)%~1 vol(K). Since f is Lipschitz by assumption, it follows that

< i + |x —
max flx) < max min (f) +[x =y

< min f(y) + vol(Ky)
yeKk

2 k-1
=;I§1r<1f(y)+ (g) vol(K),

which completes the proof. O

4.2 Bisection method with noise

The generalisation of the bisection method to noisy optimisation is surprisingly
subtle. While Algorithm 4.1 divides the current interval into three blocks, in the
noisy setting it turns out that four blocks are necessary. The situation is best
illustrated by the example illustrated in Figure 4.1. Suppose you have noisy
(and therefore only approximate) estimates of the loss at all of x € {0, 1,2, 3}.
Notice how all three convex functions f,g and A have very similar values
at these points but the minimiser could be in any of (0, 1), (1,2) or (2,3).
Hence it will take many samples to identify which function is the truth. Even



4.2 Bisection method with noise 43

— f
- 9

7 h

0 1 2 3
Figure 4.1

worse, if the real function is f, then you are paying considerable regret while
trying to identify the region where the minimiser lies. The example illustrates
the problem of exploring efficiently. A good exploration strategy will ensure
that if the regret is large, then the information gain about the identity/location
of a near-minimiser is also large. The exploration strategy in Figure 4.1 is
not good. The example also illustrates the challenges of generalising methods
designed for deterministic zeroth-order optimisation to stochastic zeroth-order
optimisation. Fundamentally the problem is one of stability. Algorithm 4.1 is
not a stable algorithm in the sense that small perturbation of its observations
can dramatically change its behaviour.

We decompose the bisection method for stochastic convex optimisation into
two algorithms. The first accepts as input an interval and interacts with the loss
for a number of rounds. Eventually it outputs a new interval such that with high
probability all of the following hold:

o The minimiser of the loss is contained in the output interval.
o The new interval is three quarters as large as the input interval.
o The regret suffered during the interaction is controlled.
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1 def Bisect(K = [x,y], n, 6§€(0,1)):

2 x0=%x+}1y,xlz%x+%y,x2=%x+%y

3 for r=1 to n:

4 ct=1/%log(§—g)

5 let X; =x/mod3 and observe Y, = f(X;) + &

6 if +=0 mod3:

7 let fi(xx) =323 1(u=k mod3)Y, with ke{0,1,2
8 if fi(x2) — fi(x1) > ¢;: return [x,x;]

9 if fi(xo)— fi(x1) >c;: return [xo,y]

10 return [x,y]

Algorithm 4.2: Bisection episode

Proposition 4.3 Let [z, w] be the interval returned by the algorithm and

A= 1FGo0)+ f() + f(x2)] - mip f(3)

Suppose that A > 0. Then, with probability at least 1 — § the following both
hold:

(1) The interval [z, w] returned by the algorithm satisfies

xél[l;flv]f(x) = min f(x).

(2) The number of queries to the zeroth-order oracle is at most
384 4n
3+ —1 — .
Az % (35)
Proof By convexity, max(f(xg), f(x2)) = f(x1). Assume without loss of

generality for the remainder of the proof that f(x;) > f(xo) and let 6 =
f(x2) = f(x1). Let G = Gy N Gy with

Gor = [ {lfix0) = fi(x1) = f(x0) + f(x1)| < e/} and

tel

Gt = [ {IfiG2) = fix) = FGr2) + FOe)| < i}

tel

where I = {I <7 <n:t=0 mod 3}. These are the events that £, (xo) — f; (x1)
is a reasonable approximation of f(xg) — f(x) for all rounds # € I and similarly

forf,(xz) - ﬁ(xl)-
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Exercise 44 W Use Theorem B.16 and a union bound to show that P(G) >
1-96.

Suppose now that G holds. We claim that 8 > %A. To reduce clutter,
assume without loss of generality that f(x,) = 0. Suppose we can show that
f(x0) + f(x1) + f(x2) < 66. Then

A= S17C0) + f(0) + FG)] - Flx) £20,

which shows that 6 > %A as required. Proving that f(xg) + f(x1) + f(x2) < 66
is a tedious case-based analysis depending on the interval containing x,. To
begin, convexity of f and the assumption that f(x;) > f(xo) implies that x,
can be chosen in [x, x;].

Case 1: [x4 € [x,x0]].LetA € [0, 1] be suchthat x; = Axy + (1 —2)x4. Then
x1 = Axp+ (1 = D)xyx = Axy + (1 = A)x and therefore A < (x1 —x)/(xp —x) = %
By convexity of f,

flx) = f(Ax+ (1= Dxy) Definition of A
SAf(x) + (1 =2) f(xx) Convexity of f
=Af(x2) Since f(x4) =0
< %f(xz) Since A < %
= %f(xl) + %9. Definition of 0

Rearranging shows that f(x;) < 26. Similarly, f(x¢) < % f(x1) < 6. Finally,
by definition, f(x;) = f(x1) + 6 < 36. Summing the bounds we have f(xo) +
fxy) + f(x2) <6+20+30 =066.

Case 2: [xx € [xg,x1]]. The argument follows a similar pattern. Let A € [0, 1]
be such thatx; = Axo+(1—2A)x4. Thenx; = Axp+(1—=2)xy > Axo+(1-2)xo and
hence A < (x1—xg)/(x2—xp) = %.Byconvexity,f(xl) < %f(xz) = %f(x1)+%9
and hence f(x1) < 6. As before, f(x3) = f(x1) + 6 < 26. And by assumption
f(x0) < f(x2) < 260. Summing shows that f(xo)+f (x1)+ f(x2) <20+6+20 =
56.

Case 3: [xx € [x1,x2]].LetA € [0, 1] be such that x| = Axg+ (1 —2)x4. Then
x1 = Axg+ (1 = )xx < Axp+ (1 = A)xy. Therefore A < (x3 —x1)/(x2 —x0) = %
Hence f(x1) < %f(xo) < %f(xz) = %f(xl) + %«9 and so f(x;) < 6. As before,
f(x0) < f(x2) = f(x1) + 6 < 26, which also shows f(xz) < 26. Therefore
fxo) + f(x1) + f(x2) < 56.

We are now in a position to establish the claims of the theorem, starting with
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part (1). By assumption f(x2) > f(x;) and hence x, cannot be in [x3, y]. The
algorithm cannot do any wrong if x, € [xg, x2]. Suppose that x, € [x,xp]. By
convexity f(xo) < f(x1) and hence on G,

fr(xo) = fi(x1) < f(x0) = f(x1) + ¢/ < ¢4,

which means the algorithm does not return [xg, y]. For part (2), suppose that
cy < %9. Then, on event G,

ft(x2) _ft(xl) > f(x) = fx1)—cr=0-cr 2 ¢y,

which means the algorithm halts. Since 6 > %A, it follows that on G the
algorithm halts once ¢ is a multiple of three and

1 24 4n
— > = e —.
4A_c, p 10g(36)

Solving shows the algorithm halts after at most
384 4n
3+ —log|=—=] .
Az % (35)
queries to the loss function. O

Exercise 4.5 W@ Find a slick proof to replace the ugly case-by-case
analysis in the proof of Proposition 4.3.

The main algorithm runs Algorithm 4.2 iteratively on a shrinking interval
and decreasing confidence parameter ¢ to ensure that with high probability the
returned interval contains a minimiser of f.

1 args: K=|[x,y], n, 6§€(0,1)

2 let Kj=|[x,y] and kmax =1+ [log(n)/log(4/3)].
3 for k=1 to oo:

4 let ¢+ be the current round
5 if +t = n+1: exit

6

Ki,1 = BISECT (Kk,n—t+1 5 ) # Algorithm 4.2

’ kmzlx

Algorithm 4.3: Bisection method

The main theorem of this chapter is the following theorem bounding the
regret of Algorithm 4.3.
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Theorem 4.6  Under Assumption 4.1, with probability at least 1 — 8, the regret
of Algorithm 4.3 is bounded by

Reg, =0

vol(K) + 4/nlog (g) log(n)) .

Proof Algorithm 4.3 runs until the time horizon is reached, repeatedly calling
Algorithm 4.2. Let nj be the number of queries made to the loss function in
episode k of Algorithm 4.3 and before the time horizon n has been reached.
Hence X3 nx = n. Let K = [xg, yx] and
1 1
-3

3 1 1 3 1
3 7t Zyk) +f (Exk + z)’k) +f (ZXk + Zyk)] = fxs).

Since f is Lipschitz, provided that x, € Ky it holds that

k-1
Ay < n;a;{x(f(x) — f(x4)) < vol(Ky) = (Z) vol(K) . 4.1

A union bound and Proposition 4.3 show that with probability at least 1 — §
every call made to Algorithm 4.2 in iterations k < kmax either ends with the
horizon being reached or returns a new interval containing the optimum after at
most ng queries with

384 (4nkmax) ' 42)

<3+ —1
=TT %% s

Assume this good event occurs. We claim that
Reg, = Y (f(X,) = f(x2)) < 2v0l(K) + " 1(k < kma ke (43)
=1 k=1

There are two cases.

Case 1: [ng,, > 0]. This means that all calls to BISECT in episodes k < kmax
resulted in a smaller interval being returned. Hence, for k < kpax, nx is a
multiple of 3 and the regret is niAy. The regret in the remaining episodes is
bounded by n(3/4)*m~1 < vol(K) by (4.1).

Case 2: [ng,, = 0]. In this case the final episode ends before a smaller
interval could be returned. Since for this & it may not hold that ny is a multiple
of 3, we naively bound the regret by nzAg + 2 vol(K).

Together the two cases establish (4.3). By (4.2), for k < kmax,

4nk
niAy < 6Ax + \/768nk log (”—m) :

36
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Hence, by (4.3),

o 4nk
Reg, < 2vol(K) + Y 1(k < kmax) |6A + \/768nk 10g( n3§m)
k=1

& 3\t & 4nk
<2 vol(K) + 62 (Z) vol(K) + J%skmx an log (”3_;“)
k=1 k=1

Ak ma
< 26vol(K) + \/768kmaxn log (%)

=0 (vol(K) + /nlog(n/d) log(n)) ,

where we used Cauchy-Schwarz along with the fact that Y37 | nx = n and the
formula for the geometric sum. O

4.3 Notes

4.i: Algorithm 4.2 is due to Agarwal et al. (2011). The basic principle behind
the bisection method is that the volume of K is guaranteed to decrease rapidly
with the number of iterations. Generalising this method to higher dimensions
is rather non-trivial. Agarwal et al. (2011) and Lattimore and Gyorgy (2021a)
both used algorithms based on the ellipsoid method and Carpentier (2024) uses
the center of gravity method. These methods are covered in Chapter 9.

4.ii: Algorithm 4.2 works with no assumptions on f beyond convexity and
Lipschitzness and ensures O (y/nlog(n)) regret in the stochastic setting. The
algorithm is distinct from all others in this book because its regret depends only
very weakly on the range of the loss function. This is what one should expect
from algorithms in the stochastic setting where the magnitude of the noise rather
than the losses should determine the regret, as it does for finite-armed bandits.

4.iii: There are various ways to refine Algorithm 4.1 for the deterministic
case that better exploit convexity (Orseau and Hutter, 2023). These ideas have
not yet been exploited in the noisy (bandit) setting. Bisection-based methods
for the deterministic setting seem fast and require just O (log(1/g)) queries to
the zeroth-order oracle to find an g-optimal point. Remarkably, for suitably
well-behaved functions Newton’s method is exponentially faster with sample
complexity O(loglog(1/¢)).

4.iv: Algorithm 4.1 can be improved with a simple modification. The
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algorithm evaluates f at two points in each iteration, but by reusing data from
previous iterations you can implement almost the same algorithm using only one
evaluation in each iteration. The algorithm is called the golden section search,
which is usually analysed for unimodal function minimisation (Kiefer, 1953).

4.v: Cheshire et al. (2020) construct a more sophisticated algorithm for which

the expected simple regret is
[log log(n)
n b

which they show is optimal by proving a lower bound. By applying (1.4) with
Algorithm 4.3 and § = 1/n we obtain a sightly inferior bound of

log(n)
i)
Exactly what the logarithmic dependence should be for the expected regret
(cumulative rather than simple) seems to be unknown.

E[sReg,] = O

E[sReg,] = O (

4.vi: There is an interesting generalisation of the bisection search to a
different model where the noise is a bit more adversarial (Bachoc et al., 2022a,b).
In the setting of this chapter these algorithms have about the same regret as
Algorithm 4.3 but are careful to reuse data as we hinted at in Note 4. 1iv above.

4.vii: The confidence intervals used by Algorithm 4.2 are generally quite
conservative. In practical implementation you may prefer to use standard
statistical tests. This will generally improve performance (quite dramatically).
The price is that in extreme cases your confidence intervals will be invalid and
the algorithm could suffer linear regret.
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Online gradient descent

Throughout this chapter we assume the constraint set contains a euclidean ball
of unit radius and that the losses are bounded, Lipschitz and there is no noise:

Assumption 5.1 The following hold:

(1) B{ c K;and
(2) the loss functions (ft)?:] are in Fy,1; and
(3) there is no noise: & = 0 for all 7.

In contrast to the previous chapter, the set-
ting is now adversarial. The most well-known
optimisation algorithm is gradient descent. By
default this algorithm needs access to the gradi-
ent of the loss. In this chapter we introduce an
idea that is ubiquitous in zeroth-order optimisa-
tion, which is to use a gradient-based algorithm
but replace the true gradients with estimated
gradients of a smoothed loss. We start by ex-
plaining the standard analysis of online gradient
descent and then introduce spherical smoothing.
These ideas are then combined to yield a simple
algorithm and analysis.

Figure 5.1: The long steady
slog to the top. Hope the view
is nice.

5.1 Gradient descent

Gradient descent incrementally computes a sequence of iterates (x;);", with x;4
computed by taking a gradient step from x,. Let Ilg (x) = argmin, g ||lx — /|
be the euclidean projection onto K. An abstract version of gradient descent for

bandit convex optimisation is given below.

50
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args: learning rate n>0

initialise x; € K

for t=1 to n
sample X; from some distribution based on x;
observe Y; = f;(X;)
compute gradient estimate g, using x,, X, and Y,
update x;1 = g (x; —ngr)

NN AW =

Algorithm 5.1: Abstract gradient descent

Importantly, the algorithm does not evaluate the loss function at x, but rather
at some random point X, and the distribution of this point has not been specified
yet. We have rather informally written that the (conditional) law of X, should be
based on x;, by which we mean that

P(X; € AlF;-1) = v(Alx;)

for some probability kernel v : B(K) x K — [0, 1]. The kernel v determines
how the algorithm explores. The gradient estimate g; is usually not an estimate
of f/(x), which may not even exist. Instead it is an estimate of the gradient of
some surrogate loss function s, that is close to f;. We return to the problem of
defining the exploration kernel, surrogate and gradient estimates momentarily.
Before that we give some details about gradient descent. The analysis of gradient
descent at our disposal from the online learning literature yields a bound on
the regret relative to the linear losses defined by the gradient estimates g;.
Specifically, we have the following theorem:

Theorem 5.2 Let (x;)}", be the iterates produced by Algorithm 5.1. Then, for
any x € K,

— - diam(K)? 75 &
Regy(x) 2 ) (g =3y < == ==+ 3 ) llerl
t=1

t=1

Remark 5.3 In most applications of Theorem 5.2, g; = f/(x;). By convexity
one has f; (x;) — f;(x) < (g, x; — x) and Theorem 5.2 provides an upper bound
on the regret of gradient descent with respect to the losses (f;). As mentioned
above, in the bandit setting the gradient f;(x,) is not available and we will let
g: be an estimate of the gradient of a suitable surrogate.

Proof Letx € K. The idea is quite simple. Suppose the instantaneous regret
ry = {gs,Xx; — x) islarge. Then, provided that 77 || g, || is not too large, the algorithm
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takes a step such that ||x;+; — x|| < ||x; — x]|. And indeed, the decrease can be
written as a function of r,. Since the distance to x is always non-negative, the
cumulative change in distance to x cannot be large. This suggests a potential
argument, which mathematically uses the squared norms as follows:

1
3 1 — x| 3 Tk (x, — nge) — x|

IA

1
) [lx; —x — Tlgt”z

1 s 2
§||xr—x|| +7||gz|| — 148X —X),

where in the inequality we used the fact that ||z — [Ix (y)|| < ||z — y|| for all
z € K and y € RY. Rearranging shows that

Reg, (x) = )" (gr,x = x)
t=1

S [ 1 1
<> [5 el + 5 by = = o et =51
t=1

1 AN 2
< — e —x|2+ 2 g
<% [lx; —x]| 22 llg:l

diam(K)? <

What conditions are needed on the gradients (g;);", if we want to bound the
actual regret in terms of ﬁe\gn? Let x, = argmin, ., 27" | f;(x). We have

E[Reg,] =E

DHX) - fz(x*))l
t=1

=E

D Bl fi(X0)] - ft(x*))l
t=1

(1)
< E

PRCEITAREEN
t=1

n
Z (81, Xt — Xx)
=1

The question is how can we ensure that (1) holds? Remember that P, (X, =
) = v(-|x,) and we get to choose the kernel v and the gradient estimator g;.
Since x, is not known, the most natural objective is to try and select the kernel

=E =E [ie\gn(x*)]
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and gradient estimate in such a way that for all x € K,
Ei [fi(X0)] = fi(x) S (Broilge)oxe — x)

Furthermore, to bound E[l@n] we need to bound E,_;[||g/]|*]. Summarising,
a kernel v and gradient estimate g, will yield a good regret bound if:

(D B [fi(X)] = fi(x) < (Ei-1lge], x; —x) forall x € K; and
(2) E;-1[llg %] is small.

Remark 5.4 If the learner has access to the gradient g, = f/(x;), then
fi(x) = fi(x) < (gs,x; —x) for all x € K by convexity and llg:|I> < 1 since
ft € Fp,1 is Lipschitz. That is (1) and (2) hold with g; = f/ (x;) and X; = x;.

5.2 Spherical smoothing

Let x € K and f € 1. Our algorithm will play some action X that is a
random variable and observe Y = f(X). We want a gradient estimator g that is
a function of X and Y such that

(D E[f(X)] - f(y) < (EB[g],x —y) forall y € K; and
(2) E[|lgll*] is small.

A simple and beautiful estimator is based on Stokes’ theorem. Let » € (0, 1) be
a precision parameter and define s as the convolution between f and a uniform
distribution on Bf. That is,

s(x) = / fx+u)du.

ol(Bd)

Some examples are plotted in Figure 5.2. The function s is convex because it is
the convolution of a convex function and a probability density. We have to be
careful about the domain of s. Because f is only defined on K, the surrogate s
is only defined on

dom(s):{xeK:xHchK}.

By Stoke’s theorem, the gradient of s at x € dom(s) is

s'(x) = / f()c+u)du—g

- 1)/ f(x+u) du, (5.1)

ol(Bd) vol(S¢

where we also used the fact from Proposition A.1(2) that vol(S¢~1) /vol(B¢) =
%’. Actually in the above display we took some liberties. What if f is not
differentiable?
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Exercise 5.5 W Prove that the left-hand and right-hand sides of (5.1) holds
even when f is not differentiable.

The right-hand side of (5.1) suggests a way of estimating s’(x). Let U be
uniformly distributed on S~ and X = x + U and define the surrogate gradient
estimate by

dyu

72

g:

i

which has expectation E[g] = s’ (x). How well does this estimator satisfy our
criteria? Suppose that V has law % (BZ). Then, since f is Lipschitz,

s(y) =E[f(y+ V)] <E[f(y)] +r forall y e dom(s).

On the other hand, since rV/||V|| has law % (S¢71),

rv
R A1 I T

where we used the fact in Proposition A.4 that E[||V]|] = ;fl Therefore, since

s is convex,

d+1
5.2)

(Elgl,x-y)=("(x),x—y) > s(x) —s(y) 2 E[f(X)] - f(y) —r (d+2) .

This seems fairly promising. When 7 is small, then (1) above is indeed satisfied.
Moving now to (2),
R 2
E[llgl*] = E[Y’] = SEO)T <5, (5.3)
where we used the fact that ||U|| = r and the assumption that f € F, is bounded
on K. The situation is at a standoff. To satisfy (1) we need r to be fairly small,

but then ]E[||g||2] will be quite large. Nevertheless, enough has been done to
make progress.

5.3 Algorithm and regret analysis

The surrogate and its gradient estimator can be cleanly inserted into online
gradient descent to obtain the following simple algorithm for bandit convex
optimisation.
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Figure 5.2: The smoothed surrogates for different functions and precisions.
Because of convexity the surrogate function is always an upper bound on the
original function. Notice how much better the approximation is for —log(x),
which on the interval considered is much smoother than |x|.

args: learning rate n>0 and precision re (0,1)
initialise x; €K, =(1-rK
for t=1 to n
sample U; uniformly from S¢-! and play X, =x; +U,
observe Y; = f;(X;)
compute gradient estimate g,:%
update x; =g, (x; —1g¢) .

~N O L AW~

Algorithm 5.2: Bandit gradient descent

Theorem 5.6 Suppose that

2 2
n= \/;diam(K)gd‘én—i and  r =min (1, \/;diam(K)édin—i) .

Under Assumption 5.1 the expected regret of Algorithm 5.2 is bounded by

E[Reg, ] < \/Ediam(K)%d%n% .
Proof Suppose that r = 1. Then /2/5 diam(K)%d%n_é > 1, which along
with the assumption that the losses are bounded in [0, 1] implies that

E[Reg,] < n < v2/5diam(K)2d2n?
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and the claim is proven. For the remainder we assume that » < 1. The surrogate
in round ¢ is

sy (x) = / filx+u)du.

I(B")

Note, by Lemma 3.4 and the assumption that Bf c K, it follows that K, C
dom(s;) for all 1 <t < n. By Proposition 3.13,

mm Zf,(x) < rn+m1ant(x)

Therefore, letting x, = argmin, g >/_; fi (%),

E[Reg,] = maxE
xeK

D HX) - fz(x))l
t=1

<rn+BE

DX - ﬁ(xml
t=1

2d +3 =
rn( d:1 )+E[; (gt,xt—x*)l . By (5.2)

By Theorem 5.6 and (5.3),

Z (&r» Xt _x*>l dlam(K) 2E

Combining shows that

2n 22

Z ”gtnzl < diam(K) N nnd

t=1

diam(K)? d? 2d +3
E[Reg,] < iam(K) + M ( hl )

2n 2r2 d+1
The claim follows by bounding 25’:13 % and substituting the constants. O
5.4 Notes

5.i: Theorem 5.2 is due to Zinkevich (2003). Algorithm 5.2 essentially
appears in the independent works by Flaxman et al. (2005) and Kleinberg (2005).
The algorithm continues to work without Lipschitzness but the regret increases
to O (dn’/®) as explained by Flaxman et al. (2005).

5.ii: By Proposition 1.7, the regret bound in Theorem 5.6 implies a bound on
the sample complexity of O (diam(K)2d?/&*). As far as we know, the spherical
smoothing estimator was introduced by Nemirovsky and Yudin (1983) who used
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it to prove essentially the same sample complexity as above modulo some minor
technical assumptions about the boundary. Nemirovsky and Yudin (1983) also
noticed that smoothness increases the performance of the spherical estimator,
which we explain in Chapter 6.

5.iii: We did not say much about computation. The only complicated
part is computing the projections, the hardness of which depends on how K is
represented. Note the algorithm does not project onto K but rather K, = (1-r)K.

5.iv: Garber and Kretzu (2022) show there are alternative ways to keep the
iterates inside the constraint set. They assume that Bg C K for some ¢ > 0
and design gradient-descent-based algorithms for which the regret more-or-less
matches Theorem 5.6 and that need either O (n) queries to a linear optimisation
oracle or O (n) queries to a separation oracle.

5.v:  Another way to avoid projections is to run gradient descent on the
extension defined in Proposition 3.20. This is the approach we will take in
Chapter 10. Yet another is to use self-concordant barriers as explained in
Chapter 6, though this also comes at a computational cost.
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The algorithm based on gradient descent in the previous chapter is simple and
computationally efficient, at least provided the projection can be computed.
There are two limitations, however.

o We needed to assume the losses were Lipschitz and the regret depended
polynomially on the diameter of the constraint set.

o Exploiting smoothness and/or strong convexity is not straightforward due to
boundary effects, as we explain in the notes.

Both limitations will be removed using ‘follow-the-regularised-leader’ and
the beautiful machinery of self-concordant barriers. With the exception of
Section 6.6, it is assumed throughout this chapter that there is no noise and the
losses are bound:

Assumption 6.1 The following hold:

(1) There is no noise: g; = 0 for all ¢.
(2) The losses are bounded: f; € F, for all 7.

Four new regret bounds are given in this chapter, all improving on what was
shown in Chapter 5 in various ways. The first removes the requirement that the
loss is Lipschitz and eliminates entirely the dependence on the diameter of the
constraint set. The second shows how smoothness of the losses improves the
quality of the surrogate loss and leads to a dependence on the horizon of O (n*/3).
The highlight is showing that O (/) regret is attained by a simple algorithm
when the losses are assumed to be smooth and strongly convex. Without this
assumption it is still possible to obtain O (+/n) regret but with a more complicated
algorithm and a much more sophisticated analysis (Chapters 10 and 11). Lastly,
a little time is devoted to investigating the stochastic setting where additionally

58
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the variance of the noise is assumed to be smaller than the range of the losses
(Section 6.6).

6.1 Self-concordant barriers

Self-concordance was introduced by Nesterov (1988) as part of the machinery
of interior point methods for linear programming. A three times differentiable
convex function R : int(K) — R is a self-concordant barrier on K if

o |D3R(x)[h, h, h]| < 2(D?*R(x)[h, h])*? for all x € int(K) and h € RY.
o R is abarrier: R(x;) — co whenever x; — K.

It is called a ¥-self-concordant barrier if additionally:

o DR(x)[h] < VOD2R(x)[h, h] for all x € int(K) and h € R? where 9 is a
(hopefully small) positive real value.

The local norm at x € int(K) associated with R is || k||, = [|h||g~ () and its
dual is |2l x» = l|2]| g (x)-1- The Dikin ellipsoid of radius r at x is

EX={y:lly—xll,<r}.
We collect the following facts about -self-concordant barriers:
Lemma 6.2 Suppose that R is a self-concordant barrier on K, then

(1) The Dikin ellipsoid is contained in K: EY C K for all x € int(K).
(2) Forallx,y € int(K),

R(y) 2 R(x) +(R'(x),y —x) + p(=Ilx = yll,))

with p(s) = —log(1 —s) — 5.
. 2
(3) w(R”(x)7") < 44K for all x € int(K).

Suppose additionally that R is a ¥-self-concordant barrier and is minimised at
0 € K, then with  the Minkowski functional of K,

(4) R(x) < R(0) —9Ylog (1 —n(x)) forall x € int(K).

For some intuition, part (1) is illustrated in Figure 6.1 and (3) is a conse-
quence of this (see proof below). Part (2) is a kind of local strong convexity with
respect to the norm ||-|| .. Alternatively, you can view it as an explicit bound on
the Taylor series expansion of R at x by noting that p(s) ~ s%/2 for |s| = o(1).
Because R is a barrier it explodes near the boundary of K. Part (4) says that
this explosion is quite slow, remembering from Section 3.1 that 7(x) < 1
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is equivalent to x € int(K). Note that in (4) we are using Assumption 6.3.
Otherwise the Minkowski functional would need to be defined relative to the
minimiser of R.

Proof (“®) Part (1) appears above Equation (2.2) in the notes by Nemirovski
(1996). Part (2) is Equation (2.4) in the same notes. Part (3) follows from
Part (1). To see why, let £ € S9! and notice that x + R” (x)~'/?¢ € E¥ C K.
Therefore

[0y = 5 (x+ B 712%) = (x - R7 )2

The result follows because

< diam(K) .
2

d .
"ooN— d diam(K)?
w(R7 ()7 = 3 el < =
k=1

with (e k)f:1 the standard basis vectors. Part (4) appears as Equation (3.7) in
the notes by Nemirovski (1996). O

We will always assume that the coordinate system has been chosen so that
0 € K and R is minimised at O:

Assumption 6.3 R is a J-self-concordant barrier on K and the coordinates
are chosen so that arg min ¢y gy R(x) = 0.

Figure 6.1: Dikin ellpsoids for a polytope and the ball using the barriers in
Note 6.1v.

Lemma 6.4 Suppose that @ : int(K) — R is a self-concordant barrier on K
and x = argmin, ;. k) P(2) and y € int(K) is such that || @ (y) ||y« < % Then
D(y) = D(x) < 1D (D)5

Note that ® # R and we do not assume that ® is minimised at 0.
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Proof (“®) Let y € int(K) be such that ||®'(y)|lyx < % and abbreviate
g = ®’(y). Then,

O (x) = @(y) +(g.x = y) +p(=llx = yll,) Lemma 6.2(2)

> ®(y) — llgllya x = ylly + p(= Il = yll,).  Cauchy-Schwarz

Therefore,

D(y) < ®(x) + ligllyx Ix = ylly, = p(=llx = ¥lly)
< @(x) + max [ lgllys = p(=1)]

= ®(x) —log [1 = lIgllys] = llglly
<D(x) + gl -

where the equality follows by substituting the definition of p(s) = —log(1—-s)—s
and using basic calculus and the assumption that ||g||y, < 1/2. The final
inequality follows from the elementary and naive inequality: —log(1—¢) —¢ < ¢*
fort < % m]

6.2 Follow-the-regularised-leader

Follow-the-regularised-leader can be viewed as a generalisation of gradient
descent, which for bandits has the following abstract form. Like gradient descent,
follow-the-regularised-leader maintains a sequence of iterates (x,);_, in K with
X1 = argmin, iy (k) R(x).

1 args: n>0

2 for t=1 to n

3 compute x; = argmin, gy [R() + T2} 7 (gus )]

4 sample X; based on x, and observe Y,

5 compute gradient estimate g; using x,, X, and Y,

Algorithm 6.1: Follow-the-regularised-leader

As for gradient descent, to make this an algorithm we need to decide on the
conditional law of X; and what to use for the gradient g;. To get a handle on
what is needed, we explain what is guaranteed on the regret relative to the linear
losses defined by g;.
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Theorem 6.5 Let x € int(K) and suppose that 1 ||g: ||
for Algorithm 6.1,

n n
— ., 9 1
Reg, (x) £ " (gr,x = x) < 51°g(—1 _ﬂ(x)) 1) lgil -
t=1

t=1

1/2 for all t. Then

X*—

The proof of Theorem 6.5 is omitted because it follows from a more general
result that we prove later (Theorem 6.15).

6.3 Optimistic ellipsoidal smoothing

Let us momentarily drop the ¢ indices and let x € int(K) and f € F,. We will
introduce a new kind of smoothing. Let X be positive definite and £ = {z €

4 :||x = z|]lg-1 < 1}, which is an ellipsoid centered at x. We will assume that
E c K and let

s(y) = /E(Zf(%z+ 1y) - 1 () de. ©.1)

vol(E)
Remark 6.6 Caution! The ellipsoid E in the definition of s(y) is centered at x.

The surrogate loss s behaves quite differently to the spherical smoothing used
in Chapter 5. Perhaps the most notable property is that s is optimistic in the
sense that s(y) < f(y) for all y € K as we prove below. The second is that
the surrogate is not a good uniform approximation of the real loss, even when
> = r1 and the precision r is very small. We want g to be an estimate of s’ (x),
which is

§'(x) = Voll(E) / fz+indz
- VO](Bd) / [+ 32122)dz Change of variables
2312
B Vol(]Bd) ./ flo+ 32 26)¢ de Stokes’ theorem
2dx~11?

= x+ 3512¢)Ed Proposition A.1(2)
T 1)/ I £ de. p
Please note we have cheated a little here by assuming that f is differentiable
and applying Stokes’ theorem. Fortunately the equality still holds even without
differentiability, which is a good exercise.

Exercise 6.7 W Prove the equality in the above display without assuming f
is differentiable.
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Let £ be uniformly distributed on S¢~" and X = x+ 3 2!/2£. Then, by previous

display,
s'(x) = 4d27'E[f(X)(X - x)] .
Therefore an unbiased estimator of s’ (x) is
g=4d27'Y(X -x).

The above considerations yield the following lemma:
Lemma 6.8 E[g] = s'(x).

The next lemma explores the properties of s.

Lemma 6.9 Suppose that s is defined by (6.1) and E = {y : |[|x — y|ls-1 <
1} c K. The following hold:

(1) sis convex; and

2) s(y) < f(y)forally € K.

(3) Ifr € (0,1) and £ = r2R”(x)"", then E [ f(X) — s(x)] < H2.
(4) If f is B-smooth, then B[ f(X) — s(x)] < 3[;;1_22).

(5) If f is a-strongly convex, then s is 5 -strongly convex.

Proof Part (1) follows immediately from convexity of f, noting that the
second (negated) term in the definition of s is constant as a function of y.
Part (2) follows from convexity of f as well:

Voll(E) /E (2 (%Z + %Y) —f(z)) dz < Voll(E) /Ef(y) dz=f(y).

For part (3),letR>u — he(u) = f(x + uZ'/2¢). You now have to solve the
following exercise, which follows directly from the definitions.

s(y) =

Exercise 6.10 W Let v be sampled uniformly from Bf and independent of
&, which is uniformly sampled from S‘li‘l. Show that

E[f(X)] =E[hs(1/2)] and s(x) = E[2hs(|IV][ /2) = he(IIVID] -

By definition £ = r2R”(x)~! so that for u € [-1/r,1/r], x + uZ!/?¢ €
EY C K. Therefore h is defined on [-1/r,1/r] and hg(u) € [0, 1] for all
u € [-1/r,1/r]. Hence, by Corollary 3.11,

r
1-
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Let v be uniformly distributed on BY.
E[f(X) = s()] =E[hg(1/2) + he(IVI) = 2he (IIv]] /2)]
By Exercise 6.10
=E[(he(1/2) = he (VI /2) + (he (IvIl) = he (vl /2))]

r Ll llvI|
< El|l|l= - — -— By (6.2
< H2 2 - y(62)
_r/2
T 1-r

For part (4), by convexity E[hg(u)] > E[h¢(0)] for all # € R. Hence

E[f(X) = s(0)] = E[he(1/2) + he(lIv]) = 2k (IIv]l /2)]
By Exercise 6.10

<E[he(1/2) + he(|IVI) = 2 (0)] convexity
<E[(1/2+ W) (he(1) = he (0))] convexity
< %E [f(x+Z12) - f(x)] since E[||v]|] < 1
< %E[nz”zgnz] By Lemma 3.7
_3pu()
T 4d

The last equality holds because E[||Z'/2¢]%] = E[tr(£672)] = tr(E[££T]X)

and E[&€7] = 5]1 by a symmetry argument. Part (5) is left as a straightforward

exercise. O

Exercise 6.11 ¥ Prove Lemma 6.9(5).

6.4 Algorithms and regret analysis

We start by studying an algorithm that relies on neither smoothness nor strong
convexity.
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1 args: learning rate n>0, re(0,1)

2 for t=1 to n

3 compute X, = arg min, ¢y (x) S n{gu, x) + R(x)
4 sample & uniformly from S¢-!

5 play X, =x, +5R"(x,)""?¢ and observe Y,
6

compute gradient g, = —4de'(’;f2)(Xf’xt)

Algorithm 6.2: Follow-the-regularised-leader with ellipsoidal smoothing

Computation Algorithm 6.2 needs to compute three non-trivial problems:

o The optimisation problem in Line 3 is a self-concordant barrier minimisation
problem. Note in round ¢ = 1 we have x; = 0 since we assumed that R is
minimised at 0. In subsequent rounds x; can be approximated to extreme
precision with O(1) iterations of damped Newton method initialised at x,_
(Exercise 6.12). Hence the computation time dominated by the evaluation of
the Hessian of R and a matrix inversion.

o You can sample from a sphere in O(d) time by sampling a d-dimensional
standard Gaussian and renormalising.

o The matrix inverse square root in Section 6.4 can be computed via singular
value decomposition, which has complexity O (d?).

Exercise 6.12 W& Prove that O(1) iterations of damped Newton is
sufficient to approximate x, to extreme precision (quadratic rate). You may find
Lemma 6.4 useful, along with the notes by Nemirovski (1996).

The machinery developed in Section 6.3 combined with Theorem 6.5 can be
used to bound the regret of Algorithm 6.2.

Theorem 6.13  Suppose that
3 1 _3 . 1 _1 1
n=(@logn)id in"1  and r =mm(1, 2d*n 4(1?10g(n))4) :

Under Assumption 6.1 the expected regret of Algorithm 6.2 is upper bounded by
E[Reg,] < 1 +4(9log(n))idIn?

Proof By definition, ||X; — x/||,, = 5 < % and therefore X, € Ef’ C K where

the inclusion follows from Lemma 6.2(1). Hence, the algorithm always plays

inside K. Using the fact that the losses are in %, it holds automatically that

Reg,, < n and when r > % this already implies the bound in the theorem.
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Suppose for the remainder that r < % Similarly, for the same reason we may
suppose for the remainder that n > 49 log(n). Let

Kin={xeK:n(x)<1-1/n}

and x, = argmin, g, n >y fi(x) with ties broken arbitrarily. Such a point is
guaranteed to exist by Proposition 3.13, which also shows that

E[Reg,] <1 + E[Reg, (x4)].

Before using Theorem 6.5 we need to confirm that n ||g; ||, . < 1

5.
|Y| " 2ndlY,| _2nd _ 1
Plelle = G IR () (X = xp)l e = 20 < 21 2

where in the final inequality we used the assumption that n > 4 log(n). Let
Y =r’R"(x) ' and E;, = {y : ||xs —y||2;1 < 1} = E;". The surrogate in
round 7 is

50 = o5 [ Aty + 0= ) @

Hence, by Theorem 6.5 and the results in Section 6.3,

E[Reg,] <1+E

S x) - ft(x*)]

t=1

) [ n

<1+ ’1"/ +E Zs,(x,) —s,(x*)l Lemma 6.9(2) (3)
Lt=1
) [ n

<1+ ;lr_/ +E Z <S;(Xz),xt —x*>l Lemma 6.9(1)
Lt=1
) [ n

=1+ ﬂ +E Z (s, s —x,,)l Lemma 6.8

—-r

2 1
nr/ , Blog(m) ) og(n)

1-r

<1+

Z’] ||8t||x,*l Theorem 6.5

1910g(n) .\ 477nd2

<l+nr+ ,
n r?
where the final inequality follows since r < 1/2 and ¥; € [0, 1] and

4dY; R (x:)(X; — x;1) :

72

1677d 4nd?
2

2
X - xt“Rfr(x,) =

g3« = H

Xp K

The result follows by substituting the values of the constants. O
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Notice how the dependence on the diameter that appeared in Theorem 5.6
has been replaced with a dependence on the self-concordance parameter @ and
logarithmic dependence on the horizon. This can be a significant improvement.
For example, when K is a ball, then the bound in Theorem 5.6 depends
linearly on 4/diam(K) while with a suitable self-concordant barrier the regret in
Theorem 6.13 replaces this with 4/log(n). Essentially what is happening is that
Algorithm 6.2 moves faster deep in the interior where the losses are necessarily
more Lipschitz while Algorithm 5.2 does not adapt the amount of regularisation
to the location of x,. For smooth functions the rate can be improved by using
Lemma 6.9(4) instead of Lemma 6.9(3).

Theorem 6.14 Suppose the losses are in Fp sy and there is no noise and
r? = min (4, 8.213.37234% (9 log(n))3 g3 diam(K)-%n-%) and

_r 9 log(n)

2d n
Then the expected regret of Algorithm 6.2 is upper bounded by

2 2
ins3

9\2/3
E[Reg,] < 1 + 3d+[onlog(n) + (5) (9 diam(K)* log(n)) 3 d3n .
Proof Note the condition that 7> < 4 is needed to ensure that X, € K. Repeat
the argument in the proof of Theorem 6.13 but replace Lemma 6.9(3) with
Lemma 6.9 (4), which yields

dlog(n) 4nnd*>  3Br? < Vo
E[Reg,] <1+ Tt ag ;tr(R (x)™h

91 dnpnd®  3Bnr? diam(K)?
. 0g(n)+ nn N Snr=diam(K)

<1
n r2 16
4 2 diam(K)?
=1+ —d\/nﬁ log(n) + %
r

where in the second inequality we used Lemma 6.2(3) and in the equality the
definition of 7. The result follows by substituting the definition of r and using
the fact that if 7> = 4, then

8213 .3723423 (9 1og(n))' B~ diam(K)~**n~'3 > 4,

which implies that M < d+/91og(n). O

The diameter now appears in the bound, as it must. Otherwise you could scale
the coordinates and make the regret vanish (Section 3.3). There is no hope to
remove the y/n term from Theorem 6.14, since when 8 = 0 the losses are linear
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and the lower bound for linear bandits says the regret should be at least Q(d+/n)
(Dani et al., 2008).

6.5 Smoothness and strong convexity

We conclude the main body of this chapter by showing that a version of
follow-the-regularised-leader can achieve O (+/n) regret for smooth and strongly
convex loss functions. The main modification of the algorithm is that the linear
surrogate loss functions are replaced by quadratics. For this a generalisation of
Theorem 6.5 is required.

Theorem 6.15 Suppose that ( f,):‘:l is a sequence of self-concordant functions
from K to R and let

-1
X = argmin R 41 ) ful0) - and L = oy et
xe u=1

L 1
D1 (x)

Then, provided that 77||ﬁ’ (X)) |, % < %for all t, for any x € int(K),

n

— A A 9 1 S
R = 35 (50 = 109) = g (s | +n DI

=1
Theorem 6.5 is recovered by choosing f; (x) = (g, x).
Proof By the definition of ®,,

n

Reg, () = Y (fix) = /i)

t=1

= LS (@) = @y () - 2D R
T3 n

= L (@) = D)) + ) Dnl) R~ Rx)
nia n n n

< LS (@) = By () + RELZROD g ) < a0
T3 n

<n Y I IR, + KR Lemma 6.4

=1 ' n
< glo ! + Zn:Hf(x )2 Lemma 6.2(4)
=7 g 1 —7(x) 77[:] (X )l » .
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where the application of Lemma 6.4 relied on the assumption that 7| f,’ ()|l <

% and the fact that x, minimises ®;_; on int(K), which implies that ®} (x;) =
D) (xe) + f (%) = f{ (x2). O

The algorithm for smooth and strongly convex losses uses follow-the-
regularised-leader with a self-concordant barrier and quadratic loss estimates.

1 args: learning rate np>0

2 for t=1 to n

30 let x = argmin k) |[RO) +7 200 ((u ) + § llx = xul?) |
4 let 7' =R"(x,) + 4"

5 sample & uniformly from S¢-!

6 play X,:x,+%22/2§, and observe Y;

7 compute gradient g =4dY, X (X, —x;)

Algorithm 6.3: Follow-the-regularised-leader with ellipsoidal smoothing

Let us think a little about why Algorithm 6.3 makes sense. As usual, let s,
be the surrogate as defined in Section 6.3, which by Lemma 6.9 is ¢ -strongly
convex. The quantity g; is an unbiased estimator of s} (x;). So Algorithm 6.3
is playing follow-the-regularised leader with quadratic approximations of s;.
The inverse covariance X! is chosen to be the Hessian of the optimisation
objective to find x;. From a technical perspective this makes sense because the
covariance of the gradient estimator plays well with the dual norm in the last
term in Theorem 6.15. More intuitively, when the losses have high curvature,
then the algorithm needs to smooth on a smaller region which corresponds to a
larger inverse covariance. This introduces additional variance in the gradient
estimators, which is offset by the regularisation arising from strong convexity.

Theorem 6.16 Suppose the losses are in Fp sp sc and there is no noise and

1 ?log(n) + %[1 + log(n)]
= 24 n
Then the expected regret of Algorithm 6.3 is upper bounded by

E[Reg,] <1+ 4d\/n (ﬂlog(n) + %(1 +log(n))|.

Proof Assume that n > 4(8log(n) + 22(1 + log(n)), since otherwise the
regret bound holds trivially using the assumption that the losses are bounded so
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that E[Reg,,] < n. The same argument in the proof of Theorem 6.13 shows that
X; is in the Dikin ellipsoid associated with R at x, and therefore is in K. Let
Et = E(x,,zt) al‘ld

St =

vol(E,) /E (2£:(x + 32 - £i(2)) dz,

which is the optimistic surrogate from Section 6.3. Like in Theorem 6.13, let
Kijn={xeK:m(x) <1-1/n}andx, = argminxeKl/n 2y ft (x), which by
Proposition 3.13 and Lemma 6.9 (2) (4) means that

E[Reg,] <1 + E[Reg, (x4)]

=1+E

DX = fi(x0)
t=1

n

Z (st(xt) Se(xe) + =— 3P tr(Z,))

t=1

<1+E

Next, let f; (x) = (g, x — x;) + Tl = xe |2 .By Lemma 6.9(5), s; is 5-strongly
convex and therefore

E| D (s:(x) =5 ()| <E
t=1

i ((Etfl [gt],x, —x*> _ % ”xt _x*Hz)l

t=1

=E Z(fz(xt) - ft(x*))l

t=1

19 log(n)

Z ”gtllz l Theorem 6.15

1
< 190—g(n) +4r]nd2.

The application of Theorem 6.15 relies on 77 || g/ |5, < 2, which follows from the

definition of 77 and our assumption that » is large enough. Using the definition
of %4,

Ztr@,) <2 > TS 51+ log(n).

Combining everything shows that

1
E[Reg, ]| < 1 +4nnd” + ; (19 log(n) + 3—5(1 +log(n))

The result follows by substituting the definition of 7. O
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6.6 Stochastic setting and variance (-®)

In most of this book it as assumed that the losses are bounded in [0, 1] and the
noise is subgaussian. You may wonder what happens in the stochastic setting if
the variance of the noise is much smaller than the range of the loss function.
Note, there is nothing substantive to be gained in the adversarial setting since
the loss functions themselves can be noisy. In this section we explain one way
to handle this situation by slightly modifying Algorithm 6.2 and showing how
its regret depends on the variance of the noise. The modification and analysis
used here generalises to all the other results in this chapter and many beyond.
The operating assumption in this section is the following:

Assumption 6.17 The setting is stochastic: f; = f for all rounds with f € F.
The observed loss is Y; = f(X;) + & where the noise &, satisfies:

(1) (zero mean): B;_1[&:|X;] = 0; and
(2) (boundedness): |&;| < 1 almost surely; and

(3) (variance): B,_1[£?|X,] < o for some known o > 0.

Remark 6.18 The boundedness assumption could be relaxed with minor
modifications to the analysis if we instead assumed that &, was conditionally
o-subgaussian: E,_; [exp(e?/0?)|X,] < 2.

Let opbp(¢) be the set of odd natural numbers less than or equal to 7. We assume
for simplicity that the horizon n is even so that opp(n) = {1,3,...,n— 1}.

1 args: learning rate n>0, re(0,1)

2 for t€obbp(n):

3 compute x; = arg minxeint(K) ZuEODD(t—]) n <gu’x> + R()C)
4 sample & uniformly from $¢°!

5 play X; =x, and observe Y;

6
7

play Xi1 =x +5R"(x,)""2& and observe Y
4d (Y41 =Y )R (x¢) (Xp41—X¢)
r2

compute gradient g; =

Algorithm 6.4: Follow-the-regularised-leader with ellipsoidal smoothing
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Theorem 6.19 Suppose that Algorithm 6.4 is run with parameters

91
= max (d L(n),dl/20'1/2n_]/4(1910g(n))1/4) and

~
|

n

1 dlog(n) . (r
"—m\/Tmm(;")-

Then, under Assumption 6.17, the regret is bounded by
E[Reg,] = O (d w9 log(n) + 0'1/2d1/2(1910g(n))1/4n3/4) .

When n is large, then the bound in Theorem 6.19 improves on the bound in
Theorem 6.13 by a factor of ol/2, Alternatively, if the noise vanishes, the rate
improves to O(n'/?). The noise free setting is quite special, since in this case
there exist algorithms with much smaller sample complexity or regret (Yudin
and Nemirovskii, 1976; Protasov, 1996). Nevertheless, in intermediate regimes
the improvement is non-negligible.

Proof Without loss of generality assume that r < 1/2, since otherwise the
claimed regret bound holds vacuously for any algorithm.

Exercise 6.20 Suppose that ¢ € obp(n). Show that | f(X;) — f(Xs+1)| < r/2.

Suppose that ¢ € opbp(n). By definition,

4’Id|Y 1 - Y, | ’7”
nllgelle = =5 IR" () (X = x0)
_ 2nd|Y 41 - Y| “2 @ (%) 1 ,
r r 2

where (a) follows from Assumption 6.17(2) and the definitions to bound
|Y;+1 — Y| < 3 and (b) from the definitions of  and r. Hence, repeating
more-or-less exactly the proof of Theorem 6.13 shows that

Slog(n/2
E[Regn]sl+nr+%+E Z nllgd2 .. (63)

teobp(n)

Moreover, when t € opp(n),

2

2 ||4d(Yie1 = YOR (x) (Xi = x,)
nllgellx,« =1 5

r Xpk

< 477d2(Y,+| _Yt)2
— r—z .

6.4)
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The expectation of (Y;,; — ¥;)? is bounded by
E[ (Va1 = ¥0?] = BI(f (Xia1) + £121 = F(X0) = 0)°]
SE[(f(Xea1) = F)] +El(er — £r41)°]
SE[(f(Xpa1) — f ()] +207

where (a) and (b) follow from Assumption 6.17 and (c) since | f(X;+1) —
f(x;)| < r/2 by Exercise 6.20. Therefore

nr
E Z (Yt+1—Yt)2 Si’l0'2+?.

teoop(n)

Combining this with (6.3) and (6.4) shows that

log(n/2)  4nd>
B[Reg,] < 1 +nr+ 210802 | "f Bl > (-7’

d r teobp(n)
91 2 4nd? 2
<l+nr+ og(n/ )+ 772 (n0'2+£) .
n r

The claim now follows by substituting the constants and naive simplification. O

Exercise 6.21 W? Explore the possiblity of using the technique developed
here for other algorithms in this book.

6.7 Notes

6.1: The notion of self-concordance was introduced and refined by Nesterov
(1988) and Nesterov and Nemirovsky (1989), which they applied to interior point
methods. As far as we know the first application of self-concordance to bandits
was by Abernethy et al. (2008), who studied linear bandits. Theorem 6.13 seems
to be new while Theorem 6.14 is by Saha and Tewari (2011). Algorithm 6.3 and
Theorem 6.16 are due to Hazan and Levy (2014). The case where there is noise
was studied recently by Akhavan et al. (2024a, Theorem 8), who also explains
how to use a decreasing learning rate to avoid the algorithm needing to know
the learning rate.

6.ii: Atno point in this chapter did we need Lipschitz losses. The analysis
essentially exploits the fact that convex functions cannot have large gradients
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except very close to the boundary where the regularisation provided by the
self-concordant barrier prevents the blowup in variance from severely impacting
the regret.

6.1iii: Wehave made several improvements to the statistical efficiency relative
to the algorithm presented in Chapter 5. In exchange the algorithms are more
complicated and computationally less efficient. Algorithms based on gradient
descent run in O (d) time per round except those rounds where a projection is
needed. Furthermore, even when the projection is needed it is with respect to
the euclidean norm and likely to be extremely fast. Meanwhile the algorithms
in this chapter need a singular value decomposition to compute X;, solve an
optimisation problem to find x; and need oracle access to a ¥-self-concordant
barrier.

6.iv: The reader interested in knowing more about (-)self-concordant
barriers is referred to the wonderful notes by Nemirovski (1996). The most
obvious question is whether or not these things even exist. Here are some
examples:

o When K = {x : {(a;,x) < b;,1 <i < k} is a polytope defined by k half-
spaces, then R(x) = — Zle log(b; —{a;, x)) is called the logarithmic barrier
and is k-self-concordant.

o When K = {x : ||x|| < p} is a ball, then R(x) = —log(p? — |Ix||?) is a
1-self-concordant barrier on K.

o For any convex body K there exists a ¥-self-concordant barrier with ¥ < d.
Specifically, the entropic barrier (Chewi, 2023; Bubeck and Eldan, 2014)
and the universal barrier (Nesterov and Nemirovski, 1994; Lee and Yue,
2021) satisfy this.

6.v: The surrogate loss only appears in the analysis. Interestingly, Hazan and
Levy (2014) and Saha and Tewari (2011) analysed their algorithms using the
surrogate

si(y) = fi(y+u)du,

VOI(E;(T) E —x;
which is the ellipsoidal analogue of the surrogate used in Chapter 5. Except
for a constant factor this surrogate has the same gradient at x;, as the surrogate
we used, which means the resulting algorithms are the same. The difficulty is
that the surrogate defined above is not defined on all of K, which forces various
contortions or assumptions in the analysis.

6.vi: We promised to explain why there are problems at the boundary
when analysing gradient descent with smoothness and/or strong convexity. By
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repeating the analysis in Chapter 5, but exploiting smoothness you can prove
that
di 2 2 2
N iam(K) N nnd N Bnr ’
2n 2r2 2

where the first term arises because it is still necessary to enforce the iterates of the
algorithm to lie in K, = {(1 —r)x : x € K}, since otherwise the algorithm might
play outside K. But now even when 8 = 0 there is no tuning of the algorithm for

which the regret is E[Reg, | = o(n/*), while with self-concordance the regret
of Algorithm 6.2 is

E[Reg,] =0 (d\/ﬁn log(n) + (98 log(n))%(d diam(K))%n%)

= (d 9n log(n)) .

E[Reg,] <rn

6.vii: As noted above, even when 8 = 0 the regret upper bound of Algo-
rithm 6.2 is still Q(+/n). Since 8 = 0 corresponds to linear losses, the lower
bounds for linear bandits (Table 2.1) show that this is not improvable. Hence, no
amount of smoothness by itself can improve the regret beyond the +/n barrier.
Combining higher-order smoothness (see Note 1.1i) with strong convexity,
however, does lead to improved regret (Polyak and Tsybakov, 1990; Akhavan
et al., 2020; Novitskii and Gasnikov, 2021; Akhavan et al., 2024b). These
works prove upper and lower bounds showing that the minimax simple regret
is @(n'1=P)/P) in the unconstrained and improper settings and with slightly
varying assumptions and dependence on the constants. This is much better than
O(1/+/n) when p > 2. Of these, the most refined is by Akhavan et al. (2024b),
who prove an upper bound on the simple regret O ( % (d?/n)(P=1/P) and a lower
bound on the same of Q(%n‘(p_l)/p), which match when p = 2. Note that
the correct dependence on the smoothness parameter 5 has not yet been nailed
down and there are some mild conditions on the magnitude of n, d and a. The
aforementioned works also study a variety of alternatives to strong convexity
and more flexible noise models than what is assumed in this book.

6.viii: Theorems 6.13 and 6.14 bound the regret for the same algorithm
with different learning rates and smoothing parameters. You should wonder
if it is possible to obtain the best of both bounds with a single algorithm by
adaptively tuning the learning rates. At present this is not known as far as we
know.

6.ix: As far as we know Theorem 6.19 is new but the idea is standard
(Akhavan et al., 2024b, and many others).
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Linear and quadratic bandits

Function classes like %, are non-parametric. In this chapter we shift gears
by studying two important parametric classes: Fp 1in and Fp quad. The main
purpose of this chapter is to use the machinery designed for linear bandits to
prove an upper bound on the minimax regret for quadratic bandits. On the
positive side the approach is both elementary and instructive. More negatively,
the resulting algorithm is not computationally efficient. Before the algorithms
and regret analysis we need three tools: covering numbers, optimal experimental
design and the exponential weights algorithm.

7.1 Covering numbers

Given A, B C R?, the external/internal covering numbers are defined by

N(A, B) = min {|<5| ¢ cRYAC U (x + B)} and
XEC

N(A, B) =min{|‘€| L€ CAAC U(x+B)} .
XEC

Both are the smallest number of translates of B needed to cover A with the
latter demanding that the ‘centers’ are in A. Obviously N(A, B) < N(A, B).
The inequality can also be strict, as you will show in the following exercise.

Exercise 7.1 W Suppose that A, B, C C R and A C B. Show the following:

(1) N(A,C) < N(A,C) and give an example where N(A, C) < N(A, C).
(2) N(A,C) < N(B,C) and give an example where N(A,C) > N(B,C) .
(3) N(A,C-C)<N(A,OQ).

76
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The next proposition follows from Fact 4.1.4 and Corollary 4.1.15 in the book
by Artstein-Avidan et al. (2015).

Proposition 7.2 Suppose that A ¢ R? is centrally symmetric, compact and
convex. Then, for any € € (0, 1),

N(A4,24) < N(4,54) < (1 + g)d

Proposition 7.3  Suppose that K c R? is compact and A = conv(K — K).
Then

4 d

Proof Since A is symmetric, A — A = 2A. By your solution to Exer-
cise 7.1(3) (2) and Proposition 7.2, and letting x € K be arbitrary,

_ d
N(K,2A) < N(K, £A) = N(K - {x}, £A) < N(A, £4) < (1 + g) =
Proposition 7.4  Suppose that & € (0,1) and A c BE with r > &. Then
d
- 4
N(A,BY) < (1 + —r) .
&
Proof By Exercise 7.1(3) (2) and Proposition 7.2,

_ d
N(A.BY) < N(A.BY ) < N(BL.BY ) = N(BY, £BY) < (1 + ‘g) =

e 2r

7.2 Optimal design

Suppose that A is a nonempty compact subset of R? and 6 € R? is unknown.
A learner samples X from some probability measure m on A and observes
Y = (X, 8). How can this information be used to estimate 8? A simple idea is to
use importance-weighted least squares. Let G , = /A xx" dr(x), which is called
the design matrix. Assume for a moment that G, is invertible and let

6=G,'Xy.
A simple calculation shows that E[A] = 6, which implies that E[(§, x)] = (x, )

for all x € A. So (f,x) is an unbiased estimator of (x,#). Assuming that
(x,0) € [0,1] for all x € A, then the second moment is bounded by

E[(0.0)7] =E[Y’xTG'XXTG'x] <E[xTG'XXTG'x] = Il -
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The following theorem shows there exists a 7 such that the right-hand side is at
most d for all x € A.

Theorem 7.5 (Kiefer and Wolfowitz 1960)  For any nonempty compact A ¢ R¢
with span(A) = R< there exists a probability measure  supported on a subset
of A such that G ; = [4 xx " dn(x) is invertible and

||x||2G;, <dforallx€A.

Remarkably the constant d is the best achievable for any compact A with
span(A) = R? in the sense that:
: 2
a=d.
i, max [lxll_,
The assumption that span(A) = R? was more or less only needed to ensure

that G, is invertible. Given a matrix Q let Q* be the pseudoinverse (see
Section A.2).

Theorem 7.6 For any nonempty compact A C R there exists a probability
measure 7 supported on a subset of A such that A C im(G}) and

IxlIG: < dim(span(A)) forallx € A,
where G ; = fodeJT(x).

The requirement in Theorem 7.6 that A C im(G ) is essential and corresponds
to G , being invertible when restricted to the subspace spanned by A.

Exercise 7.7 W Prove Theorem 7.6.

7.3 Exponential weights

Let & be a finite set and ¢1, . . ., £, a sequence of functions from ¥ — R. The
set € is sometimes referred to as the set of experts and ¢; (a) is the loss suffered
by expert a in round ¢. A learner chooses a sequence of probability distributions
(q1)}"_, in A(¢) where g, can depend on {1, ..., {;-. Note that this is not a
bandit setting. The entire loss function ¢; is observed after round ¢. The learner’s
aim is to be competitive with the best expert in hindsight, which is measured by
the regret

Reg, =max » | > qr(@)e(a) = (D) -

n
€
€ t=1 lac¥
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The quantity Y., q:(a){;(a) is the average loss suffered by the learner if they
follow the advice of expert a with probability ¢, (a). Given a learning rate n > 0
define a distribution ¢; on € by

exp (-1 Ziz) (@)
Shewe exp (-0 Zi} (b))

which is called the exponential weights distribution. Staring at the definition
you can see that g; puts more mass relatively speaking on experts for which
the cumulative loss is smaller. That exponential weights has small regret is
perhaps the most fundamental result in online learning, as illustrated by the
many applications and implications (Cesa-Bianchi and Lugosi, 2006).

q:(a) = (7.1)

Theorem 7.8  Suppose that n|{;(a)| < 1 forall 1 <t < n, then the regret when
q: is given by (7.1) is upper bounded by

n

— log |€
Reg, <2040y, Y an(@ti(a).

t=1 ae€

Remark 7.9 There is no convexity here but the bound in Theorem 7.8 has some
kind of symbolic resemblance to the bounds for gradient descent and follow-the-
regularised-leader (for example, Theorem 5.2). This is no accident. Exponential
weights is equivalent to follow-the-regularised-leader on the convex space of
probability measures A(%’) with unnormalised negentropy regularisation. The
map A(%) : g — Y e q(a)t;(a) is linear and hence the tools from convex
optimisation can be used.

Proof of Theorem 7.8 The following two inequalities provide crude explicit
bounds on the series expansion of exp(-):

exp(—x) < 1—x+x*forallx > —1;and (7.2)

log(1 +x) < xforallx > —1. (7.3)

Letb € ¥ and D; = log(1/¢;(b)). Note that g, is the probability distribution
with
! t—1

a(b)) = exp (~116, (b)) exp (—nZa,(b)) .

u=1
L 1

gt

qr+1(b) o« exp (—n

u=1

Therefore

q:(b) exp(-nt; (b))

qr+1 (b) = Zae‘w” qt(a) eXp(_nft (a)) ‘
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Then,

1

qr+1(b) )

2acw q:(a) exp (-nt;(a)) )
q:(b) exp (-nt, (b))

Diiy = 10g(

:log(

=D, +log Z q:(a) exp (—nf,(a))) + 16 (D)
ace

< D; +log Z q:(a) [1 -nt(a) + szt(a)z]) +n6 () by (7.2)
ace€

=D +log|1+ Y gi(a) [-nti(a) + 0251(0)2]) + 116 (b)

ace€

+0° ) ar(@b(a) . by (73)

1

<D/ -7 [Z qr(a)6;(a) = 1t (b)

a€€

Rearranging and summing over ¢ and telescoping yields

N (Z 4r(@)y(a) - aaa)) < ~log (q;jzl(f)’)) D S g@t@?

t=1 \ae¥ t=1 ae€

<

log 1€) +n ) > ai@ti(a),

1
n t=1 ae€

where in the final inequality we used the fact that log(g,+1 (b)) < 0 and
q1(b) = 1/|%|. Since the above calculations hold for any b € & we are free to
take the maximum on the left-hand side, which yields the theorem. O

Remark 7.10 When ¢, (a) > 0 forall f and a € %, then the bound improves to

max Y [ 3 a@t@ - 60| < DTS S 0@

t=1 \ae€ n t=1 ae€

The proof is the same except you may now use that exp(—x) < 1 — x + x%/2 for
x>0.

7.4 Continuous exponential weights

The material in this section is not used by any algorithm in this book. It is
included it because it played a fundamental role in one of the most influential
papers on convex bandits (Bubeck et al., 2017) and may be useful in future
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algorithms. The exponential weights distribution in (7.1) is defined only for
finite %’. This is sometimes desirable, as we discuss in Note 7.vi. Generally
though, in applications to convex bandits you need % to be a cover of K and for
this |%’| is exponentially large in the dimension. This is not such a problem from
a sample efficiency perspective (|%’| appears in a logarithm in Theorem 7.8)
but is a disaster computationally. Continuous exponential weights is a beautiful
alternative that sometimes leads to computational improvements. Suppose that
vol(K) > Oand let ¢y,...,¢{, : K — R be a sequence of measurable functions.
The continuous exponential weights distribution is

exp (- T2} 660
Jee (- Tt 6)) ay

q:(x) =

k]

which, provided it exists, is a density supported on K. Given a probability
density p supported on K, let

Reg,(p) = ) [ 60 (au(o) = po) i,
t=1

which is the regret of continuous exponential weights relative to the density p.

Theorem 7.11 Suppose that n|t;(x)| < 1 forallx € K and 1 <t < n. Then,
for any density p on K,

s 1 ) n 2
Reg,(p) < 77/Kp(X)IOg(ql(x))dx+nIZ_;/K%(X)K:(X) dx.

The first term on the right-hand side is the relative entropy between p and g1,
which is the uniform distribution on K. Remark 7.9 applies here as well. There is
no requirement that the losses (¢;) or the constraint set K are convex, though the
exponential weights distribution is log-concave if they are. The regret relative to
a distribution is not entirely satisfactory. Ideally you want to choose p as a Dirac
on the minimiser of ;" £;, but this does not have a density. Unsurprisingly the
idea is to choose p to be concentrated close to a minimiser. Exactly how you do
this depends on the structure of the losses. When the losses are bounded and K
is convex and bounded, then the situation is especially clean:

Corollary 7.12  Suppose that K is a convex body and }.}'_, {; is convex and
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d < 2n. Then, under the same conditions as Theorem 7.11,

n

Rt = 3. ([ aas - e

t=1
2n S
1+log(7) +n2/l{qt<y>f,(y)2dy.
t=1

Exercise7.13 W Prove Corollary 7.12 by taking p as the uniform distribution
on (1 — &)x + &K for suitable € € [0, 1].

d
< —
n

Computationally the continuous exponential weights distribution has some
nice properties. Most notably, if K is convex and the cumulative loss Y/~ ¢ is
convex, then g, is log-concave and under mild additional assumptions can be

sampled from approximately in polynomial time (Chewi, 2024).

7.5 Linear bandits

For this section we assume there is no noise and that the losses are bounded,
linear and homogeneous:

Assumption 7.14 The following hold:

(1) There is no noise: &; = 0 for all ¢.
(2) There exists a sequence (6;) | € R4 such that f; = (-, 6,).
(3) The losses are bounded: (f;) € Fp.

Remark 7.15 Cautious readers may notice that the above assumptions do
not correspond to F, 1in because the representation has been chosen so that
the losses are homogeneous. In the notes we explain a simple way to reduce
the inhomogeneous setting to the homogeneous one. Note also that the global
assumption that K is convex is not actually used in this section. Only that it is
nonempty and compact.

The plan is to use exponential weights on a finite ¥ C K that is sufficiently
large that the optimal action in K can be approximated by something in €. Let
A = conv(K U (=K)), which is a symmetric convex body. Recall the definitions
of A° and ||-|| 4 and ||| 4o in Section 3.1. By the assumption that the losses are
bounded, for any ¢, 1 > maxy yex | (x —y,0;) | = [|6;]| 4o and therefore

0, €@={0eR?: |04 <1} .



7.5 Linear bandits 83

What we need from % is that for all 6, (€ ©) and y € K there exists an x € €
such that f;(x) — f;(y) is small. Precisely, we need

maxmin {(x —y,0) < — =¢.
yeK xe€€ n

Suppose that |lx—y|l4 < &, then by Proposition 3.1 (x—y,0) <

llx = yll4 I6llac < &. Hence, it suffices to choose 4 < K such that

K C Uy ex(x + €A). By Proposition 7.3, such a cover exists with

d
€| < (1 + f) . (7.4)
&

The algorithm for linear bandits plays actions in % and uses importance-
weighted least squares (in Line 8) to estimate (x,6;) for all x € ¥. The
distribution proposed by exponential weights is mixed with a small amount
of an optimal design on %, which is needed so that the estimates are suitably
bounded as required by Theorem 7.8.

1 args: >0, ye(0,1), K
1
find ¥ c K such that maxmin|x—y|j4 < -
yeEK x€¥€

find optimal design m on % (see Theorem 7.6)
for r=1 to n

exp (=1 X4y (x.6u))
Tyew exp(=1 Zi21 (Y. 0u))
let pi=(-y)q +yn
sample X, from p, and observe Y; = f;(X;)
let G, =Yuce pi(a)aa™ and 6, =G/ XY

let g;(x) =

0O AN L AW N

Algorithm 7.1: Exponential weights for linear bandits

As mentioned, Algorithm 7.1 does not need K to be a convex body. And
indeed, in many applications K is a finite set (see Note 7.vi). When K is a
convex body, you can use continuous exponential weights (Section 7.4) instead
of the discretisation.

Exercise 7.16 W Replace the discrete exponential weights in Algorithm 7.1
with continuous exponential weights from Section 7.4 and adapt the proof of
Theorem 7.17 below to prove that for n > 2d the regret of this algorithm is
upper bounded by

E[Reg,] = O (d nlog(n/d)) .
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Theorem 7.17  Suppose that

[log|€|

= d = d .

g 2na VT

Under Assumption 7.14, the regret of Algorithm 7.1 is bounded by
E[Reg,] <1+ +/8ndlog|¥].

Note that by (7.4), % can be chosen so that log |%| < dlog(1 + 4n) and in
this case one has E[Reg,, ] = O(d+/nlog(n)).

Proof The algorithm is only well-defined if y € [0, 1]. Suppose that y > 1,
then

Then, no matter how the actions are chosen, boundedness of the losses implies

that Reg,, < n < +/ndlog(|€|)/2. Suppose for the remainder that y € (0, 1).
Recall the definition of G, from Section 7.2 and let

Gy = Z q:(x)xx" .

X€€

With this notation, G, = (1 — y)G,, + yG . Of course G, = (1 - y)G,,
and G; = yG . Since g, is strictly positive, ker(G,4,) = span(%)* and by
assumption ker(G ;) = span(%)*. Hence, by Fact 7,

1 1
GH<—G? d G < -G*. 7.5
P10 r =50 (15)

Next, for any y € ¢,
(3 Eal0]) =3, > pe®)Gix(x,0,) ) = (7,G{G,0,) = (y.0,) , (1.6)
XEL

where in the final inequality we the assumption that G is an optimal design for
% (see Theorem 7.6) so that ¢ c im(G ) c im(G/ ) and Fact 6. Furthermore,

Bet[(0.00°] = Bt [V GE X, X[ GEx] < IxlGrg60 = MG+ (D)
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where we used the fact that ¥> < 1. Therefore,

> @), é»z} < 3 qe@) Il by (7.7)
xXe€€ xe%
<t Z g1 () ¥l by (7.5)
xe‘zo”
1
=—— > tr(G,,Gy,)
d
< —. by Fact 8
L—y

In order to apply Theorem 7.8 the loss estimates need to be suitably bounded.
This is where the exploration using experimental design comes into play. For
any x € ¢,

d
na_y ’

1. 00| = n kTG X, Y| < mlixll: 1 X llgr < —
where we used (7.5) and the fact that 7 is an optimal design on % so that by
Theorem 7.5, forany x € €, [|x||g+ < Vd. Define x, = arg min, . 27 (X, 6;).
Then, the regret is bounded by

n

Z (X; —x,6;)

E[Reg,] = maxE
xeK pur

n
= maxz (xx —x,0;) + E
xeK o

DX - s, 9,>l L a8)
=1
The first term in (7.8) is bounded by

maxz (Xx — X, 60;) = meaxmlnz (y—x,6;)

< maxmmz Iy = xlLs 116115
xeK

< max minn -X

O I Ily lla

<1

)

where we used Cauchy-Schwarz, the fact that 6, € ® = {0 : ||6]| 4o < 1} and the
definition of the cover €. The second term in (7.8) is bounded using Theorem 7.8
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by
E i(x, —x4,0:)| =E an Z Pr(x)(x _x*,91>]
t=1 t=1 xe€
<ny+(1-vy)E Zn: Z q:(x){x —x*,9z>l
t=1 x€€

=ny+(1-vy)E

n
=

Z Z q:(x) <x —x*»ét>l (7.6)

1 xe€
log || $ -
<ny+(1-vy) = +E Z Z g:(x)(x, 0,) Theorem 7.8
n t=1 x€€
log [€
<ny+ log 1 +nnd, (by Fact 8)
n

where in the first inequality we used the fact that p, = (1 — y)q; + yn and the
assumption that ( f;) are bounded so that

D a0 (=20, 00 = D @) (fix) - filx)) < 1.
XEC XEC

The result follows by substituting the constants. O

7.6 Quadratic bandits

Quadratic bandits seem much harder than linear bandits.But if you ignore
the computation complexity then it turns out that quadratic bandits are linear
bandits.

Assumption 7.18 There is no noise and the loss functions are quadratic and
bounded: (f;) € Fp,quad-

Quadratic bandits can be viewed as linear bandits by introducing a kernel
feature map. Let dy = % and define a function ¢(x) : R — R% by

2 2 2 2
d(x) = (L, X1, .0, X, X, X1X2, o o, X1X g, X5, X2X3,5 o s Xg_ 12 Xd—1Xd> X) -

So ¢ is the feature map associated with the polynomial kernel of degree 2. You
should check that any f € F, quaa can be written as f(x) = (¢(x), 8) for some
0 € R%,

Lemma 7.19 Let K C R be a convex body. There exists a cover € C K such
that
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(1) max,ex minye(g Ilf(x)=fOI <eforall f e gb,quad
3.5 d
@ [¢] < (1+242)"
Proof We provide the proof when Bfl cKc dBf and leave the general case

as an exercise. Let & be a cover of K such

. &
max min ||x — < —.
xeK ye& I M 6d?>

By Proposition 7.4, € can be chosen so that

2443 )d

|| < (1+

Let f € Fp quada and let 6 be such that f(x) = (¢(x), 8). Then, since Bf ck
by assumption,

1
12 max |f(x)] 2 max | f(x)| = 5 [|0]]s
xeK xe]B‘li 2

where the last inequality is left as an exercise:
Exercise 7.20 W Show that Max g [f(x)| = % [10]] oo -

Letx € K be arbitrary and y € ¢ be such that |lx — y|| < =5=. Then,

1f () = FD)] = {p(x) = $(3), 0)] < 2llp(x) = p() I < 64> [lx = y]| < &.

where the first inequality follows from Cauchy-Schwarz and the fact that
|0l < 4 by Exercise 7.20. The second follows because x € ]BSZ and using
Exercise 7.21 below. O

Exercise 7.21 W Suppose that x, y € BZ. Show that
l6(x) = Wy < 3> flx = ylleo -

Exercise 7.22 W Prove Lemma 7.19 for arbitrary convex bodies K. You
may use the fact that for any convex body K there exists an affine map 7" such
that B{ ¢ TK c dB{, which follows from Theorem 3.15.

We can now simply write the kernelised version of Algorithm 7.1.
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1 args: n>0, ye(0,1) and K
2 find ¥ cK satisfying conds. in Lemma 7.19, s:%
3 find optimal design m on {¢(a):ac %}
4 for r=1 to n
t-1 7]
| _ _op(=n T (¢().04))
5 et q[(x) erfﬁxp(—flzf[:l.<¢(X),9u>)
6 let pr=0-y)q:+yn
7 sample X; from p, and observe Y; = f;(X;)
8 let G, =2X,ce Pi(@)p(a)p(a)T and 6, = G/ XY,

Algorithm 7.2: Exponential weights for quadratic bandits

An immediate corollary of Theorem 7.17 is the following bound on the regret
of Algorithm 7.2

Theorem 7.23 Suppose that

n= and Yy = d n.
\I Zl’ldz 2

Under Assumption 7.18 the expected regret of Algorithm 7.2 is bounded by

E[Reg,] < 1+ \8nd log €] = O (d1~5\/n log(nd)) :

Note that we did not use anywhere that F, quaq only included convex quadrat-
ics. Everything works for more general quadratic losses. Even if we restrict our
attention to convex quadratics, none of the algorithms we have presented so far
can match this bound. Actually no efficient algorithm is known matching this
bound except for special K.

7.7 Notes

7.i: We promised to explain how to handle inhomogeneous linear losses. The
simple solution is to let ¢(x) = (1, x) and run the algorithm for linear bandits
on ¢(K).

7.ii: Even when K is convex, (non-convex) quadratic programming is
computationally hard. For example, when K is a simplex and A is the adjacency
matrix of an undirected graph G, then a theorem by Motzkin and Straus (1965)
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says that

1 T 1 1

—min(—x'Ax) =z |— -1/,
5 min (=A%) =5 (w(G) )

where w(G) is the size of the largest clique in G. Since the clique decision

problem is NP-complete (Karp, 1972), there (probably) does not exist an efficient

algorithm for minimising non-convex quadratic functions over the simplex.

7.1iii: By the previous note, Algorithm 7.2 cannot be implemented efficiently,
since its analysis did not make use of convexity of the losses. Sadly, even if
we restrict our attention to convex quadratic loss functions and convex K, the
kernel method does not seem amenable to efficient calculations. Why not? The
problem is that if K is a convex body, then the set J = {¢(a) : a € K} is not
convex.

7.iv: Algorithm 7.11s by Bubeck et al. (2012) and Algorithm 7.2 is essentially
due to Chatterji et al. (2019). Note that the latter consider kernelised bandits
more generally. You could replace the quadratic kernel with a higher-degree
polynomial (or even infinite-dimensional feature map) and obtain regret bounds
for a larger class of losses.

7.v: Note that Fp 1in = Fp sm When S = 0. This means that Theorem 6.14
shows that Algorithm 6.2 hasregret E[Reg,, | < 1+3d+/¥nlog(n). The algorithm
is efficient when the learner has access to a -self-concordant barrier. This
special case was analysed in the first application of self-concordance to bandits
by Abernethy et al. (2008).

7.vi: Continuous exponential weights is generally preferable computationally
when the losses and constraint set are convex, at least when the dimension is not
tiny. In many applications of linear bandits K is a moderately sized finite set. For
example, K might be a set of features associated with books to be recommended.
In these cases Algorithm 7.1 is a good choice with |%’| = K. We will see an
example of exponential weights for convex bandits in the next chapter and with
d = 1 where either the continuous or discrete versions of exponential weights
could be employed, with the latter moderately more computationally efficient.

7.vii: For some time it was open whether or not d+/n polylog(n, d) regret
is possible for linear bandits with a computationally efficient algorithm when
K is a convex body represented by a membership or separation oracle. This
was resolved by Hazan et al. (2016), who used continuous exponential weights
but replaced the Kiefer—Wolfowitz distribution with a spanner that can be
computed efficiently. The only reason not to include that algorithm here is that
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we are primarily focussed on convex bandits and because the analysis is more
sophisticated.
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Exponential weights

We already saw an application of exponential weights to linear and quadratic
bandits in Chapter 7. The same abstract algorithm can also be used for convex
bandits but the situation is more complicated. Throughout this chapter we
assume the losses are bounded and there is no noise:

Assumption 8.1 The following hold:

(1) The losses are in F,.
(2) There is no noise so that Y; = f;(X;).

Two main topics will be covered here:

o A relatively practical algorithm for adversarial bandits when d = 1 with
O(«/nlog(n)) regret.

o The connection via minimax duality between mirror descent and the in-
formation ratio (Russo and Van Roy, 2014) and its application to convex
bandits.

The relation between the two topics is that both make use of an abstract version
of exponential weights.

8.1 Exponential weights for convex bandits

The version of exponential weights introduced in Chapter 7 is designed for a
finite action set. Like that chapter, we will apply this algorithm to a discretisation
of K, which is given in an abstract form in Algorithm 8.1 below.

91
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1 args: learning rate >0
2 let ¥c K be finite
3 for r=1 to n

exp(—17 2t} $u(x))
Syewexp(-n X0 5. (3))
find distribution p, as a function of ¢
sample X; from p, and observe Y; = f;(X;)
compute §(x)Vx € € using p;,q:, X, and Y

for all xe¥

compute ¢;(x) =

~N N L B

Algorithm 8.1: Exponential weights for bandits

As with gradient descent, to make this concrete we need a sampling distribution
p: and mechanism for estimating the loss function. The extra complication here
is that while for gradient descent we only needed to estimate a gradient, here
the algorithm needs to estimate an entire function from a single observation.
From a computational perspective there is a serious problem that ¢ will need to
be exponentially large in d. A potential way to mitigate this is to use continuous
exponential weights (Section 7.4), which was the approach taken by Bubeck
et al. (2017) and (non-obviously) by the algorithm in Chapter 10. The reason
we avoid this here is twofold:

o For the 1-dimensional algorithm it turns out that the discrete version is more
computationally efficient and simpler.

o The minimax duality arguments are already computationally inefficient and
using continuous exponential weights only serves to introduce measure-
theoretic challenges.

8.2 Exponential weights in one dimension

For this section assume that d = 1 and K = [-1, 1] is the interval and let

g =1/+nand
€ ={ke . keZkeeK}.

Let x, = argmin, . X", f;(x). The plan is to apply Theorem 7.8 to Al-
gorithm 8.1 by carefully choosing the exploration distributions (p;) and a
mechanism for constructing the estimated surrogate losses (§;). Provided the
estimated surrogates are non-negative and letting s,(x) = E,_;[§,;(x)], then



8.2 Exponential weights in one dimension 93

Theorem 7.8 shows that

E Z (Z qr(x)s;(x) = s,(x*)) =E (Z q: ()8 (x) - §[(x*))l
t=1 \xe¥ t=1 \xe¥
log|%|  n_|x A 2
<= 4B a@sx?] (8.1)

n 2 t=1 xe¥€
Algorithm 8.1 samples X; from distribution p,, which means the expected regret
relative to x, is

n

E[Reg,(x,)] = ) B

t=1

D P fix) - fz(x*)l : (82)
X€E

The question is how to choose loss estimates §; and exploration distribution p;
so that (8.2) can be connected to the left-hand side of (8.1) and at the same time
the right-hand side of (8.1) is well controlled.

Kernel-based estimation Let us focus on a single round ¢. Let f : K — [0, 1]
be convex and g € A(%’) and assume that g(x) > 0 for all x € €. The learner
samples X from p € A(¢) and observes Y = f(X) and uses p,q, X and Y to
construct a surrogate estimate § : ¥ — R with expectation s(x) = E[§(x)].
Staring at (8.1) and (8.2) we will be in business if we choose p and § in such a
way that all of the following hold:

(1) There exist (preferably) small constants A, B > 0 such that

DT pf(x) = flxe) < A

xX€€

(2 E[Zrew ¢(0)3(x)*] = O(D).
(3) §(x)>0forallx € %.

D7 q(x)s(x) = s(xs)

X€€

+B.  (83)

Remark 8.2 The requirement that § is non-negative can be relaxed to n|§(x)| <
1 for all x where = O(1/+/n) is the learning rate. See Remark 7.10.

Because x, is not known, the most obvious idea is to show that (8.3) holds for
all points in %, not just x,. An elegant way to construct a surrogate satisfying
these properties is by using a kernel. Let T : ¥ X ¥ — R be a function with
x — T(x|y) a probability distribution for all y and define

p(x) = (Tg)(x) £ > T(xly)g(y)  and
yeE€

s = (T HG) 2 Y TEF).

Xe€€
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It may be helpful to think of 7" as a |¢’| X || matrix and T* as its transpose
(or being fancy — its adjoint). Viewing p, ¢, f, s as a vectors in R we have
p =Tqgand s = T"f. Because the map x — T'(x|y) is a probability distribution,
the surrogate s is some kind of smoothing of f. And in fact the surrogates used
in earlier chapters also have this form, though in continuous spaces. Notice that

PRCIOEDY (Z T(xly)f(x)) q(y)

YEE ye€ \xeK

D (Z T(x|y>q(y>)

X€E yeK

D F0p). 8.4)

X€€

This is the motivation for choosing p = Tq. Equivalently, using linear algebra
notation: {gq, s) = {q,T* f) = (T'q, f) = (p, f). Given a kernel T we now have
a surrogate s = T* f. Next we need a way to estimate this surrogate when the
learner samples X from p and observes Y = f(X). Note that p(x) = 0 implies
that T'(x|y) = O for all y, since g(y) > O for all y by assumption. Then,

s =Y remrm= Y T8 ),

X€€ xX€€:p(x)>0 p(x)
which shows that when X is sampled from p and Y = f(X), then the surrogate
s can be be estimated by

s(y) = T
p(X)

An important point is that we are allowed to choose T to depend on the exponential
weights distribution g. Given x € ¢, let Il (x) = argmingcq |y <y ¥ — Yl
which is the y € % closest to x in the direction of the origin. We also let
H=2yerq(y)y and up = Tlg(p). Given x,y € €, let I(x,y) = {z € € :
min(x,y) < z < max(x,y)} and

T(x|y) = M. (8.5)

(Y, ptr)]
That is, x +— T(x|y) is the uniform distribution on I(y, u,) C €. What this
means is that the distribution p is obtained from ¢ by spreading the mass g
assigns to any point y uniformly between y and the projected mean u,. The
actions of this kernel are illustrated in Figure 8.1. We can think about why this

kernel might be useful.

o By (8.4), {(q,s) = (p, f) no matter how the kernel is chosen. If we could
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P
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Figure 8.1: The kernel in (8.5) acting on aloss s = T™* f and distribution p = Tq.
Notice that ¢ is not particularly smooth while p is unimodal. The surrogate
s is neither optimistic nor pessimistic, in contrast with the surrogates used in
Chapters 5 and 6, which are pessimistic/optimistic respectively.

have s(xx) = f(x4), then (8.3) would hold with A = 1 and B = 0. You can
actually achieve this by choosing 7T'(x|y) = 1(x = y). But with this choice
the surrogate estimate § generally has an enormous second moment, which
is reduced by smoothing more broadly.

o The reason for smoothing towards the mean is that this automatically respects
the concentration properties of g. That is, if g is concentrated about its mean
then the loss is also smoothed over a small region about the mean.

The following lemma establishes the two essential properties of the kernel,
which is that (8.3) holds with A = 2 and B = 5 (part (1)) and that the second
moment of the surrogate loss is well-controlled (part (2)).

Lemma 8.3 Let T be defined as in (8.5) and g € A(€) be such that g(x) > 0
Jorallx € € and p =Tq and s = T* f. Then,

(D Zxew PO)S(X) = F(¥) £2(Zxew q(¥)s(x) = s(y)) + 5 forally € C.

2
@ Trew Tyew P(0g() (L) <2 4 log(m).
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Proof By definition,
s(y) = (T" ) (y)

= > Ty F()
Xe€€
- 3, Kl L(x € 1Gupn) (o
Gl
-y 1(x € I(y, pz)) (x—un +) yox | )
() y=tzl" |y =p|""

1(x€](y,'u7r)) X—MUn
S);g [1(y, pr)l [Y—,u,r Sy )+ ] (f convex)
1 1
= 5f )+ 5 f (). (8.6)

The mean of x — T'(x|y) is y/2 + u /2 and therefore

Dop@x =" q(y) Y aT(xly) = 55 + > Z 9(y)y =

X€¥ yeEF X€¥ yECK

+
”‘ .87
Because f is convex and bounded in [0, 1],

flun) < f(B2E) + 22 ¢ (Z p(x)x) + 27N s+ 3

xX€€ xX€¥
Combining the above display with (8. 6) yields

s(y) < f(y) +5 Z PS() + 3

xetf

Lastly, by (8:4), xer P(¥) f(x) = T yer g(x)s(x) and hence

P ) - f(y) <2 (Z g(x)s(x) - s(y)) +2.

XEL XEE :
This establishes (1). Part (2) follows because

Z Z gT ()’ f()? Z Z 1(x € I(y, x)) ()T (x]y)

XEC ye€ (x) - X€€ yecg |I(y ,un)l p(x)
g7 (x]y)
é 7Gx, uﬂ>| ng ()

B Zg |1<x,un)|

<2 +log(n),
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where in the first inequality we used the fact that |I(y, ux)| = |1(x, ur)| for
x € I(y,ur). The second inequality follows via a standard harmonic sum
comparison. |

We are now in a position to use exponential weights for convex bandits using
the kernel-based surrogate loss estimators analysed above. A snapshot of the
loss estimators and exponential weights distribution is given in Figure 8.2.

1 args: learning rate >0, e=1/vn
2 let ¥={ck:keZkeecK}
3 for t=1 to n

exp( -7 Z;;lﬁux
s ZyggprXP(]—nZlL;]l(s:«)()y)) i e
5 let pp=Tg (Xiewxq:(x)) and
6
7
8

compute g,(x) =

1 I(y,
Th(xly) = 2G04 vx,y € €

sample X; ~ p, =T;q;, and observe Y; = f;(X;)

compute §(y) = % Vye®

Algorithm 8.2: Exponential weights for convex bandits: d = 1

Computation Algorithm 8.2 is not written in the most efficient way. Naively
computing 7; on all inputs would require |%'|> = ©(n) time. This can be
improved. Given g, the kernel function 7; (x|y) can be computed in O (1) for any
x,y € €. Now X; can be sampled by first sampling Z; from ¢, and then X; from
T;(-|Z;). Hence only T;(-|Z;) and T; (X,|-) need to be computed for all inputs.
This way the computation per round of Algorithm 8.2 is linear in || = ©(+4/n).
Therefore in the worst case the running time over the entire interaction is at
most O(n3/?). This is worse than the gradient-based algorithms in Chapters 5
and 6 but the regret is smaller.

Theorem 8.4  Suppose that n = n~ /2. Under Assumption 8.1 and with d = 1
the regret of Algorithm 8.2 is upper bounded by

E[Reg, ] < 2¥nlog(n) + 7vn.
Proof Let x, = argmin, ., 3.7, f;(x). By the definition of ¢ and the fact

that (f;) € % and € = ‘/L?

Reg, = sup (X)) = () < Vit D (XD = fiw)). B8)
Xe =1 =1
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By Theorem 7.8 and Remark 7.10,

& [Reg,(v)| 2 B[] (Z 4 ()5 () - @(x*))

t=1 \ye€

< el 15 |13 S 50

n 2 _t:l yeE

log |7| Zn:Etfl Z Qt(Y)E(Xt,)’)2ﬁ(Xt)2

Ui
+ —E
n 2 Pt(Xz)2

t=1 yEE

The inner conditional expectation is bounded using Lemma 8.3 by

E,_ Z ‘]t()’)Tt(Xt’y)zft(Xt)z <log(n) +2.

ye® pt(Xt)2

Therefore the regret of exponential weights relative to the estimated loss function
is bounded by

log|el , % [og(n) +2] .

E [I@n (x*)] <

The next step is to compare ]E[E-e?gn (xx)] and E[Reg, (x4)]. By Lemma 8.3,
Eoi [fe(X0)] = fi(x) = Z P (x) f1 (x) = fi (xx)

XEC
1
<2 > qr(0)s(x) - s () | + N
XEC
1

=2, xez(gq,u)st(x) =i |+ o

Hence,
— 1 21 1

E [Regn(x*)] < ZE[Regn(x*)] + E\/ﬁ < %Cg' + nn [log(n) + 2] + E\/ﬁ

The claim follows from the choice of 1 and (8.8) and because log|%| <
log(1 + 2+/n) and naive simplification. O
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Figure 8.2: The plot shows the estimated losses during the execution of
Algorithm 8.2. The thin grey lines are the individual loss estimation functions
(8;) while the bar chart is the average. The individual loss estimates peak at
the point played by the algorithm and decrease away from the mean. This is
strange — the loss estimators are quasiconcave while their expectations are
convex. Mathematically this form is easy to see by studying the kernel. You
should think about why it is reasonable intuitively.

8.3 The Bregman divergence

This section and the next introduce some tools needed in Section 8.5. Specifically,
the Bregman divergence, projections for Legendre functions and the modern
view of exponential weights.

Bregman divergences are well-defined for any differentiable convex function
but have particularly nice properties for the class of Legendre convex functions,
which we now define. Our exposition here is probably too brief to really impart
the right intuition. There is a beautiful article by Bauschke and Borwein (1997)
that explains all the nuances. Let R be a closed convex function. R is called
essentially smooth if it is differentiable on int(dom(R)) # @ and ||R’ (xg)|| — oo
whenever (xj) converges to d dom(R). R is called essentially strictly convex if
it is strictly convex on all convex C € dom(dR) = {x : dR(x) # 0}. R is called
Legendre if it is both essentially smooth and essentially strictly convex. Lastly,
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the Legendre transform of R is

R*(u) = sup (u,x) — R(x).

xeRd

Legendre functions have well-behaved Legendre transforms. In particular, when
R is Legendre, than R’ is a bijection on suitable domains:

Proposition 8.5 (Theorem 26.5, Rockafellar 1970) Suppose that R is Legendre
and T = R*. Then R’ : int(dom(R)) — int(dom(T)) is a bijection and
(R) =T

Given a convex function R : RY — R U {oo} that is differentiable on
int(dom(R)), the Bregman divergence with respect to R is Dg : R? x
int(dom(R)) — R U {oo} defined by Dr(x,y) = R(x) — R(y) — (R’ (¥),x — y).

Proposition 8.6 (Generalised Pythagorean Theorem) Suppose that R : R¢ —
RU{co} is Legendre and C < R is convex and closed with C Nint(dom(R)) # 0.
For x € int(dom(R)) the ‘projection’ I1(x) = argmin,.c Dr(y,x) is unique
and for any z € C,

DR(Z’ )C) 2 DR (Z7 H()C)) + DR (H()C),)C) .
Proof (®) Lety = I1(x). Under the conditions of the theorem, y exists, is
unique and y € int(dom(R)) (Bauschke and Borwein, 1997, Theorem 3.12).

Hence R is differentiable at y and by the first-order optimality conditions for
I(x), (R’ (y),z—y) — {R'(x),z — y) = 0. Therefore,

Dr(z,y) + Dr(y,x) = R(z) = R(x) = (R (¥),z = y) = (R'(x),y — x)
< R(z) = R(x) = (R'(x),z — x)
=Dg(z,x). O

The Bregman divergence with respect to R is related to the Bregman diver-
gence with respect to R* as follows:

Proposition 8.7 Suppose that R is Legendre, then for all x, y € int(dom(R)),
Dg(x,y) = Dr«(R'(y), R’ (x)) .

Proof (%) Letv =R’(y)and u = R’(x) and T = R* and convince yourself
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that T(v) = (v,y) — R(y) and T'(«) = (u,x) — R(x). Then,

Dgr(x,y) = R(x) = R(y) = (R'(y),x = y)
= [{u,x) =Tw)] = [{v,y) =T()] = {v,x = y)
=TWw)-T(u) —{(x,v —u)
ZT(v) = T(w) = (T" (), v - u)
= Dg+(v,u)
=Dg+(R'(y), R’ (x)),

where (x) follows from Proposition 8.5 and the rest by substituting the definitions.
O

8.4 Exponential weights and regularisation

In Chapter 7 we presented the old-school analysis of exponential weights. Later
in this chapter we need the modern viewpoint that exponential weights is
the same as follow-the-regularised-leader with unnormalised negative entropy
(negentropy) regularisation. Unsurprisingly, the analysis is not really different.
The modern view actually stops before the approximations made in the proof
of Theorem 7.8. Most importantly, by using the language of convex analysis
we are able to clarify the duality argument used later. The only reason not to
introduce this approach in Chapter 7 is that it is somewhat less elementary. Let
R :R™ — R U {oo} be the unnormalised negative entropy function defined by

R(p) = {0207(":1 (prlog(pi) — pr) if p € RY

otherwise ,

where we adopt the convention that 0log(0) = 0. When p,q € A, then
Dr(p,q) = X7, prlog(pir/qx) is the relative entropy between distributions
p and g. In the next exercise you will show that R is Legendre, calculate its dual
and show that follow-the-regularised-leader with R is equivalent to exponential
weights:

Exercise 8.8 W Suppose that x € R” and ¢ € (0, o). Show that:

(1) RisLegendre and R*(x) = 27", exp(xk).
(2) argminDg(p,q) = 9 and argmin (p,x) + R(p) = M.
PEAL llgll PEAM llexp(=x)l;
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Let ¥ be a finite set and m = |%¢’|. We identify distributions and functions
on % by vectors in R™. Concretely, for p € A(¥) = A, and f : € - R
let (p, f) = Yrew P(x)f(x). Given a learning rate n > 0 and a sequence of
functions (§,);_, : € — R, let

t—1

q: = argminZn (q,5u) + R(q) .

qel, u=1
By Exercise 8.8, the distribution g, can be written in its familiar form:

exp (=1 Zi) 8u()

Tyew &xp (-1 i} 5u»)

q:(x) = (8.9)

The following refinement of Theorem 7.8 bounds the regret of exponential
weights relative to the loss functions (§;).

Theorem 8.9 Let (§;);"_, : € — R be a sequence of functions and q; be
defined as in (8.9) and n > 0. Then,

n n
logm 1

max > (qr—qx,5) < += ) Sq,(nt),

q*eAm; () < = UZ o (151

where 8, (u) = Drx(R'(q) — u, R'(q)) is called the ‘stability’ function.
Proof (®) Let gy € Ay and ®,(p) = X!, n{p,8,) + R(p) and

Gr+1 = argminn (q, $;) + Dr(q, q:) = q: exp(-n5;) , (8.10)
qeRrﬂ

where the second equality follows by solving the optimisation problem analyti-
cally. Note that g, € A}, holds by (8.9), which means that §,+; € A}, and by
Exercise 8.8,

qr+1 = aigminDgr(q, §i+1) - (8.11)

q€Am
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Repeating the proof of Theorem 6.5,

R(qx) — R(q1)
n

@ R(qx) — R(q1)
n

» R(gx) = R(g1)
n

© R(gx) — R(q1)
n

@ R(gx) ~ R(q1)
n

© R(g+) = R(q1)
n
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where (a) follows from the definition of the Bregman divergence and because
by the first-order optimality conditions (Q;(qH 1),49: — Gr+ 1) = 0, which holds
with equality because g;, q;+1 € A;,. (b) is because Dy, = Dg by virtue of
the fact that the Bregman divergence of a linear function vanishes. (c) follows
from (8.11) and Proposition 8.6, which yields

Dr(q:>Gr+1) =2 Dr(qs, gr+1) + DR(G141, Gr+1) = Dr(q1, q141) -

Finally, (d) follows from Proposition 8.7 and (e) from (8.10) and because
R'(q) =1log(q). o

Remark 8.10 To see why Theorem 8.9 refines Theorem 7.8, when §; is
nonnegative, then

Sq. (13:) = Dr~(R'(q:) — 13+, R'(q1))
= " q(0) exp(-nsi(x)) = 1+ 7(qu, §1)
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where we used the inequality exp(x) < 1 — x + x%/2 for x > 0. Combining with
Theorem 8.9 recovers the bound in Remark 7.10. Theorem 7.8 is recovered by
assuming that |18, (x)| < 1 for all x and using the inequality exp(—x) < 1 —x +x?
for |x| < 1 instead.

8.5 Exploration by optimisation

In Section 8.2 we showed how to use exponential weights for 1-dimensional
bandits. While the algorithm there is efficient and straightforward to implement,
much human ingenuity was needed to define the surrogate loss and exploration
distribution. There is a principled way to construct both of these objects that
eliminates the need for imagination at the cost of computational efficiency. Note
that we are not assuming that d = 1 in this section. The results and concepts
in this section and the next are connected in a complicated way. You may find
Table 8.1 useful to join the dots.

Assumption 8.11 Throughout this section as well as Sections 8.6 and 8.7 we
assume that 4 C K is a finite set with m = |%’| such that:

(1) logm < dlog(1 + 16dn?); and
(2) forall f € %, there exists an x € ¢ such that f(x) <inf,ex f(y) + 1/n.

Exercise 8.12 W Prove a cover satisfying the conditions in Assumption 8.11
exists. You may want to combine Proposition 7.4, Proposition 3.10, Proposi-
tion 3.13 and Theorem 3.15.

Let us start by giving the regret bound for the (abstract) Algorithm 8.1.

Theorem 8.13  Let x, = argmin, .- 2" | fi(x) and px € A(€) be a Dirac
on x4. The expected regret of Algorithm 8.1 relative to x, is bounded by

log
n

m 2 . 1 R
E[Reg, (x+)] < + ZE [(Pt =P J1) D% — q1, 81) + ECS)% 8| -
=1

Proof The proof follows immediately from Theorem 8.9
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where the second equality holds by adding and subtracting (g; — p«, §;) and the
inequality by Theorem 8.9. O

Standard methods for analysing concrete instantiations of Algorithm 8.1
essentially always bound the term inside the expectation uniformly for all ¢,
independently of f; and ¢; and p,. Note that f; and p, are unknown, while ¢,
is the exponential weights distribution, which is known at the start of round 7.
In light of this, a natural idea is to choose the distribution p, and loss estimation
function §; that minimise the upper bound. This is the idea we execute now.

Exploration-by-optimisation To simplify the notation, let us momentarily drop
the time indices and let ¢ € A},. The learner samples X from some distribution
p € A} and observes Y = f(X). The estimated surrogate loss § is a vector in R™
(a function from % to R) but the learner chooses it based on the observations X
and Y. So let & be the set of all functions e : € X R — R with the idea that the
estimated surrogate loss will be the function § = ¢(X,Y)/p(X). The division by
p(X) is a normalisation that makes a certain function defined below convex (see
Exercise 8.14) and is also the reason why we insist that p € A}, rather than A,,.
The decision for the learner is to choose the exploration distribution p € A},
and exploration function e € &. The adversary chooses f € F, and p, € A,,,.
Looking at Theorem 8.13, we hope you agree that the following function may
be important:

1 , 1 X,Y
o= s o G50 250

where the expectation is over X ~ p and Y = f(X). You might view A, , as
a function from two pairs of tuples: (p, ¢) selected by the learner and (py, f)
selected by the adversary. A fundamental quantity that appears throughout the
following sections is the minimax value of this game, which is defined in stages
by the following quantities:

/\f]’q (p,e) = sup sup Al],q(P’ elpx f) and

Px€An fEF
* . *
AL g = p]EnAf; 611612 A5 4 (pse) and

A= oup s A
Exercise 8.14 W Prove that (p,e) — Ay.q(p,elpx, f) is convex for any
Px € Ay and f € Fy. You may find it useful to expand the expectation and use
the fact that u — &, (u) is convex, which by the perspective construction (Boyd
and Vandenberghe, 2004, §2.3.3) shows that (u,v) +— v&(u/v) is convex on
R9 x (0, ).
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Since the supremum of convex functions is convex it follows from Exer-
cise 8.14 that (p, e) — Afm(p, e) is convex, but note that both & and %, are
so large that even evaluating A;’ 4 (P, ) may be computationally challenging.
Despite this, these functions are surprisingly easy to handle mathematically, as

we shall see later.

1 args: learning rate p>0, precision €>0, €cK
2 for t=1 to n
exp(=n 212 $u (X))

Syee oxp(—1 X4} $u(y))

4 find distribution p, € A}, and e¢; € & such that
A;,qt(p,,et) < AZth + &

5 sample X, from p, and observe Y; = f;(X;)

6 compute §; = e, (X;,Y;)/ps(Xy)

3 compute distribution g¢;(x)=

Algorithm 8.3: Exploration by optimisation

The following theorem is almost immediate:

Theorem 8.15 Under Assumptions 8.1 and 8.11, the expected regret of
Algorithm 8.3 is bounded by

logm

E[Reg,] <1+ + npA* + nne .

Proof Letx, =argmin,., 2" | fi(x) and px € A(%) be a Dirac on x,. By
Assumption 8.11, Theorem 8.13 and the definition of §; in Algorithm 8.3,

E[Reg,] < 1 +E[Reg,, (x4)]

logm -
<l+ + > E
R

t=1

. 1 .
(Pt = Pso> 1) + (D% — G2, 8¢) + ;Sqt (m3:)

<1+ + nmpA* + nne . i

logm
n

Combining the definition with Theorem 8.15 immediately yields the following
corollary:

Corollary 8.16 Under the same conditions as Theorem 8.15 and with

_ logm
= n(e + A*)’



8.6 Bayesian convex bandits 107

the regret of Algorithm 8.3 is upper bounded by

E[Reg,] < 1+ 2+y/nA*logm + 2+/nslogm =014 2+/nA*logm .

In the next section we explain a connection between A* and a concept used for
analysing Bayesian bandit problems called the information ratio. This method
eventually shows that

A =0 (d4 log(nd)) :

Combining this with Assumption 8.11 to bound log m = O(d log(nd)) and with
Corollary 8.16 shows that the regret of Algorithm 8.3 is bounded by

E[Reg,] = O (d”«/ﬁ log(dn)) .

Let us emphasise again that this is not much of an algorithm because there is no
known computationally efficient method for solving the optimisation problem
that defines p,; and ;.

8.6 Bayesian convex bandits

In the Bayesian version of the convex bandit problem the learner is given a
distribution & on #". The loss functions (f);_, are sampled from ¢ and the
Bayesian regret of a learning algorithm </ is

bReg, (7, €) =B | sup ) (fi(X0) = fi(x)) |
xeK

where by ‘learning algorithm’ we simply mean a function that (measurably) maps
history sequences to distributions over actions. Note that here the expectation
integrates over the randomness in the loss functions and hence the maximum
over x € K appears inside the expectation. Like the rest of the book we will
not say much about constructing probability spaces and measurability. The
measurable space on which £ is defined sometimes plays an important technical
role. Generally speaking in what follows it is assumed that the discrete o--algebra
is used on #' and that £ really is a distribution in the sense that it is supported
on countably many atoms. bReg,, (&, ¢) is nothing more than the expectation of
the standard regret, integrating over the loss functions with respect to the prior
&. The minimax Bayesian regret is

bReg); (K) = sup ile/f bReg, (A, £) .
3
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Compare this to the minimax adversarial regret, which is

Regli(K) = igf sup Reg, (¢, (f)i-)) -

t)t:l

Whenever you see expression like this, a minimax theorem should come to mind.
Indeed, the minimax adversarial regret can be rewritten as

Reg)i(K) = igf sup bReg, (o, &) .
3

By interpreting an algorithm as a probability measure over deterministic
algorithms both &/ +— bReg, (&, &) and & — bReg, (&, ¢) are linear functions
and from this one should guess the following theorem as a consequence of some
kind of minimax theorem.

Theorem 8.17 (Lattimore and Szepesvéri 2019)  Regi(K) = bReg) (K).

Exercise 8.18 W Actually, Lattimore and Szepesvri (2019) only prove
that Reg}(K) = bReg);(K) when the learner is restricted to play on a finite
subset of K. Prove that this implies Theorem 8.17.

Theorem 8.17 means that one way to bound the adversarial regret is via the
Bayesian regret. One positive aspect of this idea is that the existence of a prior
makes the Bayesian setting more approachable. On the other hand, constructing
a prior-dependent algorithm showing that the Bayesian regret is small for any
prior does not give you an algorithm for the adversarial setting. The approach is
non-constructive.

Remark 8.19 The above setup is the Bayesian version of the adversarial
convex bandit problem. In the Bayesian version of the stochastic convex bandit
problem the prior is on %, rather than %" and the observation is f(X;) + &
where f is sampled at the beginning of the interaction from the prior. Sometimes
the noise follows some known distribution. Alternatively, the prior could be
over both the loss function and the noise distribution.

8.7 Duality and the information ratio

We now briefly explain the main tool for bounding the Bayesian regret. Let v
be a probability measure on € X F, and p € A(%). Suppose that (X, X, f)
has law p ® v, which is a probability measure on € X € X F,. Later v will
be the law of (X, f;) under the posterior associated with prior ¢ and data
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X1,Y1,...,X—1,Y;—1. Hence it is not true in general that X, minimises f;.
Define

A(p,v) =E[f(X) - f(Xs)]  and

I(p,v) =E [KL (Px,x,rx) (). Px, ()] -
Intuitively, A(p, v) is the expected regret suffered when sampling X from p
relative to X, on loss f sampled from v, while /(p, v) is the information gained

about X, when observing X and f(X). The information ratio captures the
exploration/exploitation trade-off made by a learner and is defined by

A(p,v)?
I(p,v)

The information ratio will be small when the regret under p is small relative to

Y(p,v) =

the information gained about the optimal action. The minimax information ratio
is
Y* = sup min ¥Y(p,v).
veA(ExF) PEA(E)

We can now introduce the information-directed sampling algorithm, which
is designed for minimising the Bayesian regret. In every round the algorithm
computes the posterior based on information observed so far and then samples
its action X; from the distribution p, minimising the information ratio.

1 args: prior ¢ on &'

2 for t=1 to n

3 compute the posterior v, =P, 1((Xx, ft) €-)
4 find p, = argmin, () ¥(p, v)

5 sample X; from p; and observe Y; = f;(X;)

Algorithm 8.4: Information-directed sampling
The next theorem bounds the regret of Algorithm 8.4 in terms of the minimax
information ratio.

Theorem 8.20 Under Assumption 8.11, the Bayesian minimax regret is
bounded by

bRegh(K) < 1+ Vn¥* logm < 1+ \/dn'¥* log (1 + 16dn?)

Proof Leté € A(F) be any prior distribution and &/ be information-directed
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sampling (Algorithm 8.4). By Assumption 8.11, for all f € %, there exists an
X € € with

fx) < inf f(y) + l
yekK n

Therefore, with X, = argmin, . .7, f;, Assumption 8.11 implies that

bReg, (£, o) =E <1+E

n n
sup " (f;(X:) = £, (x)) DX = fi(X)
xeK o =1
Let v, = P,_1((X«, f;) € -), which is a probability measure on ¢ X F,. The
learner samples X; from a distribution p, € A(%) such that ¥(p;, v;) < ¥*,
which means that

A(pe,vi)? < I(pe,vi)P*. (8.12)

By the tower rule for conditional expectation and the definition of A(py, v;),

n
E ZA(Ptth)
t=1

=E

DA~ (X))
t=1

By the definition of the information ratio,

D APy | SE| D I(pvi) ¥
t=1 t=1

n
(2 JH\P*E Z It(pta Vt)

t=1
(é) \/I’l“P*E [KL(PX* |Xl Yoo, XY PX*)]

< n¥ log(m)

where (a) follows from (8.12), (b) from Cauchy-Schwarz and (c) from the
chain rule for information gain (Cover and Thomas, 2012, §2.5). (d) follows
because X, € ¥ and the information in any 4-valued random variable is at
most log |%’| = logm. Finally, bound log m using Assumption 8.11. O

@
E <E

There is no obvious reason why ¥* should be well-controlled. The information
ratio is bounded by the following theorem:

Theorem 8.21 (Lattimore 2020) W* < Cd*log(nd) where C > 0 is an
absolute constant.

The proof of Theorem 8.21 is quite involved and is not included here. Even
when you can sample from v, the distribution p witnessing the upper bound on
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p — Y¥(p,v) involves positioning certain convex bodies in minimal surface
area position and is not practical to compute. Combining Theorem 8.21 and
Theorem 8.20 and Theorem 8.17 yields the following theorem:

Theorem 8.22 RegX(K) = bRegk(K) < Cd*>+/nlog(dn).

The above theorem shows that the adversarial minimax regret and Bayesian
minimax regret can be bounded in terms of the minimax information ratio. The
next theorem shows that the adversarial regret of Algorithm 8.3 can also be
bounded in terms of the minimax information ratio.

Theorem 8.23 (Lattimore and Gyorgy 2021b)  A* < }1‘1’ .

Except for the 1-dimensional setting (Section 8.2), the only bounds we have on
A* are via Theorem 8.23 and bounds on P*. Remarkably the constant % means
the upper bounds obtained by the mirror descent analysis of Algorithm 8.3 and
information-directed sampling exactly match:

bReg) (K) < 1+ +/n¥*logm by Theorem 8.20
Reg), (K) < 1 +2ynA*logm by Corollary 8.16

<1+ nP*logm. by Theorem 8.23

Proof sketch of Theorem 8.23 We outline the key ingredients of the argument,
ignoring measure-theoretic and topological challenges associated with applying
the minimax theory. Let A = A,,, X %, and A(A) be the space of probability
distributions on A with the discrete o--algebra. Given p € A} and e € & and
v € A(A), let

Apg(prelv) = /A Ao (P elpas £ dv(pas )

e e(X.¥) ne(X.Y)
—UE[@ P*,f>+<p* ) >+ -8, ( >0 )] (8.13)

where expectation integrates over (p«, f, X) with law v ® p and Y = f(X).
The expectation v +— A, ,(p,e|v) is linear and Exercise 8.14 shows that
(p,e) = Ay 4(p,e|v) is convex. This hints at the possibility of applying a
minimax theorem. Technically you should use Sion’s theorem, which besides
some kind of convex/concave structure also needs compactness. Let us just say
now that the following holds:

Ay, = inf inf sup A,Iq(p,e||v) sup  inf 1nf A,,q(p,e||v)
PEAS e€€ yeA(A veA(A) PEA
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Hence, the proof will be completed if we can show that for all v € A(A),

inf inf A , <P, 8.14
plEnMn inf mq(Delv) < (8.14)

When v is given, it turns out that the estimation function e minimising (8.13)
can be computed by differentiation and is

eteo) =2 (R () - R (Bpals () =3])

Two observations: (1) the above is not obvious — you need to confirm it yourself.
(2) the conditional expectation is only well-defined if x is in the support of p and
y is in the support of f(x). When this is not the case you may define e(x, y) in
any way you please. Let p € A}, and p,, = E[p«|X,Y] and p,, = E[p4], which
are the posterior and prior distributions, respectively. Then

Aya(p.elv) = %E [<p P f)+ <p* “q e(X’Y)> + %&, (”e(X’Y))]

p(X) p(X)

g A(i)], ", %E [(Pa: R (@) = R (py)) = R*(R'(9)) + R* (R (py))]

© % + %E [(Pos R () = (Pros R (Ppo)) = R*(R'(0)) + R* (R ()]
© AU}’{ V) _ %E [Drs (R’ (@), R (p)) + Des (R (p), R ()]

@ % _ %E [Drs (R’ (p)- R (p))]

© @ - %E [Dr (D0 Po)] -

where (a) follows from the definition of A;, ,(p, e||v) and by substituting the
definition of e and &, (u) = Dg+(R’(q) — u,R'(q)). (b) follows from the
definitions of p,, and p,. (c) by the definition of the dual Bregman divergences.
(d) follows since Bregman divergences are always non-negative. (e) follows
from duality (Proposition 8.7). Ideally we would now choose p to be the
minimiser of the information ratio W (-, v), but this is generally only supported on
two coordinates and hence not in A}, for m > 2. Fortunately it is straightforward
to show that when p minimises ¥'(-, v), then [0, 1) 3 § — Y ((1-0)p+61/m,v)
is continuous and hence there exists a p € A}, such that ¥(p,v) < ¥* + ¢ for
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O (d*>+/nlog(nd))

Theorem 8.21

VI
. Theorem 8.15
BAYESIAN bReg’ (K) < o (\/nd‘lf* log(nd))
Algorithm 8.4
Theorem 8.17 Theorem 8.23
Il VI

Theorem 8.20
ADVERSARIAL  Reg’(K) < o (\/ndA* log(nd))

Algoriﬁlm 8.3

Table 8.1: The relationship between the results in this chapter. The figure
shows two ways to bound Reg’(K). The first is completely non-constructive
via minimax duality (Theorem 8.17). The second is by bounding the regret of
Algorithm 8.3. The latter is only to be preferred slightly since Algorithm 8.3
has no obvious efficient implementation.

any € > 0. Lete > 0 and p € A}, be such that ¥(p, v) < ¥* + . Then

A(p,v) B 1
n

An,q (P’ e"V) < FE [DR (ppm ppr)]

1 1
< T_]\/(\P* + S)E[DR (ppoa ppr)] - ?E[DR (pp07 ppr)]

< sup (xV‘I‘* +& —x2)

x>0
P+
=—
where in the second inequality we used the definition of p and the information
ratio. Since &€ > ( was arbitrary, (8.14) holds and the proof is complete. m

8.8 Notes

8.1: Besides inconsequential simplifications, the kernel-based method in one
dimension was designed by Bubeck et al. (2017). They extended the general
idea to the higher dimensions to design a polynomial time algorithm with
regret d'0-3+/n, which was the first polynomial time algorithm with poly(d)+/n
regret in the adversarial setting. Sadly there are many challenges to generalising
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Algorithm 8.2 and ultimately the higher-dimensional version is not realistically
implementable.

8.ii: Information-directed sampling and the core analysis was introduced
by Russo and Van Roy (2014). The idea has been generalised to frequentist
settings, which are explained in depth by Kirschner (2021) who also details
many properties of the information ratio. The application to convex bandits to
prove bounds non-constructively for adversarial bandit problems is by Bubeck
et al. (2015), who were the first to show that O(+/n) regret is possible for
adversarial convex bandits for losses in F4,. The extension to higher dimensions
is by Bubeck and Eldan (2018) and Lattimore (2020). The latter shows that the
minimax regret for adversarial bandits is at most O (d>>+/n). This remains the
best known bound, though it is matched in all but logarithmic terms by online
Newton step (Chapter 11).

8.iii: The oldest and most well-known algorithm for Bayesian bandits is
Thompson sampling (Thompson, 1933), which in every round samples a loss
function from the posterior and plays the action that minimises the sampled
loss. This algorithm has near-optimal Bayesian regret for some models, like
finite-armed bandits and linear bandits (Russo and Van Roy, 2016). For convex
bandits Bakhtiari et al. (2025) showed that Thompson sampling has O (+/n)
Bayesian regret in the stochastic setting when d = 1. They also show that
for large d there exist priors for which the regret of Thompson sampling is
exponential in the dimension. In the Bayesian adversarial setting with d = 1
it is not known if Thompson sampling has O (+/n) regret. Bubeck et al. (2015)
showed that it does not have a bounded information ratio, which means that new
proof techniques would be needed to prove O (y/n) regret.

8.iv: The duality between mirror descent and the information ratio was
established by Zimmert and Lattimore (2019) and Lattimore and Gyorgy
(2021b) with the latter proving the more difficult direction. These connections
have led to a beautiful theory on the complexity of sequential decision making in
great generality (Foster et al., 2021, 2022). In brief, algorithms like exploration-
by-optimisation are provably near-optimal in a minimax sense. There are many
subtleties and you should read the aforementioned works.

8.v: Bakhtiari et al. (2025) prove that the minimax information ratio satisfies
¥* = Q(d?), which shows that the best possible bound obtainable via a naive
application of the information-theoretic machinery is O(d'/n).

Exercise 8.24 WW&? Use the arguments by Zimmert and Lattimore (2019)
and the lower bound on ¥* by Bakhtiari et al. (2025) to prove that A* = Q(d?).
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The exercise shows that no matter how you explore or estimate losses, the
classical analysis of exponential weights cannot yield a bound on the regret
better than O (d'->+/n). Importantly, however, lower bounds on the complexity
measures do not imply lower bounds on the minimax regret. There exist other
settings where the minimax regret is better than the upper bound in Theorem 8.20.
For example, Lattimore and Hao (2021) show that in bandit phase retrieval
the information-theoretic machinery suggests a bound of O(d'-3+/n) while the
minimax regret is ©(d+/n)
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Cutting plane methods

Like the bisection method (Chapter 4), cutting plane methods are most naturally
suited to the stochastic setting. For the remainder of the chapter we assume the
setting is stochastic and the loss function is bounded:

Assumption 9.1 The following hold:

(1) The setting is stochastic, meaning that f; = f for all #; and
(2) theloss fisin F,.

The bounds established in this chapter are worse than what we will show
for online Newton step in Chapter 10, but the analysis is considerably more
straightforward and the algorithms are easy to tune. To keep things simple
we study the sample complexity rather than the regret, though most likely
the algorithms and analysis can be adapted to the regret setting without too
much difficulty as we discuss briefly in the notes. This chapter also introduces
an algorithm for infinite-armed bandits that may be of independent interest.
The highlight of the chapter is a mechanism for finding a suitable cutting
plane with only noisy zeroth-order access to the loss function (Section 9.4).
This is then applied to bound the sample complexity of the center of gravity
method (Section 9.5) and the method of the inscribed ellipsoid (Section 9.6).
In both cases the sample complexity is O(d*/e?) with different computational
properties.

Stochastic oracle notation Because of the modular nature of the algorithms
in this chapter, it is not practical to keep track of the round of interaction.
This necessitates a new notation for the interaction protocol. When we write
y ~ f(x) in an algorithm its means that y = f(x) + &€ where ¢ is 1-subgaussian
conditioned on the history (all previous queries).

116
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9.1 High-level idea

The basic idea is to let S be a subset of K with non-negligible volume and on
which the loss f is nearly minimised. Then initialise K; = K and recursively
compute a decreasing sequence (Kj) of subsets such that at least one of the
following holds:

o The ‘center’ xi of Kj is a near-minimiser of f.
o Ky4+1 C Ky contains S.

Note there are many definitions of the center of a convex body as will soon see.
The largest kmax such that Ky contains S can be bounded as a function of
how fast k£ +— vol(K}) decreases. Combining this with the above requirements
on (Kj) and (x) yields a bound on how many iterations kn,x are needed
before there exists a near-minimiser among xi, . . ., Xk, . Generally speaking
kmax = poly(d) and the final step is to query the loss on x1, . . ., x, . to identify
a near-minimiser among them (Section 9.3). In the one-dimensional problem
there is limited scope for imagination but in high dimensions there are several
intersecting complexities. Namely, what geometric procedure will reduce the
volume sufficiently fast? Can it be computed efficiently and how does it interact
with convexity? Standard methods are:

(e]

The ellipsoid method (Shor, 1977; Yudin and Nemirovskii, 1977, 1976).
The center of gravity method (Newman, 1965; Levin, 1965).

Vaidya’s method (Vaidya, 1996) and its refinement by Lee et al. (2015).
The analytic center method (Nesterov, 1995; Atkinson and Vaidya, 1995).
The method of the inscribed ellipsoid (Tarasov et al., 1988).

(e]

(e]

(e]

[e]

We focus on the center of gravity method, ellipsoid method and method of
inscribed ellipsoid. Let us make the considerations above a little more concrete.
By Lemma 9.3 below there exists a (usually non-regular) simplex S C K such
that the loss f is near-optimal for all x € S and log(vol(K)/vol(S)) = O(d).
Remember a half-space isaset H = {y : (y — x,n) < 0} £ H(x,n) for nonzero
direction 7 € R? and point x € R¢. We will study three methods, which
classically operate as follows (see also Figure 9.1):

o The center of gravity method starts with K; = K and iteratively updates
Ki+1 = Ki N Hy where Hy is a half-space with boundary dHy passing
close to the center of mass x; of K. We additionally insist that either x is
near-optimal or Hy contains S. A generalisation of Griinbaum’s inequality
shows that log vol(Ky+1) < logvol(K) — ck for some universal constant
¢ > 0. Suppose now that xy, . . ., xx are not near-optimal. Then by induction
S C Kg+1. But this implies that vol (K1) > vol(S) and this is only possible
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for k = O(d). Consequentially, if k = ©(d), then one of xi,...,x; is
near-optimal. With deterministic zeroth-order access to the loss function
the learner can simply return the arg min{f(x) : x € xy,...,x;} while
with noise it can treat the k candidates as a finite-armed bandit and use an
elementary pure exploration bandit algorithm to approximate the arg min as
explained in Section 9.3. In Remark 9.5 we explain why § is chosen to be a
simplex.

o The method of the inscribed ellipsoid is the same as the center of gravity
method, but rather than using center of mass it uses the center of the
largest ellipsoid contained in K. It can be shown that log vol(Ky+) <
log vol(K) + O(d) — ck for universal constant ¢ > 0. Hence, like the center
of gravity method, the number of iterations where S C Ky is at most O(d).

o The ellipsoid method starts with an ellipsoid E; such that K C Ej. The
ellipsoid is updated by finding a half-space Hy with boundary passing close to
the center of Ej and such that S € Hy and Ej, is calculated as the smallest
ellipsoid containing Ex N Hy. The classical theory of the shallow cut ellipsoid
method shows that log vol(Eg+;) < logvol(E) — % for some universal
constant ¢ > 0. Hence, provided that log vol(E) < log vol(K) + O(d), the
number of iterations is at most O (d?).

The big question is how to find the half-spaces passing close to the relevant
center and that contains the near-optimal simplex with high probability. Besides
this there are many details to be sorted out. Most notably, how close to the center
of mass or center of ellipsoid do we need the half-space to be?

Remark 9.2 The center of gravity and inscribed ellipsoid methods require
only O(d) iterations while the ellipsoid method needs O (d?). The advantage of
the latter is the remarkable fact that the smallest ellipsoid containing £ N H for
ellipsoid E and half-space H has a closed-formed expression, while estimating
the center of mass or finding the maximum volume inscribed ellipsoid is less
elementary.

We finish with the promised lemma establishing the existence of a near-optimal
simplex S.

Lemma 9.3 Suppose that K is a convex body and f € . Then, for any
g € (0,1), there exists a simplex S = conv(xy,...,xg+1) C K such that
f(x) <infycg f(y) + & forallx € S and

vol(K)
d!vol(B4) -

&

vol(§) > (E)d
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(a) Center of gravity (b) Inscribed ellipsoid (¢) Ellipsoid method

Figure 9.1: An illustration of one iteration of the center of gravity, inscribed
ellipsoid and ellipsoid methods.

And in particular, by Proposition A.1(1), log(vol(S)) = log(vol(K)) —
O (dlog(d/e)).

Proof The construction is illustrated in Figure 9.2. Let fi = infyex f(x).

Suppose that K is in John’s position so that by Theorem 3.15, Bf CcKc
Bg. Letting ej,...,eq4 be the standard basis vectors. Then obviously T =
conv(0,ey,...,eq) C K. Let x be some point such that f(x) < fx + 5
and § = {(1 - %$)x+ 5y : y € T}. Then, for any z € S there exists a

y € T such that z = (1 — $)x + 5y and since f € %, is bounded and
convex, f(z) < (1= %) f(x) + 5f(y) < f(x) +&/2 < fx + &. Furthermore,
vol(T) = 1/d! and
e\d e\d 1
vol(S$) = (E) vol(T) = (5) i
Meanwhile, vol(K) < VOI(BZ), which implies that

vol(K)
d!vol(B4) -

8d

vol(S) > (E)

The result for general K follows via an affine map into John’s position. O

Remark 9.4 Lemma 9.3 is moderately crude. For example, you can improve
the result by taking 7' to be the regular simplex inside B‘f. Alternatively one
may try to avoid using John’s theorem and letting 7" be the simplex of largest
volume contained in K. For this simplex it is known that for all convex bodies K,
(vol(T) /vol(K))'/4 > ¢/+/d for some absolute constant ¢ > 0 and this is not
improvable (Galicer et al., 2019). For our purpose, however, these refinements
make only negligible differences to the constants in our regret bounds.

Remark 9.5 You might wonder why S is a simplex rather than just the level
set {x : f(x) < fi + &} which contains S. The reason is that later we will want
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to prove that S is in some randomised half-space with high probability and for
this it suffices to show that the vertices of S are contained in the half-space with
high probability, which involves a union bound over the d + 1 vertices. Any
convex shape with poly(d) vertices would be sufficient. But there is no hope to
improve the bounds in this chapter by modifying this construction except for
miniscule constants.

Figure 9.2: The construction used in the proof of Lemma 9.3.

9.2 Infinite-armed bandits

‘We make a brief aside to study a kind of infinite-armed bandit problem. Suppose
that p is a probability measure on K and & : K — (—o0, 1] is an unknown
function such that E[#(X)] > 0 when X has law p. In contrast to the rest of the
book, we are looking for a procedure for (crudely) maximising 4. We suppose a
learner can sample from p and for any x € K the learner can obtain an unbiased
estimate of 4 (x) with subgaussian tails (just as in the standard convex bandit
problem). We formalise this with the following assumption:
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Assumption 9.6 The learner can sample from a probability measure p on K
and h : K — (—oo0, 1] is a function such that

/ h(x)dp(x) >0.
K

For any x € K the learner can sample from % (-|x) where % is a probability
kernel from K to R such that for all x € K

(1) the mean of # (-|x) is h(x); and
(2) the probability measure J# (-|x) is o-subgaussian:

/R exp((y/)?) F (dylx) < 2.

There is no geometry in this problem. The function 4 needs to be measurable
but besides this there is no requirement for continuity or any other structural
properties beyond the semi-boundedness. Of course, in such circumstances
there is no hope whatsoever to actually maximise A: for example, when it is the
indicator function of some singleton and p is continuous. What can be achieved
depends on the law of 4#(X) when X has law p. Since we have assumed that
E[h(X)] > 0, it seems reasonable that we can find a point x such that i (x)
is close to 0. Given an € € (0,1) and ¢ € (0, 1), we construct an algorithm
that with probability at least 1 — § returns an x such that 2(x) > —& and in
expectation takes at most

o (0‘2 log(l/é))

22
samples from the probability kernel % .

Remark 9.7 The expected number of times Algorithm 9.1 samples from p is
O(1/g). In our application, samples from F (-|x) correspond to querying the
loss function while p is an explicit distribution on K that is easy to sample from.

The basic idea is to sequentially sample points x from p and then take samples
from J (-|x) to test whether or not /(x) is suitably large. The big question is
how many samples to take from J# (-|x). And in fact the algorithm will vary
the number of samples it takes for reasons we now explain. Remember we
assumed that E[2(X)] > 0. There are multiple ways this can happen. Here are
two extreme examples:

o h(X) = 2& with probability 1/2 and h(X) = —2¢ otherwise.
o h(X) = 1 with probability 2¢/(1 + 2¢) and h(X) = —2¢ otherwise.
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And of course there are many intermediate options and mixtures. Suppose we
want to design an algorithm that finds an x with i(x) > —& for distributions
of the first kind. Then we should repeatedly sample points x from p and
then query J (-|x) roughly O(c?/&?) times until we can statistically prove
that A(x) is large enough. Since by assumption 4(X) > —& with constant
probability, in expectation this requires only O (c-2/&?) queries. On the other
hand, for distributions of the second kind the algorithm needs in expectation
O(1/€) queries to p to find an x with 4(x) = 1. But to identify when this
has happened only requires O(c?) queries to % (-|x) because the margin is
large. Algorithm 9.1 below essentially dovetails these two algorithms and all
intermediaries on a carefully chosen grid. Concretely, the inner loop samples
O(1/¢) points from p and queries the kernel with sample sizes ranging from
O(c?/€%) to O(c?). We will prove that with constant probability this inner
loop succeeds in identifying an x such that ~(x) > —&. The outer loop simply
repeats the inner loop to boost the probability of success. The quantity b, i is
chosen so that 377, >, b;nl « = 1 and scales the confidence level to permit a
union bound over all m, k.

1 def wwr(ee(0,1), 6€(0,1), p, X)
2 for m=1 to o:

3 for k=1 to knmx=2+][2]:

4 b,k = [k(k+1)][m(m + 1)]

2
5 Rk = [—640 loigilzjm’k/é)-‘ and Gy = 204 —log(zni’,'lk/&)
6 sample xp,x from p
7 sample Hi,...,Hy,, , from F(:|xp,)
8 compute h(x,;, ) = mi,k Sk Hy
9 if h(xpi) —Cuix = —g: return x, i

Algorithm 9.1: Infinite-armed bandit algorithm

Theorem 9.8 Suppose that Algorithm 9.1 is run with inputs € € (0, 1),
6 € (0, 1) and probability measure p and K satisfying Assumption 9.6. Then
the following hold:

(1) In expectation Algorithm 9.1 takes at most O (%) samples from
the probability kernel % .

(2) With probability at least 1 — & Algorithm 9.1 returns an x such that
h(x) > —&.
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Proof (“®) We proceed in two steps.

Step 1: Setup, concentration and correctness Let P, be the probability
measure obtained by conditioning on all data obtained during the first m outer
loops and G, be the event defined by

kmax

szg{

7/l\(xm,k) - h(xm,k)‘ < Cm,k}

and G = N> _, G, which are events that certain estimates lie close to the truth.
We also define an event that holds in outer iteration m when the algorithm
samples a point x,, ; with suitably large & (x,, i), which is defined in terms of
its complement by

Kmax

Ve =) {h(xm,k) <

k=1

(k- 2)8}
—

Note that (x,, x)m « are independent and identically distributed samples from p.
A union bound combined with Theorem B.16 shows that P(G) > 1 — é. The
same argument and naive simplification shows that

Pu-1(Gm) =2 1/2. .1
Suppose the algorithm halts and G holds. Then
h(xem) 2 B k) = Conge = ¢

which, since P(G) > 1 — §, establishes correctness (part (2)).

Step 2: Bounding stopping time Let M be the smallest m such that the
algorithm halts:

M = min {m : max ('ﬁ(xm,k) - Cm,k) > —8} .
1<k <kmax

Suppose that V,,, and G,,, both hold, then there exists a k € {1, ..., kmax} such
that

(k=2)e
2

};(xm,k) - Cm,k = h(xm,k) - 2Cm,k > - 2Cm,k > -£,
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which by construction means the algorithm halts and consequentially M < m.
Suppose X has law p. Then

Ko ~
B 1 (V) = P (ﬂ{h(xm,m@})

k=1

= ﬁp h(X) < @)

= exp (ilog I—P(h(X) > (k 22)8) )
k=1
< exp (—i]? (h(X) > (k- 2)8))
k=1 2
<exp(-1),

where for the second last inequality we used the fact that log(1 + x) < x for all
x. The final inequality follows because

e <E[h(X) +¢]

5/0 P(h(X) >2t—¢)dt
£ w— (k-2)e
5 (h(X>z—2 )

where the first inequality holds because E[2(X)] > 0 and the last by by
comparing the integral to the sum (Figure 9.3). Hence, Py, (V,) < exp(-1)
and by the definitions, a union bound and (9.1),

NIO')

1M > m)Py (M >m) <Pp_1(VS) + Pr—1(Gy) <exp(—1) + %

1
2"

Therefore P(M > m) < (9/10)™ by induction. Part (1) follows because

Koy o2 log(m/5)
D ik =0 | ==
=l €

and Y,°_,(9/10)™ ' log(m/5) = O(log(1/5)). o
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_ £
Area = 5

( Area = §P (h(X) > -%)

\

’—P(h(X) >t—¢)

g/2 e 3¢/2 2& 5¢g/2

Figure 9.3: Integral approximation in the proof of Theorem 9.8.

9.3 Best arm identification

The methods proposed in Sections 9.5 and 9.6 effectively return a short list
of candidates for near-minimisers. We need a simple subroutine to identify a
near-minimiser from this list.

1 def Bar(e&,0,x1,...,%m)

2 n= {mmggww

3 for k=1 to m:

4 sample Yy ~ f(xg),...,Y, ~ f(xx)
5 compute f(xk) = %Z?:] Y,

6 return argmin{f(x) X EX], ..y Xm}

Algorithm 9.2: Best arm identification

Theorem 9.9 With probability at least 1 — 6, Algorithm 9.2 returns an
x € {x1,...,Xm} such that

......

Furthermore, it queries the loss function f at most m |—1 6log(m/o)/ 82] times.
Proof By Theorem B.16 and a union bound, with probability at least 1 — 3,

|f(xk)—f(xk)|§gforalllskgm.
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Therefore, for the x returned by the algorithm and any y € {x{,..., X},

FO 2 F@+3 <f0+3<f0) +e. 0

9.4 Finding a cutting plane

Let f € $, with fi = inf ek f(x). All cutting plane methods abstract away
the construction of the half-space. The methods assume a process that given a
‘center’ x of a convex set K return a half-space H such that at least one of the
following holds:

o x is close to H and H contains all near-minimisers of the loss function.
o x is a near-minimiser of the loss function.

When the learner has gradient access to the loss function f, then the half-space
H=H(x f(x) 2 {y e R : (f'(x),y — x) < 0} satisfies the conditions.
To see why, suppose that f(y) < f(x). Then by convexity f(y) > f(x) +
(f'(x),y—x) = f(y) + {f'(x),y — x), which implies that y € H. Hence, either
f(x) £ fx + & and x is a near-minimiser or f(x) > fi + & and any y with
f() < fr+eisinH.

In the bandit setting we do not have access to the gradient, so another
procedure is needed to find H. Furthermore, the condition that H contains all
near-minimisers of the loss function will be relaxed to require that any specific
near-minimiser is in A with high probability. We have been a bit vague about
how close x needs to be to the half-space. This depends on which cutting plane
method is used but fortunately can be abstracted away in the analysis of each
method by using a change of coordinates. Concretely, it suffices to make the
following assumption:

Assumption 9.10 K is a convex body such that Bf c K c BY for some r > 1.

The ‘center’ is now taken to be 0. The mission in this section is to design a
randomised algorithm that queries the loss function as few times as possible
and returns a half-space H such that

o The boundary of the half-space intersects Bld: 0H N Bf #0.

o P(ye H)>1-6forany y € K with f(y) < f(0) —e&. ©-2)

Remark 9.11 The second item above implies that either f(0) < fi + 2¢ or
for any y with f(y) < fu +&,P(y e H) = 1 - 6.
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Approach A natural idea is to try and use the gradient of a smoothed surrogate.
Let U have law % (BY) and

s(x) =E[2f(U/4+x/2) - f(U/2)], 9.3)

which is the same surrogate that appeared in Chapter 6. We saw there that s is
differentiable, convex and optimistic: s(x) < f(x) for all x. Generally speaking
the half-space H = {y : (s’(x),y —x) < 0} need not contain the minimisers of
f. But when s(x) is sufficiently large, then H does contain near-minimisers of

f-
Lemma 9.12 Let H = H(x,s'(x)). Then y € H for all y with f(y) < s(x).
Proof Suppose that f(y) < s(x). Then, by convexity of s,

J) 2 s(y) 2 s(x) + (" (x),y —x) 2 f(y) + (5" (x),y = x) ,

where in the first inequality we used the fact that s < f is optimistic (Lemma 6.9).
The second follows from convexity of s and the third by the assumption that
s(x) = f(y). Rearranging shows that (s’ (x), y—x) < Oand therefore y € H. O

Lemma 9.12 suggests a simple plan:

o Findanx € Bf such that s(x) is nearly as large as f(0).
o Find an estimate §’(x) of the gradient of s at x.
o Propose the half-space H(x, §’(x)).

But why should there exists a point x € Bf where s(x) is large?

Lemma 9.13  Suppose that U,V are independent random vectors with law
% (BY) and h(x) = s(x) — f(0). Then E[h(V)] > 0.

Proof By convexity of f,
E[s(V)] =E[2f(V/2+U/4) - f(U/2)]

>E[2f(V/2) - f(U/2)] Jensen’s inequality
d
=E[f(U/2)] V=U
> f(0). Jensen’s inequality
Rearranging completes the proof. O

Since the maximum is larger than the expectation, Lemma 9.13 shows there
exists ax € Bﬁl such that s(x) > f(0). Moreover, a point nearly satisfying this
can be found using Algorithm 9.1 as we now explain. To implement this plan
we need an oracle that can provide estimates of h(x) = s(x) — E[ f(U/2)] for
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any x € Bf. And at the same time we provide an estimator for the gradients of s,
which is

b 4d
s'(x) = —vol(Sfl‘l) /Sj" f(x/2+u/dudu.

1 def F(x)

2 sample Uy,U, from % (BY)

3 let X;=U;/4+x/2 and observe Y; ~ f(X1)
4 let X, =U,/2 and observe Y, ~ f(Xp)

5 let X3 =0 and observe Y3~ f(X3)

6 return 2Y1—Y2—Y3

Algorithm 9.3: Returns an unbiased estimate of 4(x) = s(x) — f(0).

The following simple lemma shows that Algorithm 9.3 returns an unbiased
estimate of s(x) — f(0) that is also subgaussian:

Lemma 9.14  Suppose that Algorithm 9.3 is run with input x € Bgl/z and has
output Y. Then E[Y] = s(x) — f(0) and ||Y - E[Y]][,, < 4.

Proof That E[Y] = s(x) — f(0) is immediate from the definition of the
surrogate ((9.3)) and the construction of the algorithm. The bound on the Orlicz
norm follows from the triangle inequality for Orlicz norms (Fact 1) and because
the noise is subgaussian (Assumption 1.4). O

1 def ESTIMATE-GRADIENT(E,0,X):
6400d log(2/ S
2 = ;)zg( /6)
3 for r=1 to n:
4 sample U; from %(Sf‘l) and X; =35+ %
5 let Y, ~ f(X;)
6 §x)=dyn Uy,
7 return § (x)

Algorithm 9.4: Returns an unbiased estimate of s’ (x).

Algorithm 9.4 returns an estimate of the gradient of s’(x). The following
lemma provides a high-probability bound on the quality of this estimate.
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Lemma 9.15 Suppose that §' (x) is the output of Algorithm 9.4 given input
xeB? andne Si”l. Then, with probability at least 1 — 6,

3/2
(8" (x) = s"(x), M| < &.

Proof SinceY; = f(X;) +&; where |l&||;, < 1 it follows from the assumption

that f € Fp and the triangle inequality for the norm ||-[[,, (Fact 1) and
Lemma B.2 that

1Yelly, < Neclly, + 1F(X)lly, < 1+

1
Viog(2)

Combining this with Proposition B.11 and B.13 shows that

KU, mYelly, < KU m) g 1Y lly, < il

3 1 4
1+ < .
d+1 Viog(2)]  Vd+1
Let Z; = (4dU,Y; — s’ (x),n). The random variables Zi, . . ., Z,, are independent

and E[Z,] = 0 for all 1 < ¢ < n because 4dU,Y; is an unbiased estimator of
s’ (x). By the above display and the fact that E[4dU,Y;] = s/ (x),

1Z:lly, = 11{4dU,Y:, ) — E[{4dU Y, )]y,

< (1 + 10g(2)) 14d{Us, m)Y; |l g, Lemma B.6
1

= 4d (1 ¥ M) KUz Yillu, Fact 1

<40Vd.

Therefore, by Bernstein’s inequality (Theorem B.17) with probability at least
1-6,

(8" (x) = s"(x).m)| =

] n
27

t=1

g40\/2max( /410g’£2/6),210g,(12/6))

<e

b}

where the last inequality follows from the definition of n. O

At last we are in a position to use Algorithm 9.1 to find a suitable point to cut
and Algorithm 9.4 to estimate the gradient of the surrogate loss.
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1 def cur(f,e,6,r):

2 let p be the uniform measure on Bf

3 x=wr(%,%.0.%) # Algorithm 9.1
4 g = ESTIMATE-GRADIENT (5=, g,x) # Algorithm 9.4
5 return H(x,g)

Algorithm 9.5: Algorithm for finding a halfspace satisfying (9.2) under As-
sumption 9.10

Theorem 9.16 Suppose that f(y) < f(0) — &. The following hold:
(1) With probability at least 1 — 6 Algorithm 9.5 returns a half-space H with
yeHand@HﬁBfi(Z).
. . dr?log(1/5) .
(2) In expectation Algorithm 9.5 makes at most O (T) queries to the

loss function.

Proof Recall that h(x) = s(x) — f(0). By Lemma 9.13,
/ h(x)dp(x) =2 0.
B

Moreover, Lemma 9.14 shows that Algorithm 9.3 supplies the kind of stochastic
oracle for 4 needed by Algorithm 9.1. Hence, by Theorem 9.8 ,with probability
atleast 1 —¢/2, the call to Algorithm 9.1 returns an x € Bf such that h(x) > - £,
which implies that s(x) — f(0) > —%5. By assumption f(0) > f(y) + .
Combining this with a union bound and Lemma 9.15 shows that with probability
atleast 1 — ¢

J) = s()
> 5(x) + (5 (¥),y = x)
> f(0) = 5 +(s'(0).y =)
> f() + 5+ (' () y =)
> f() + (& () =)

Therefore (§(x), y — x) < 0, which shows that y € H as required. Since x € IBB‘IJ
and x € dH(x,§ (x)) it follows trivially that 0H N B‘l’ # (. The bound on
the number of queries follows from Theorem 9.8 and the construction of
Algorithm 9.4. O
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9.5 Center of gravity method

Let K c R be a convex body and H be a half-space. We are interested in the
conditions on H and K such that vol(K N H) <y vol(K) for some constant 7.
Griinbaum’s inequality provides such a result for half-spaces H passing through
the center of mass:

Theorem 9.17 (Griinbaum 1960) Let K be a convex body and
y = Vol(;K) fodx and H = H(y,n) for any direction n # 0. Then

vol(K) d+1 e

d
vol(KmH)S( d ) .

Remember that a convex body K is in isotropic position if fK xdx =0and
fK xxTdx =1.

Theorem 9.18 (Bertsimas and Vempala 2004) Let K be a convex body in
isotropic position and H = {x : {(x — y,n)} for unit vector n. Then

vol(K N H)

1
< __
vol(K) ~ L+ Il e’

By Theorem 3.16, when K is isotropic, then B‘]l cKCc Bﬂd and this is
more-or-less tight for the simplex in isotropic position. Theorem 9.18 shows that
cutting K anywhere inside B‘ll J(2e) © K will divide the set into two nearly equal
pieces. Given a convex body K recall from p 31 that 1sog : R — R is the
affine map such that 1sog (K) is isotropic. Note that 1sok is generally non-trivial
to compute exactly, but can be approximated with reasonable precision using
sampling as explained in Section 3.6. Theorem 9.18 can be combined with
Algorithm 9.5 to obtain a simple algorithm for bandit convex optimisation with
near-optimal sample complexity guarantees. To keep things simple we assume
exact computation in the following and ask you handle the approximation errors
in Exercise 9.28.
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1 args: €€(0,1), 6€(0,1)
log [ =2 [ 1og(1 — 1/(2¢))
d!vol(BY)

[\

kmax = 1 +

K=K

for k=1 to kpax:
Ty = (2¢) 150k, and fi = foT, ' and x; =T.'(0)
Hj = cur(fx, %, m,%d) # Algorithm 9.5
update Kiy =K N Tk‘l(Hk)

return BAI(%,%,)C],...,kaax) # Algorithm 9.2

0N N L AW

Algorithm 9.6

Remark 9.19 You might wonder if the final call to BAI is necessary. Maybe the
algorithm should simply return xi_ . This does not work. There is no particular
reason to expect that k +— f(x;) should be decreasing. Indeed, x; could by
chance be the minimiser of f.

Theorem 9.20 Under Assumption 9.1 the following hold:

(1) With probability at least 1 — 6 Algorithm 9.6 outputs an x such that

f(x) <infyek f(y) +e&.
(2) The expected number of queries to the loss function made by Algorithm 9.6

is at most
4
(0] (d—2 log (C—i) log (—dlog(l/a))) .
& & 0

Proof Let f, =inf ek f(x). We establish the claim in three steps, beginning
with a proof that with high probability the algorithm indeed returns a point that
is near-optimal. The second step proves the key lemma used in the first. The last
step bounds the sample complexity.

Step 1: Correctness Suppose that

0
P (min{f(xk) 1<k < kmax) < fat ;) >1-32. 9.4)
By construction the algorithm returns BaI(5, g,xl, ..+, Xky,) and by Theo-

rem 9.9, this subroutine returns an x € {xi, ..., xx} such that

P(f(x) <, min f(x)+ g) >1- g
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A union bound combining the above display and (9.4) shows that with probability
at least 1 — § the algorithm returns an x such that f(x) < fi + & as required.
The remainder of this step is devoted to establishing (9.4). Let S C K be the
simplex such that f(x) < fx + &/2 forall x € S and

f)d vol(K)

vol(8) 2 (4 d!vol(BY)’

9.5)

which exists by Lemma 9.3. We also let Sy = Ti(Sx), which is a simplex in
Jr = Ti (K). We prove the following lemma in the next step:

Lemma 9.21 Suppose that S C Ky and f(xr) > fi +&/2. Then

Pr_1 (S C Kgy1) 21— 5
max
where Py is the probability measured conditioned on all information available
at the end of iteration k — 1.

By induction and a union bound over 1 < k < kpax and Lemma 9.21, with
probability at least 1 — g at least one of the following holds:

(1) Thereexistsa 1 < k < kmax such that f(xz) < fx +&/2; or
(2) § C Kipyp+1-

In a moment we show that
1 kmax
vol(Ky,,..+1) < (1 - 2—) vol(K) < vol(S),
e

which contradicts (2) and therefore (1) occurs with probability at least 1 — 6.
The second inequality in the above display follows from the definition of kpax
and (9.5). For the first, by definition T} = (2e) 150k, , which means that i] k isin
isotropic position. Furthermore, by the definition of the algorithm 9 Hy N B‘l’ 0
and hence 5-dHy N B?/Ze # 0. Then

vol(Ky+1) _ VOI(%JkH) _ VOI(%Jk N in) <1 1

vol(Ke) — vol(£Jo)  vol(&z) 2’

where the last inequality follows from Theorem 9.18.

Step 2: Proof of Lemma 9.21 Suppose that y is a vertex of Sy = Tx(S). Then
fi(y) < fx + § and fi(0) > fi + 5, which means that

fey) < fi(@) = 7.
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Hence, by Theorem 9.16,
o
2(d + V) kmax
Since Hj is convex, if all vertices of S are in Hy it follows that S, C Hj.
Hence, a union bound over the d + 1 vertices of S; combined with the above
display shows that

Pt (y € Hy) 2 1

0
Pr-1 (Sk CHp) > 1 -
max
Therefore
Pr_1 (S C Kiy1) =Py (S C Ki N Tk_l(Hk)) Definition of Ky
= Pe_s (S c Tk‘l(Hk)) Since S ¢ K
=Pr_1 (Sx C Hy) Since Ty is invertible
>1- J
2kmax

as required.

Step 3: Sample complexity There are &,y iterations and
kmax = O (dlog(d/e)) .

The algorithm makes knax calls to cut with radius bound r = 4ed, precision %
and confidence ¢ with

0
2(d + 1) kpmax

By Theorem 9.16, the expected number of queries of the loss used by each call

to cuT is
21 1 I 3 <
o L218UD) _ (g S
£

=

g2 6
Therefore the total number of queries to the loss function used by all calls to
curt is bounded in expectation by

dSkmax dkmax d4 dl (d/) d
o e oG e (T e ()

Finally, the call to BAI uses just

kmax 1
o e )

queries. The result follows by combining the previous two displays. O
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The main problem with the center of gravity method is the need to find
the affine maps Tx. As we discussed in Section 3.6, when K has a reasonable
representation this can be done approximately by sampling. But this is a heavy
procedure that one would like to avoid.

9.6 Method of the inscribed ellipsoid

When K is a polytope, the method of the inscribed ellipsoid provides a more
computationally efficient cutting plane mechanism than the center of gravity
method. Given a convex body K c R, let mvie(K) be the ellipsoid of largest
volume contained in K, which is unique. Furthermore, we have the following
analogue of Griinbaum’s inequality:

Proposition 9.22 (Khachiyan 1990) Let K be a convex body and E = mvie(K)
and H be a half-space with OH intersecting the center of E. Then mvie(KNH) <
0.85 vol(E).

The standard method of inscribed ellipsoids initialises K; = K and subse-
quently computes K| from Ky as follows:

o Find E; = mvie(Ky).
o Let x; be the center of Ey and Hy = H(xg, gr) where gx € d f (xx).
o Update Ki11 = Kx N Hy.

Of course, this is only feasible with access to subgradients of the loss f. We
will use Algorithm 9.5 to find Hy, instead, but for this we can only guarantee
that 0 Hy passes through a point close to x; and therefore need a refinement of
Proposition 9.22.

Proposition 9.23 Let K be a convex body and E = mvie(K) and H be a
half-space such that 0H N E(%) # (0. Then mvie(K N H) < 0.93 vol(E).

As far as we know this result is new, though our proof — deferred to Section 9.8
— follows that by Khachiyan (1990) in almost every detail.
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1 args: €€(0,1), 6€(0,1)
2 k= 14+ 1og(L4>‘;) / 10g(0.93)w
d!vol (BY)
3 K=K
4 for k=1 to kpa:
5 E; = mvie(Ky) = E(xg, Ak)
6  Te(x)=247"(x—x) and fi=foT;!
7 Hy = cut(fx, £, m,m) # Algorithm 9.5
8 update Kiy =K NT, ' (Hy)
9 return Bal(%, $.x1,. .. Xpp) # Algorithm 9.2

Algorithm 9.7: Method of the inscribed ellipsoid

Computation Finding the maximum volume enclosed ellipsoid is the most
computationally heavy part of Algorithm 9.7, but this only needs to be done
O(d) cumulatively. Suppose that P = {x : Cx < b} is a convex body with
C e R™* _Since P is a convex body, m > d + 1. Khachiyan and Todd (1993)
show that MvIE(P) can be computed to extreme precision in O (m3-) time. Their
algorithm is based on interior point methods. More generally, the problem is a
semi-definite program and is practically solvable using modern solvers (Boyd
and Vandenberghe, 2004, §8.4.2). The complexity per round is dominated by
evaluating the affine map in the definition of f;, which is O(d?).

Theorem 9.24 Under Assumption 9.1 the following hold:

(1) With probability at least 1 — 6 Algorithm 9.7 outputs an x such that
f(x) <infyeg f(y) + &
(2) The expected number of queries to the loss function made by Algorithm 9.7

is at most
4 log(1
O(d—zlog (il)log(—d 0g( /8))) .
& & 0

Proof The argument is the same as the proof of Theorem 9.20. The only
difference is volume calculation. Recall that S C K is a simplex such that

S)d vol(K)

vol($) > (3 dlvol(B9)’
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which means that log(vol(S)) = Q (dlog(d/e)). Then

log(vol(Kk+1)) < log(vol(Ex+1(d)))
= dlog(d) +log(vol(Ex+1))
< dlog(d) + log(vol(E)) — k10g(0.93)
< dlog(d) + log(vol(K)) — k10g(0.93),

where in the first inequality we used the fact that K; C Eg41(d), which follows
from John’s theorem (Theorem 3.15). The second inequality follows from
Proposition 9.23 and the last since E; C K by definition. Hence vol(Ky41) <
vol(S) once k > kpax = ©(dlog(d/e)) iterations, just like for the center of
gravity method. O

9.7 Ellipsoid method

The ellipsoid method is an alternative cutting plane method that is statistically
less efficient than both the method of the inscribed ellipsoid and the center of
gravity method. The advantage is that it can be implemented using a separation
oracle only and relatively efficiently. Given a convex body K let Mvee(K) be
the ellipsoid of minimum volume containing K. The classical ellipsoid method
starts with an ellipsoid E| containing K.

o Let x; be the center of Ey.

o Supposethatx; € K,thenlet Hy = {x : (x — xg, gx) < 0} with g € 9 f (xx).
Otherwise let H;, = H(xg, SEPk (x1)).

o Let Exy1 = MVEE(E N Hy).

We give the formula for Ey; as well as references for the following claims in
Note 9.vi. The beauty of the ellipsoid method is that there is a closed-form
expression for Mvee(E N H) when E is an ellipsoid and H is a half-space.
Furthermore, vol(Eg.;) = O(1 — 1/d) vol(Ey). By construction we have
K, C Eg. There is no need for x; to be the center of Ej. In fact, when
Xk € Ek(ﬁ) it holds that vol(Ey41) < (1 — ﬁ) vol(Ey). Based on this, one
might try to implement the ellipsoid method by letting £y = E(xg, Ax) and
Ty = 2dA;1/2(x —xx)and fr = fo Tk", which are chosen so that

Ti(Ex) =BY, and Ti(Ex(1/(2d))) = Bf .

We want to run Algorithm 9.5 on fi. The problem is that there is no reason why
Ey(1/(2d)) c K should hold. Equivalently, it can happen that Bf ¢ dom( f).
There are two ways to remedy this.
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(1) There exists a modification of the ellipsoid method that guarantees
Ex(1/r) c Ky C Ey with r = O(d*?). Then you can let Ty, = rA,Zl/z(x - Xxk)
which means that

Te(Ex) =B¢ and Ti(Ex(1/r)) =Bf.

This ensures that Bf c dom( f¢) but the price is that r = O(d>/?) and this leads
to a final sample complexity of

d® polylog(d, 1/6,1/¢)
(0] 5 .

&

(2) Use the extension defined in Proposition 3.22 in place of f so that
dom( fr) = R¥. The challenge is that f; may not be bounded anymore so the
concentration analysis in the proof of Lemma 9.15 is no longer valid. To handle
this note that if the algorithm ever queries a point f; at some y for which
T, '(y) ¢ K, then you can use the separation oracle to define the cutting plane.
On the other hand, if the probability of querying fj at such a point is very low,
then the additional variance introduced by using the surrogate loss is minimal
and some version of Lemma 9.15 continues to hold. After bashing out all the
details you will eventually arrive at a sample complexity bound of

d polylog(d, 1/8,1/g)
0] 5 .
€

9.8 Proof of Proposition 9.23 (-®)

We start with a lemma:

Lemma 9.25 (Lemma 1, Khachiyan 1990) Let Ex = E(xx, Ax) = mvie(K)
and E = E(x,A) C K. Then,

A—I/Z A—l/2
vol(E) < min yexp(l - ), I =| min —” 77”, max —“ 77” .
TICRRE G R R TR

Proof of Proposition 9.23 Assume by means of a coordinate change that
E. = MviE(K) = E(x,D7?) and G4 = mvie(K N H) = E(—x, D?) for some
diagonal matrix D with eigenvalues A > --- > A5 and x € R?. This has been

chosen so that E, = D(B¢), which means that vol(E,) = det(D) vol(B¢). We
claim that E = E(0, (1 + xx7)~"/2) c K. Recall that the support function of a
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convex set A C R¥ is hs(u) = sup, 4 {(u,x). Suppose that u € R¢. Then

hg, (1) = (u,x) + ||Du|| < hg(u)
hG, (u) = = (u,x) + D~ ull < hi (u).

Multiplying these inequalities shows that
> < IDwID ™" wll < (e (u) = G, x)) (e (1) + G, )) = I () = G, )*

where the first inequality follows Cauchy-Schwarz. Rearranging shows that for

any u € R<,
| = VIl + ) < ).

Therefore E C K. Next, with A™1/2 = V1 + xx7,

hg(u) = Hmu

A N1 I lA~"2n]
pestt IDnll = A4 T gesg 1Dl

Hence, by Lemma 9.25,

VI+IEP voipy L+ 1+ [1x)1?
A -

. [lx]1? |
Ay vol(Ex) - a4 P iy

And therefore

vol(G*) 1 1 , 21+ IIx]?

= S—e —
vol(E*) ,1%.../13 ,1% AP A

By assumption there exists a point y € dH N E*(%). By definition y ¢ int(G.).
Since y € E*(%) there exists an i € IB%‘lj/z such that y = x + Dn. Therefore
2
L<|ly = (=0)llp2 = 12x + Dnllp> < 245 [Ix[| + 71

where in the first inequality we used the factthaty ¢ int(G4) = {z : ||z + x||p2 <
1}. Rearranging shows that

max (0, 1 — /l%/Z)2

2
x||© =
[lx]] YD
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Therefore
x(0,1-12/2)2
2 1+ max (0,1-47/
vol(G*) 1 4
< sup — exp|2 - <0.93.
VOl(E*) = a50 A2 A
O
9.9 Notes

9.i: Algorithm 9.2 is due to Even-Dar et al. (2006). For our application it
makes no difference, but you may be interested to know this algorithm is not
quite optimal in terms of the logarithmic factors. The optimal algorithm is called
median elimination and is also due to Even-Dar et al. (2006).

9.ii: Infinite-armed bandits of the kind studied in Section 9.2 are still a
little niche and go back to Berry et al. (1997). Generally speaking the objective
is to find a near-optimal arm and various assumptions are made on 4 and p.
Carpentier (2024) essentially introduced the much weaker objective of finding
an action that is close to the mean of 4 under p and provided a slightly more
complicated algorithm than analysed here but based on the same principles.

9.iii: The algorithm for finding a suitable cutting plane is inspired by
Lattimore and Gyorgy (2021a) and Carpentier (2024). The former paper uses an
optimistic surrogate combined with an overly complicated method for finding
the cutting point. The latter uses the pessimistic surrogate from Chapter 5 along
with a beautiful argument about when its gradient is nevertheless useful to
define a cutting plane at certain points. She uses an infinite-armed bandit to
find suitable points, but this is combined with a more complicated recursive
argument. The rates we obtain here are the same up to logarithmic factors as
those obtained by Carpentier (2024).

9.iv: The algorithms presented in this chapter do not have well-controlled
regret. What is missing is a degree of adaptivity within the mechanism for
finding a cutting plane that stops early when there is a large margin. This idea
was used by Lattimore and Gyorgy (2021a) and can probably be adapted to the
more refined algorithms in this chapter.

9.v: Vaidya’s method (Vaidya, 1996) and its refinement by Lee et al. (2015)
provide even faster cutting plane methods for polytopes. What is needed to use
these methods in combination with Algorithm 9.5 is to prove that an inexact
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center suffices to drive the algorithm, just as we did for the method of inscribed
ellipsoids with Proposition 9.23.

9.vi: All of the assertions about the ellipsoid method in Section 9.7 are
explained and proven in Chapters 3 and 4 of the wonderful book by Grotschel
et al. (2012). When the half-space is not at the center, the method is referred to
as the shallow cut ellipsoid method.

Theorem 9.26 Suppose the dimension d > 2. Given an ellipsoid E = E(a, A)
and half-space H = H(x, g) let E(B,b) = mvee(E N H). Let A = %“_Am.
Then:

(1) H intersects E if and only if A € [-1,1]. Moreover, if A € [-1,-1/d],
then E(b,B) = E(A, a).

(2) IfAe[-1/d,1), then withy = ”;‘—ﬁA

~ 1+da _d*(1-27) 2(1 +dA) .
b=a=—Zgn and B=—p— [A_(d+1)(1+,1)”'7]'
(1-4da)?
(3) Ifae(-1/d,1/d), then vol(mvee(E N H)) < vol(E) exp ;|

The proof of Theorem 9.26 is given by Grotschel et al. (2012, Chapter 3).
The advantage of the ellipsoid method is that only a separation oracle is needed.
The downside is that the sample complexity is a factor of d worse than what we
obtained using the center of gravity or inscribed ellipsoid methods.

Exercise 9.27 WAW@ Suppose K is represented by a separation oracle.
Use the separation oracle to construct a polytope P such that K c P. Use the
extension in Proposition 3.20 to extend the loss from a shrunk subset of K to P.
Use the ideas in Section 9.7 to implement the method of inscribed ellipsoid and
obtain a polynomial time algorithm with O (d*/&?) sample complexity.

9.vii: In our analysis of Algorithm 9.6 and Algorithm 9.7 we assumed
exact computation of isotropic position and the maximum volume inscribed
ellipsoid. The following exercise asks you to prove these algorithms are robust
to approximations:

Exercise 9.28 W W& Suppose that K is represented by a separation oracle.
Show that Algorithm 9.6 is robust to approximation of isotropic position and
give a complexity bound on all of the following:

o Number of queries to the loss function.
o Number of calls to the separation oracle.
o Number of arithmetic operations.
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Exercise 9.29 W& Suppose that K is represented by an intersection
of half-spaces. Show that Algorithm 9.7 is robust to approximation of the
maximum volume inscribed ellipsoid and give a complexity bound on the
number of queries to the loss function and the number of arithmetic operations.

In both cases all complexities should poly(d, m, 1/&,log(R/r)) where m = 1
for Exercise 9.28 and the number of constraints defining K in Exercise 9.29
and it is assumed that BY ¢ K c Bﬁ for known 0 < r < R. You will need to
combine results from many sources. A good place to start the references in
Section 3.9.
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Online Newton step

We can now present a simple method for obtaining O (d'-+/n) regret for losses
in F4, with the limitation that the analysis only works in the stochastic setting
where f; = f for all rounds.

Assumption 10.1 The following hold:

(1) The setting is stochastic: f; = f for all ¢.
(2) The loss is bounded: f € F.
(3) The constraint set is rounded: BY ¢ K c B

The assumption that K is rounded can be relaxed by repositioning the
constraint set as explained in Section 3.6. The bandit algorithm presented
here is based on online Newton step, which is a second-order online learning
algorithm. Compared to cutting plane methods in Chapter 9, the method here has
an improved dimension-dependence and can be generalised to the adversarial
setting (Chapter 11). On the negative side, the analysis is quite involved and
the algorithm is hard to tune. We start the chapter with an intuitive argument
about the role of curvature in bandit convex optimisation. There follows an
introduction to online Newton step in the full information setting and a brief
explanation of some concepts in convex geometry. The algorithm and its analysis
are presented at the end. To ease the presentation and analysis we let 6 € (0, 1)
be a small positive constant and

L =Clog(1/6),

where C > 0 is a sufficiently large universal constant. We will prove a bound
on the regret that holds with probability at least 1 — ¢ but at various points we
implicitly assume that § < poly(1/n, 1/d).

143
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10.1 The blessing and curse of curvature

The presence of curvature in bandit convex P
optimisation is both a blessing and a curse. The
key to obtaining optimal regret is to make sure \

you exploit the positive aspects while taking M- '
— 2 A

care to control the negative ones. It helps to
think about the case where the loss is nearly quadratic in the sense that it has
a nearly constant Hessian. The main implications of high curvature are the
following:

o Smoothing should be done on a smaller radius to maintain a suitably small
approximation error. This increases the variance of the gradient estimator
which makes gradient-based online learning algorithms unstable.

o The variance of the gradient estimator is modulated by the regularisation
of the algorithm, which suggests that the amount of regularisation should
increase with the curvature. But adding more regularisation means the
algorithm moves more slowly, which normally increases its regret. The
saving grace is that in the presence of curvature the regret decreases
quadratically as the iterate approaches the minimiser.

We saw this behaviour already in Section 6.5 where the loss was assumed
to be in Fp_sm.sc. Provided that 8/« is not too large, such losses are nearly
quadratic. Algorithm 6.3 uses a self-concordant barrier for regularisation with
an additional quadratic that depends on @ and uses a gradient estimate that
integrates over a region that is small for large @. That is, more curvature implies
more regularisation and less smoothing. There are multiple challenges when
generalising this approach to the setting where the loss is only assumed to be in
gbl

o The amount of curvature is not known.

o Even if the loss is approximately quadratic, the curvature can be large in
some directions and small in others.

o The loss may not even be differentiable. For example it could be piecewise
linear. How should we understand the role of curvature in these situations?

The plan is to use a surrogate loss function that does so much smoothing that it
is nearly quadratic on a region containing both the current iterate y; and the
minimiser of the loss. The curvature of this surrogate can then be estimated and
used in online Newton step, which we explain next.
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10.2 Online Newton step

Let §1,...,4, : RY — R be a sequence of (possibly non-convex) quadratic
functions and consider the full information setting where in round ¢ the learner
proposes u; € K observes the entire function g, and the regret relative tox € K
is

qReg,, (x) = > (q: () = 4+(x)) .
t=1

Online Newton step is a second-order method summarised in Algorithm 10.1.

1 args: n>0, X7'eS?, and p €k

2 for t=1 to n

3 let g =q;(u,) and H; =gy (ur)

4 update X7 =371 +nH,

3 update 41 =argmin,g [lx — [p - TIEngt]”;:l

Algorithm 10.1: Online Newton step for quadratic losses

Before the analysis, let us make some connections between online Newton
method and other techniques in online learning.

Connection to exponential weights A little notation is needed. Let ® =
RY x §¢, and Ok = K x S%,. Let ug and X be the obvious projections from
@ into R? and S, respectively and abbreviate .4 (8) = .4 (ug, Zg). Lastly,
let KL.(0, ) be the relative entropy between Gaussian distributions .4 (6) and
A (1), which has an explicit form:

1 . .
KL(0.9) = 5 [log det (zﬂzel) (2, %50) + o~ uolll, —d|

Assume that % ||-||§1 + Z;:] g is convex for all ¢. Suppose that p is the density
of A (u1,%;) and

p(x) exp (—n Tilas (x))

Jea €Xp (—n i cis(y)) p()dy

pi(x) =

which is an exponential weights distribution with a Gaussian ‘prior’ p. Since
the losses are quadratic, j, is the density of .4 (d,) for some 8, € ©. Define

6; = argminKL(6,6,),
0eBk
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which is the projection of §; onto ® with respect to the relative entropy. Then
van der Hoeven et al. (2018) prove that 8, = (u;, X;) with the right-hand side
being the iterates produced by online Newton step.

Classical Newton The classical Newton method for unconstrained minimisation
of a loss function f : RY — R starts with x; € R? and uses the update rule
Xee1 = X — f”(x)" £ (x;), which corresponds to minimising the quadratic
approximation of f at x;. Online Newton step looks superficially similar, but the
preconditioning matrix is based on the accumulated curvature rather than the
local curvature. And there is the learning rate that further slows the algorithm.

High-level behaviour Let us suppose for a moment that d = 1 and f :
[-1,1] — [0, 1] is convex and minimised at 0. In our application later the g,
are estimates of a quadratic approximation of an extension of f. But to simplify
our thinking let us suppose that f is quadratic and g, = f, which means that
gr = f'(uy) and H; = f""(u;) 2 H. Suppose that 21‘1 = 1. By construction,
2! =1+ ntH, which means that

Me+1 = Me — 8t

B/
1+ntH
In our application = ®(4/1/n), which means that online Newton step moves
very slowly as ¢ grows unless there is very little curvature. The corresponding
flow in continuous time is

. nHu(r)
d =- dt = ———=dt,
w0 = =g WO A=
which has a closed-form solution u(t) = % and the regret is
n H [" H " w0 \
1) - dt = — N?dr = — dt = _
[ owor-ropa =7 [Cuera-Z [ (1+ntH) 0

Of course, the regret of the gradient flow would be greatly reduced by increasing
n. But in the bandit setting g, and H; need to be estimated and the increased
regularisation is needed to control the variance. What the argument above shows
is that despite the slow progress of the algorithm when n = ©@(n~'/?), a regret
of O(+/n) is nevertheless achievable.

Analysis Moving now to the analysis of online Newton step, which mirrors that
of other gradient-based algorithms. We have the following theorem:
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Theorem 10.2  Suppose that X' € S¢, forall | <t < n+ 1, then for any
x €Kk,

1 1 7]2 1 —
5 ket =l < 5 M= xl3 + 5 D llgelR,., —naReg, (x). (10.1)
n+l 1 =1

Remark 10.3 The condition that the inverse covariance matrices are positive
definite corresponds to assuming that

1 t—1
S M5+ D ds
s=1

is convex for all 1 < ¢ < n + 1. In most applications the first term in (10.1) is
dropped and the regret is moved to the left-hand side. An interesting feature of
our application of this result is that we use it to simultaneously bound the regret

and ||p41 — x”z;il-
Proof of Theorem 10.2 By definition, for any x € K,

@ 1

2

IA

1 2 2
— — x|l -x—nX _
3 |y7Pest ”ZHII |27 n t+lgt”21+11

(O]

1 2 ’IZ 2
3 llpe - xllzt_:] =1 {8> e —X) + > llg:lls, .,

(i)l

2
A A n
=5 Ml —XI@[_I =1 (1) = G (%)) + = g3, ,, -

(10.2)

where in (a) we used the assumption that Zt_-l—ll is positive definite so that ||- ”2'11
t+
is anorm and x € K and the definition

Mes1 = argmin [l — [p; — n2t+1gt]”2-11 .
uek t+

For the equalities, (b) is obtained by expanding the square, (c) since

1 1 n
S e =11 = 3 e =13+ 2 e =) Hy g =)

1 . .
=3 Il 2 _x”;t—l =0(qr(e) = G (%)) + 1 {8rs s — X) .

The proof is completed by summing the inequality in (10.2) over ¢ from 1 to
n. O
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10.3 Regularity

In our application of online Newton step to bandits it will be important that
the constraint set K is suitably rounded. We explained the basics already in
Section 3.6 but here we introduce a more subtle concept based on the mean
width of the polar body. Under Assumption 10.1,

d d
BY c K c BY,. (10.3)

Note, any improvements in the constant 2 would only lead to a minor constant
factor improvements in the regret. Let © be the Minkowski functional of K
(Section 3.1) and

Ke={xeK:n(x)<1l-¢e}=(1-¢)K.
Let X be uniformly distributed on $¢~" and define
M(K) =E[r(X)].

The Minkowski functional is the support function of the polar of K
(Lemma 3.3(5)), which means that for x € Sf‘l, (x) + w(—x) is the width
of the polar K° in direction x. Hence M(K) is half the mean width of K°
as illustrated in Figure 10.1. For our application it is best if K is positioned
so that M(K) is small. Thanks to our assumption that ]Bf c K c Bg o
ﬁ |lx]| < 7(x) < ||x|| and hence M (K) € [zl—d, 1]. This estimate is often loose,
however. Table 10.1 gives bounds on the inner/outer radii and M (K) for K in
various classical positions. While Lowner’s position yields the strongest bound,
all rows are relevant when computation is important, with the best position
depending on how K is represented and what computational resources are
available.

Remark 10.4 That there exists an affine transformation 7 such that (TK)°
is in isotropic position is non-obvious. Much less that 7' can be approximately
computed efficiently. More details can be found in Note 10.iii.

Proof of claims in Table 10.1 (10.1.a) Let w(K) be the half mean width of
a convex body K, which is defined by w(K) = E[hg(6)] where 6 has law
/4 (Sf‘l) and hg is the support function of K. Suppose that éK is in Lowner’s
position. By definition (K/d)° = dK° is in John’s position. Combining John’s
theorem and the fact that polarity reverses inclusion again shows that ]BB‘l’ C
K c Bz. Let S be a regular simplex in John’s position. Barthe (1998) proved
that the mean width of a convex body in John’s position is maximised by
S and a result of Finch (2011) shows that w(S) = O(+/d log(d)). Therefore

M(K) = w(K°) = 2w(dK®) < 2w(S) = O(+flog(d)/d).
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Figure 10.1: The width of K° in direction x is w(x) + 7(—x). The quantity
M (K) is obtained by integrating the width uniformly over all directions in
X € Sf‘l and dividing by two.

CONDITIONS BOUNDS M(K)
10.1.a LK in Léwner’s position B¢ c K cBY O(d='1%)
. . d d

10.1.b K isotropic BfcKcBy,, =<1

P : d d 5(-1/10
10.1.c K symmetric, isotropic Bf cKcBY,, O /10y
10.1.d K in John’s position Bf cKc IB%Z <1
10.1.e  (d + 1)K® isotropic B¢ cKcBd, O
10.1.f K symmetric, LdK in John’s position Bf[/g cKCcC BZ <1/Vd
10.1.g K symmetric, (d + 1)K° isotropic B¢ cKkcBd, O(@d'?

Table 10.1: Classical positions and bounds on the inner/outer radii and M (K).
More discussion and references appear in the notes.

(10.1.b,10.1.d) Well-roundedness follows from Theorem 3.16 and Theo-
rem 3.15, respectively. Since in both positions Bf C K, it follows that K° C Bf
and hence M (K) < 1. Note, this claim is not improvable for John’s position as

explained in Note 10.1i1i.

(10.1.c) Well-roundedness follows as in 10.1.b. The bound on M (K) is supplied
by Giannopoulos and Milman (2014) and is most likely conservative.

(10.1.e) That BY c K c B9, follows because polarity reverses inclusion and
by Theorem 3.16. The bound on M (K) is due to Pivovarov (2010).

(10.1.£) Suppose that K is symmetric and in John’s position. Then by John’s
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theorem (Artstein-Avidan et al., 2015, Theorem 2.1.3), B‘f cKc B‘\i/a. Then

use the scaling and repeat the argument for 10.1.d.

(10.1.g) As for (10.1.e) but use the result of Milman (2015) to bound M (K).
O

An essential ingredient in many previous regret analyses is a bound on the
magnitude of the observed losses. The algorithm in this chapter replaces the real
loss with the extended loss function defined in Section 3.7 and the magnitude of
this loss depends on the Minkowski functional. For this reason it is essential to
have a good understand of the law of 7(X) when X is Gaussian, which the next
two lemmas provide.

Lemma 10.5 Suppose that X has law A (u,X) with 4 € K and * < 1.
Then

(1) E[z(X)] <1+ 0M(K)Vd; and
@ P (|n(x) —E[7(X)]| = V202 10g(2/5)) <6 forall s € (0,1).

Proof Since 7 is sub-additive (Lemma 3.3),

E[r(X)] =E[n(X — p+ p)]
SE[r(X =] +m(w)
<1+E[x(X - p)]. (10.4)

By assumption o->1 — X is positive semidefinite. Let W and U be independent
of X and have laws .4 (0, 0>1) and .4 (0, o>1 — X) respectively. Note that
U + X — u has the same law as W and by Jensen’s inequality E[7(X — u)] <
E[n(X — u + U)] = E[n(W)]. Furthermore, since W/||W|| and ||W|| are
independent,

Eln(X -] <E[r(W)] =E

w
”(W)] E[|W]] < oM (K)Vd,

where we used that E[||W||] < E[||W]|*]'/? = oVd and W/||W|| is uniformly
distributed on S‘f ~!. Combining this with (10.4) completes the proof of part (1).
For part (2), by Lemma 3.3(7) and the assumption that Bf C K we have
lip(x) < 1. The result follows from Theorem B.15. O

As mentioned, we are planning to use the extension introduced in Section 3.7
where the functions 7, (x) = max(1,7(x)/(1 —¢)) and v(x) = 7, (x) — 1 appear
with € € (0, 1/2). The following bound will be useful:
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Lemma 10.6 Lete € (0,1/2) and n,(x) = max(1,7(x)/(1 —¢&)) and v(x) =
7w, (x) — 1. Suppose that X has law N (u, X) with u € K and ||Z|| < %. Then

b}

E[v(X)?] < L (1 + M(K)Vd ||z||) [tr (z limO]E[v’é(X)]) +6
g—)

where v, = v * ¢, where ¢, is the smoothing kernel defined in Section 3.8.

Proof () By Lemma B.8,

2
E[v(X)’] < [Iv(X)lly, (E[V(X)] (1 + log (%)) + 5) . (10.5)

By convexity and the fact that lip(v) < oo,
B[v(X)] = lim B[y, (X)]
< ;iil}) [vQ(,u) +E [(v'Q(X),X - y)” Convexity
= IimE [(v,(X). X — )]
= ;er})E [(Zv,(X), 271X = )]
=tr (Z QI,EI})E[V/&:(X)]) . Integration by parts

By the assumption that & < 1/2 and because lip(7r) < 1, it follows that lip(v) < 2.
Hence, using Theorem B.15 and Lemma 10.5(1),

v(X)ly, < Iv(X) =EL )]y, + IEvXO]I,,

E[v(X)]
<26 |2 + ——
=+ o3y
2(1+ M(K)vd|Z])
<2V 2] + .
log(2)
The second moment E[v(X)?] that appears in (10.5) can now be bounded using
Lemma B.4 and the result follows by naive simplification. O

10.4 Extension and surrogate losses

Like in Chapter 6 we use a quadratic surrogate. Unlike that chapter, however,
the curvature of the surrogate now depends on the loss function and needs to be
estimated. The other distinction is that in Chapter 6 the actions were sampled
from a scaled Dikin ellipsoid, which is guaranteed to be contained in K. By
contrast, the algorithm presented in this chapter will sample from a Gaussian,
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which means its actions may lie outside of K, possibly with high probability.
This problem is handled by making use of the extension in Section 3.7. Let 7
be the Minkowski functional of K and for ¢ € (0,1/2) let K, = (1 — &)K and
7, (x) = max(1, 7(x)/(1 —&)) and

e(x) =7rA(x)f( al )+ 2 =D | (10.6)
7 (x)

&

Note that 7,(x) — 1 = 0 and e(x) = f(x) for x € K, and Proposition 3.22
ensures that x — 7, (x) f(x/7,(x)) + ]’Tg(ﬂA (x) = 1) is convex. The additional
factor in the second term of the above display ensures that e has slightly more
curvature, which gives the algorithm an additional nudge to play inside K .. The
extension in (10.6) is defined on all of R and can be queried at any x € R¢ by
evaluating the real loss f at x/m,(x). To simplify the notation it is convenient
to abstract away this reduction by redefining the meaning of the actions X;
and observed losses Y;. In round ¢ the algorithm samples X; from a Gaussian
AN (uy, ;) but actually plays X, /7, (X;) € K. and observes f(X; /7, (X)) +&;
and computes the (noisy) loss relative to the extension as

2(m, (Xp) - 1)
~ .

Y, =e(Xy) + . (Xp)e; = m(Xy) [f( (Xt)) e

Note that the noise term is now effectively 7, (X;)&;, which conditioned on X;
can have variance as large as 7, (X,)2. With the new meaning of X, the regret is

Regn—supZ( (ﬂ x) ) flx ))

xeK

By Proposition 3.22, f(x) = e(x/n,(x)) < e(x) forallx € R? and e(x) = f(x)
for all x € K., which when combined with Proposition 3.13 shows that

Reg, < ne + maxi (f( Xi )—f(x))
1

xeK pa ﬂ'/\(Xt)

<ne+ )Icléell{)i ; (e(X;) —e(x)) .

Therefore the true regret is upper bounded in terms of the regret relative to the
extension.

Surrogate losses The algorithm makes use of a quadratic surrogate loss

40(0) = (51 ), = ) + 5 =l (10.7)
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where s, : R? — R is the convex surrogate defined by

5:(0) = By_ [( ! )e<xt> e - DX, + 1)

R

A
with A € (0, ﬁ) a tuning parameter that determines the amount of smoothing.
We spend all of Chapter 12 on the intuitions and analysis of this surrogate loss.
You can skip ahead to that chapter now or accept the following properties as
gospel.

Proposition 10.7 Let g; be the function defined in (10.7) and suppose that

x € R satisfies A ||x — Hellg1 < \/l—z and A < dl?. Then,
By [e(X0)] - () <4140 — 410 + T (07 (u)Z) 46| =0+
Proof (“®) Note that g7’ (u;) = s;'(u;)/2. By Proposition 12.10,
B [e0X0)] < 5y r) + 2 (7 ) 50) + 250
And by Lemma 12.3(2), s; (x) < e(x) forallx € R?. Hence, by Proposition 12.9,
By [e(X0)] = e(x) 1 (1) =1 (3) + 5 (a () 2) + 2
< gr(u) ~ 4000 + 3 (g} () %) + 20+ 2

Estimation The function ¢, cannot be reconstructed from X; and Y; alone. But
it can be estimated by

A 1

G (x) = (gr, X — pe) + i(x — ) "Hy(x = ),
where g; and H, are defined by
CRY:EN (X - )

and
8t (1=1)2
oo ARY [ZK )X ) E
T 2(1-2)2 (1-2)2 e
with p; the density of A4 (u;, Z;) and
Pt (Xi:flﬂ)

t

S (1=)pi(Xy)
By Proposition 12.14 E,_1[g;] = 5, (1) = q} (1) and B,y [H,] = s () =
‘Z;/(,Ut)-
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10.5 Algorithm and analysis

The algorithm combines online Newton step with the quadratic surrogate
estimates from Section 10.4.

1
2
3
4

5
6
7
8
9

10

args: n, 1, 02, €

m=0, L =01
for t=1 to n
sample X, from 4 (u,%,) with density p,
r 2 X;)—1
observe Y, =m.(X;) (f(%).kgt)_'_ (m(g) )
pt(XtI:/,ll”t)
(1—/1)dpt(Xt)]
R Y, %' (X, -
compute g; = ‘(i_—(/m”‘)
H, = Rl [ Gnl 51

T 2(1-a)2 (1-2)2
compute Et_+11 =3 +nH,

compute py.j = argming g, e = [pe = let+lgt]||z;+ll

1et th

compute

Algorithm 10.2: Online Newton step for convex bandits

Computation Algorithm 10.2 is straightforward to implement and relatively
efficient. The main computational bottlenecks are as follows:

o

Gaussian sampling: The algorithm samples from a Gaussian with mean gy,
and covariance X;. Given access to standard Gaussian noise this more-or-less
corresponds to computing an eigenvalue decomposition of the covariance
matrix X, which at least naively requires O(d>) operations per round.
Probably this can be improved with a careful incremental implementation.
See Note 10.vii.

o Minkowski functional: Remember that

[e]

7, (X;) = max(1,7(X;)/(1 - g)).

This can be approximated to accuracy 1/n” using bisection search and only
logarithmically many queries to a membership oracle for K. The increase in
regret due to the approximation is negligible.

Projections: The projection in Line 10 is a convex optimisation problem
and the hardness depends on how K is represented (Table 3.2). Note that the
projection is only needed in rounds ¢ where yu; — nX;418; € K.
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The algorithm needs O(d?) memory to store the covariance matrix. There is
also the initial rounding procedure to put K into a good position, which only
needs to be done once and is discussed in Section 3.6 and in the notes of this
chapter.

Theorem 10.8 Ler M = max(d~'/2, M(K)) and

1 Lo ] _am \/’ 240d2ML4
- MV2d  4d'SML? '

Under Assumption 10.1, with probability at least 1 -6 the regret of Algorithm 10.2
is bounded by

Reg,, < 480d*ML*\n .

According to Table 10.1, if K /d is in Lowner’s position, then M = O (d~'/?)
and the regret is O(d'+/n). The detailed proof of Theorem 10.8 is deferred to
Section 10.6, but we give an outline below.

Proof outline The rigorous proof depends on a relatively intricate concentra-
tion analysis, which we brush over.

Step 1: Regret comparison To begin, let x, = argmin, g f(x) and

n
eReg, (xx) = > (Byo1[e(X)] = e(xy)) -
=1
The regret with respect to the quadratic surrogates and its estimates are

aReg, (x) = > (i () — g (x,))  and

aReg,, (xx) = D (4 (1) = G (x2) -
t=1
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We start by comparing the true regret to the regret relative to the extended
losses:

Reg, < ne + Zn: (F(Xe /7, (X)) = () Proposition 3.13
$ne + Z Byt [F(X /(X)) = F(x) Concentration
< ne + Zn: Err[e(X)] = £(x2)) Proposition 3.22
= ne + Zn: (Er1[e(X)] - e(xs)) Proposition 3.22
-0 (Mdzx/ﬁ) +eReg, (), (10.8)

where the final line follows from the definition of . Therefore it suffices to
bound eReg,, (x4). The plan is to use Proposition 10.7 to compare the regrets
relative to the extension and the quadratic surrogates. A serious issue is that the
quadratic surrogate is only well-behaved on an ellipsoid about u,. Concretely,
we will need to show that with high probability

1 ~
F; 2 5 ”ﬂt _x*”;—l = 0(1//12) foralll<r<n.

Let 7 be the first round where F is not O(1/4%) with 7 defined to be n if no
such round exists. By Proposition 10.7, for any < 7

B [e00)] - e(va) < g0 (i) = g1 () + 5 004 () 2)),

where we ignored the final miniscule term in Proposition 10.7. Hence,

n

4 .,
eReg. (xs)  aReg (re) + = D tr(gy’ (1) %)

t=1

> (g ()% (10.9)
t=1

| &

whp ————
S qReg, (xx) + 1

where in the second inequality we used the fact that with high probability the
estimated quadratic losses are close cumulatively to the unobserved quadratic
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losses. By Theorem 10.2,

2 T
Fe <Fi+ s 2, sl —naReg (x.)

2d2
<= Z lg: 113, — nqReg, (x)

whp 2d ’”
=+L Z e, + 22 Ztr(qt ()Z:) - neReg, (x,), (10.10)
t=1

where in the second inequality we used the assumption that K C B;l , and
i1 = 0tobound F; = # llx — 111> < 2d?/o2. The third inequality follows
from (10.9). There are two terms in the right-hand side that need a little more
manipulation, which we break out into two additional steps.

Step 2: Bounding gradient norms By definition
2y2

(- /1)4

where we used the fact that 0 < R, < 3 (Lemma 12.16) and A € (0, 1/2) and
that X, Y 2(X, — ) is a standard Gaussian. Summing shows that

2 T T

n whp

72 lladlis, 20 dnzZYf)-
t=1 =1

We saw expressions like this in many other analyses and simply bounded Yt2 <1l
But because we have used the extended loss this is not possible anymore.

lgill3, = 1% - all2 2 6 (av?)

Fortunately, one can prove that the algorithm mostly plays close to K. where
the extended loss and true losses are equal. A complex argument eventually
shows that with high probability 3, Y, 2= 0(n).

Step 3: Bounding the trace term We claim the sum of traces in (10.10) is
bounded by

4 ~(d
7 Ztr(q;’(,u,)z,) =0 (/1_77) . (10.11)
p)

By definition Es_ [Hs] = g7 (us) and therefore it is plausible (and true) that
with high probability

t—1 r—1
=3 g ) Ho~ I 0 ) g ().
s=1 s=1
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Let us make a continuous time approximation, which often provides a good
ansatz for such problems. Let £(r)~! = 1 +p flt H\s)ds where Hy = ¢/ (us).
Then

5 1 7 (d o -
;tr(H,Z,)zﬁ/l tr(E(Z(I) I)Z(t))dt

T dq _
:% /1 - logder(2(1)] dr

= %logdet(i(l)i(ﬂ_l)

© d log (tr(i(l)i(f)‘l))
n

d
‘?0(&1)’
n

where (x) follows from the arithmetic geometric mean inequality and the final
inequality follows by proving that ||Z(7)~!|| < poly(n, d) with high probability.
This justifies (10.11).

Step 4: Combining By the previous two steps and (10.10),

whp 2d

2
Fral S — + O(n*nd) + O (ﬂ) — neReg, (x4)
o A
= 0(1/2%) — neReg, (x4) . (10.12)

Since eReg. (x4) > 0, this shows that F,,; = O(1/4?) and by the definition of
7 this means that 7 = n. (10.12) also shows that

eReg,, (x.) = O(1/(nA%)) = O(Md*Vhn)
which when combined with (10.8) completes the argument. 0

Remark 10.9 Looking at (10.12), you may wonder why not choose o to
be very large. The reason is hidden in the calculations needed in the second
step. Consider the case that d = 1 and K = [-1, 1]. In the very first round
the algorithm samples X; ~ .4 (0, o>1) and therefore E[|X;|] ~ o. Hence, if
o > 1, then by the definition of the extended loss

E[e(X))] = Q(z) ~ oV,

&

So the regret in even a single round is Q(o/n).
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10.6 Proof of Theorem 10.8

At various points we need that £ € (0, 1/2), which only holds for sufficiently
large n. Note, however, that if £ > 1/2, then the regret bound in the theorem
is implied by the assumption that f € %, so that Reg, < n. Hence, for the
remainder we assume that £ € (0, 1/2). The main complication is that the
conclusion of Proposition 10.7 only holds for some x and the losses of the
extension of f are very much not bounded in [0, 1]. At various points in the
analysis we refer to various relations between the constants. These are collected
in Section 10.8. Let

1
F = E Il 2 _X*”i—l .

In order to make our analysis go through we need to argue that F; < ﬁ for
all r with high probability. There are a few other complications. Most notably,
the algorithm is not properly defined if X, fails to be positive definite. Hence
we need to prove that this occurs with low probability. Note that E,_; [H,] is
the Hessian of a convex function and hence positive semidefinite. Thus we will
use concentration of measure to show that 2, indeed stays positive definite with
high probability. Define the following quantities:

1 3

S, = ZHM and S, = ZEu_l[Hu] and £ =%7" 498, .

u=1 u=1

We also let
qReg, (x) = Y (q:(u) = q:(x) and  qReg, (x) = > (4 (1) = 4 (x)) .
t=1 t=1

Definition 10.10 Let 7 be the first round when one of the following does not
hold:
(D Fro1 < 575
(2) X4 is positive definite.
15-1 -1 35-1 -1

() L2532 , IX 332,36 1.
In case no such round exists, then 7 is defined to be n.

Note that F;1 and X;4 are measurable with respect to &;, which means that

7 is a stopping time with respect to the filtration (%;);"_,. A simple consequence
of the definition of 7 is that for any ¢ < 7,
1 !
—2]1 + 7]S t
o

IZell < 201Z ] =2 <207, (10.13)
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where the last step follows because S, € SY.

Step 1: Regret relative to the extension Most of our analysis bounds the regret
with respect to the extension of f, which is only meaningful because the regret
relative to the extension is nearly an upper bound on the regret relative to the
real loss. Let x, = argmin, g e(x) and

eREZ, = ) Erile(X)) —e(x)].
1

=

Let O be the event that
DX /m (X)) £ D B [F (X, (X)) + N2nlog(7/6)
=1 =1
Since X; /n,(X;) € K. C Kand f € $,, by Azuma’s inequality (Theorem B.18),

P(e0) > 1 — /7. Suppose the above high probability event occurs, then by
Proposition 3.13 and Proposition 3.22,

Reg, < ne + max Reg,, (x)
< ne ++/2nlog(1/6) + max ZE,_l [f(X:/m(X:)) = f(x)]
xeKg P

< ne ++2nlog(1/6) + max ZEH [e(X,) — e(x)]
reRe O
=ne + 2nlog(1/6) + eReg,, . (10.14)

Therefore it suffices to bound eReg,,.

Step 2: Concentration We need to show that the behaviour of the various
estimators used by Algorithm 10.2 is suitably regular with high probability.
Define an event E1 by

El = :1r£1a<x leg] < \/log(14n/6)} . (1)

By Lemma B.3 and a union bound, P(g1) > 1 — §/7. The magnitude of the
observed losses depends heavily on 7(X;). Define an event g2 by

E2 = {llzltag( n(Xy) < \/Z} . (E2)

Lemma 10.11 P(£2) > 1-6/7.
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Proof By Lemma 10.5 and a union bound, with probability at least 1 — §/7
forallt <.

(X)) < Booq [1(X)] + V2112 || log(14n/6) by Lemma 10.5(2)
<1+ M\d|Z | + V2% log(14n/8) by Lemma 10.5(1)
< 1+0MV2d + 20+/log(14n/8) by (10.13)
<VL.

where the final inequality holds by the definition of the constants, which satisfy
o<oMV2d <1. O

We also need to control the magnitude of || X; — u, ”EF' . Define an event E3 by

|8d
E3 = {max 1Xr = pells-1 < A= log(14n/6)} . (E3)
I<t<t t 3

By Lemma B.3 and Proposition B.12, P(e3) > 1 — §/7. The next lemma bounds
the sum Y7, B, [¥?]. Because the extended loss matches the true loss on
K. and the latter is bounded in [0, 1], we should expect that when X; € K,
then ¥; = O(1) with high probability. In other words, provided the algorithm is
playing mostly in K, then we should hope that 3}/ E,_; [Yf] = O(n). This is
exactly what the lemma says. The proof is deferred to Section 10.7 but should
not skipped.

Lemma 10.12 Let Y = maxj<,; <7 (|Y:]| + E,—1[|Y;]]). On eI N E2 N E3 the
following hold:

(1 Yax < £
(2) X B [YA] < 10n.

We also need to control 3, Y?. Let £4 be the event defined by

B4 = {Z Y? < 21n} . (4)
t=1

Lemma 10.13 P(s4U (el NE2NE3)C) > 1-6/7.

Proof Let E; = {|Y;| < L/e}. By Theorem B.21, with probability at least
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1-6/7,

L2 log(7/5)

B [15,Y7] + 2

T T
2(a)
D1y <2
t=1 =

) u L3
<2 B [V]+ =
&
t=1
.
<n+2)» E_[Y?].

t=1

t=1

where (a) follows from Theorem B.21, (b) by the definition of L and (c)
by Table 10.2.a. By Lemma 10.12, on el N E2 N E3, E; holds for all t < 7
and in this case Y,7_ 15 Y? = X7, Y? and Y,7_ E,_;[Y?] < 10n. Hence,
P(e4U (E1NE2NE3)C) > 1-6/7. O

The last two events control the concentration of the estimated quadratic
surrogate about its mean at the optimal point and the concentration of the
Hessian estimates. Let 5 be the event that

(E5)

—_— 4NnL
ES5 = {qRegT(x*) < qReg, (xx) + ) }

Lemma 10.14 P(e5U (El NE2NE3NE4)C) > 1-6/7.

Proof By the definition of 7, forall t < 7,

1
Allpy —X*”z;l < —.

VL

Hence, by Proposition 12.24 (1), with probability at least 1 — 6/7,

T 1 T
D) = qe(r)) 1 2 || D B [PIL+ Yo L| . (10.15)
t=1 t=1
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On this event and 1 N E2 N E3,
. T T
dReg, (x4) = qReg, (re) = D (@ (1) = 4 (r)) = D (i (1) = G (x4)
t=1 t=1

23 (@) — 90 (x2)
t=1

1 T
(%)HZ | DL Bt [Y2IL + Yo L
t=1

c 1 L?
Sl |[VionL + =
A &
@ 4
< —=VnL,
A

where (a) holds because ¢;(u;) = §;(u;) = 0, (b) from (10.15), (c) from
Lemma 10.12(1) (2) and (d) by naive simplification. O

Finally, let 6 be the event that
86 = {-6ALVdnS;! 3 5, - 5 < 6AL*Vang; '} (£6)
Lemma 10.15 P(e6 U (el NE2NE3NE4)) > 1-6/7.

Proof By Proposition 12.27 with 2! = %i; !, with probability at least 1 —6/7,

. .
_ 3 _
S =8 <AL* |1+ \ d Y B 1[Y?] + d*Yina Ez;l and
t=1
. _ 3
S =S, <AL* |1+ \ d Y B 1[Y?] + d*¥max 52;1 .
t=1

As before the claim follows from Lemma 10.12(2) (1) and the Table 10.2.b,
which says that dzTL < % dn. O

Let E = 80 NEl NE2 NE3 N E4 N ES N E6 be the intersection of all these high
probability events. A union bound over all the calculations above shows that
P(E) > 1 — 6. For the remainder of the proof we bound the regret on E.

Step 3: Simple bounds We can now make some elementary conclusions that
hold on the intersection of all the high probability events outlined in the previous
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step. To begin, by Lemma 10.12(2),

T T

2
Dl =
t=1

t=1

(Zyz)l<t<r((1 /1)2) lX: - MZ”;[—I

<dnL, (10.16)

_ 2
R Y, Z; I(Xt = Hy)
(1-2?

%

where in the last inequality we combined E3 to bound the norm and g4 to bound
the sum of squared losses and Lemma 12.16 to bound 0 < R; < 3 and that
A < 4. By the definition of E6,

3
22l =2 S, 2257 408, + 6paL>VdnE! <350

where the final inequality follows from the definitions of 1 and A Table 10.2.c
and because 7' < £-1 . Similarly,

_ 1._ _ _
IS +nsT—52;1 P i Vi

T+l

Combining shows that

1.
B ST M Yl (10.17)

2 T+1 T+1 = 2 T+1 °

We also want to show that 261 =< Zril 353 5]1 The left-hand inequality is

immediate because £, < Z; = 0?1 25 ]1 By Proposition 12.6, for any
t<T,

B0 1 A1 = 5 57 G|
< /lhp(e)
=201 -

“p(” Al
=20-

/lllp(e)

2(1 )

Therefore, by ensuring that § = O(1/poly(n, d)) is small enough and bounding
lip(e) = O(1/¢) using Proposition 3.22,

+nZH

dl|l="|

<lg+ GRS Bs <5 o)

[Eee]| = 20—y N2 =5
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Therefore both Definition 10. 10(2) and Definition 10.10(3) hold and so the

only way that T # nisif Fr4| > 2L/12

Step 4: Trace/Logdet inequalities Online Newton step bounds the regret
relative to the estimated quadratic surrogate losses, which are close to the true
quadratic losses. The regret relative to the extension can be bounded in terms of
the regret relative to quadratic surrogates:

dL
Lemma 10.16 On event E, eReg . (x,) < qReg . (xyx) + o
n

Proof By the definition of 7, for t < 7 it holds that A ||y, — x*||2;1 < %
Hence, by Proposition 10.7,

— 4 - 124
eReg. (x4) < qReg, (xy) + 7 Z tr(qy (ue)2e) + 1. (10.19)
r=1
By Proposition 12.6 and Proposition 3.22, for any ¢ < 7,

2 (s < 7;?11 iP(e) TS < 2’”("/7 <1, (10.20)

g

where in the second last inequality we used (10.13) to bound ||%;]| < 20°? and
Proposition 3.22 and the assumption that Bf C K toboundlip(e) < ﬁ < %
The final inequality holds because of the choice of A,  and & Table 10.2.d.

Hence, by Lemma A.9,

4 & , @ 16 « nq; (1) 2
Z ;tr(q, (/.1[)2[) < E Z log det (]l + T)

(b) 16
Z logdet (1 +ng; (1) E)

<=-_1, (10.21)

where (a) follows from Lemma A.9 and (10.20), (b) because for t < 7,

%, <25, (c) follows from (10.18) and because 7S < £_1 . Lastly, (d) holds
by the definition of L. The claim of the lemma now follows from (10.19). O
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Step 5: Regret By (10.17), for any r < 7,

I3, <2l 2 <2lgl2 <3l . (10.22)

By Theorem 10.2 and the bounds in (10.16) and (g5),

1 2
Frir = = e = pertllsos
2 T
T+

@ |l

2 T
T] —_—
02 + 5 E ||gz||§,+1 —nqReg (xx)
=1

o x> 3p*ndL

= 20_2 + 2 _quRegT('x*)

© |lxxI*>  3n*ndL  4nVnL
Sttt T MaReg ()
@ |lxxl*> 3p*ndL dL  4nvnL _
< + + —+ —neR

S 052 > 1 1 nekeg,
@ 24° N 3n°ndL  dL N 4nVnL cR&g
S > 1 1 nekeg,
® 1

<

2L/12 - UGR@T s

where (a) follows from Theorem 10.2, (b) from (10.16) and (10.22), (c)
holds on event ES, (d) from Lemma 10.16. (e) follows because we assumed
that K C Bg 4 Lastly, (£) follows by substituting the definition of the constants
Table 10.2.e. Therefore all of the following hold:

(1) Fra1 < 577
— 1

2) eRegT < e

(3) Z;41 is positive definite and 61 < %2‘

By Definition 10.10, on this event we have T = n and hence eReg,, < FIMZ
The result follows from the definitions of 7 and A and (10.14).
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10.7 Proof of Lemma 10.12

Part (1) is an immediate consequence of the definitions. Let # < 7. Then, on El
and B2,

Y| = le(X;) + m. (Xp) &

~lmx0 s (7r fX)) NEGACOT A
L
< (10.23)

where in the final inequality we used the definitions of El and E2 and the
definition 7, (X;) = max(1,7(X;)/(1 + €)). The expectation is bounded by

B ) =B |00 (5 |+ 200 0|
2B, [, (6] + By [ (K]
® 3

< _Etfl [7TA (Xt)]
I

o3

<z (1 + o-M\/Zd)
E

@ L

< —, 10.24
T 2e (10:24)

where (a) follows because f € %, is bounded. (b) holds because
Es—1[|&:]|1X;] < 1 and naively bounding 1 < 1/e. (c) follows from
Lemma 10.5 and because ||X;|| < 202 by (10.13). Lastly, (d) is true because
oM+d < 1. Combining (10.23) and (10.24) completes the proof of part (1).
Part (2) is more interesting. The main point is that under l, 2, 3 the only
way that ¥; can be large is if X; is far outside of K. By the definition of the
algorithm u; € K., which means that for X; to be large the covariance %,
must also be relatively large. But because %! increases with curvature and
the extended loss function has considerable curvature near K ., we should
expect that as the algorithm plays outside K the covariance X, will decrease
and hence X, gets closer to K and ¥; = O(1). Recall that v(x) = 7, (x) — 1
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and v, = v * ¢, where ¢, is the smoothing kernel from Section 3.8. Then,

X
ZE, il ZE, | (mxz) (f (X /(X)) +20) + 2 ’))
. 8v(X
2V B, am ) + Sv,)* }
&
=1
T 2
2gafie o]
&
t=1
() 10 . ”
<8n+—2 (1+M d||2t||)tr %, Tim By [v(X)]
p 0—0
20L
(%) 8n+— ) (2, lim E,_; [v'é(X,)])
& P 0—0

(e

80L - .
<9+ X ; tr (tht (,th))

® 20dL?
<9+

Ane

(@

<10n.

where (a) uses that (a+b)? < 2a*+2b? and the assumption that &, subgaussian
under P,_;(-|X,) so that E,_;[(f(X,/7,(X})) + &)*|X;] < 2. (b) uses that
£ < 1/2 and again that (a + b)> < 2a® + 2b?. (c) from Lemma 10.6. (d)
follows from (10.13) to bound ||Z;|| < 20°% and the definition of the constraints
Table 10.2.£. (£) follows from (10.21) and (g) uses the definition of the
constants again Table 10.2.g. It remains to justify (e). Recall that

X ) N v(x) v(x)

7, (x) &

e(x) = [w(x)f( # Y

= h(x) +

Now 4 is convex by Proposition 3.22 and lip(4) < co and hence by Proposi-
tion 3.23 and Proposition 12.8 and Table 10.2.h,

(30" () = 5 (505" (1)

2 . " od
> 1 tr (Zt ;1%E,_1 [eQ(X,)]) 5

2 " od
> E tr (ZI hm Et 1 [ Q(XI)]) - 7 4
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where the last inequality holds because e/ (x) = 'y (x) + %v’é(x) = év’é(x).
Rearranging shows that

2e6d
A 9’

. ” de 7
tr| %, g)lLI%)Ez—l [VQ(Xt)] < Ttr (Zeqr (o)) +

which by naively bounding the terms involving ¢ suffices to establish (e).

10.8 Constraints

Most bandit algorithms are fairly straightforward to tune as we saw in Chap-
ters 5 and 6. Regrettably the parameters of Algorithm 10.2 interact in a more
complicated way. The constraints needed for the analysis are as follows:

1022 L<n 102b  £L < L\/dn
102.c  6AL*Vdn <} 102d  SF45V2d <1
102, 2404 rndl dL Sk o L1102 f  gMYV2d < |
1029 2L <y 102h A<

Table 10.2: Constraints on the constants needed in the analysis of Algorithm 10.2.

You can check (laboriously) that the constants defined by

1 . _am \/’ 240d2ML4
© MN2d T 4d'SML?

satisfy all of the above constraints.

10.9 Notes

10.i: Letus collect some notes on the tradeoffs between the various positions.

o Lowner’s position yields a regret of O(d'->+/n) for any K. But in general
it can only be computed efficiently when K is the convex hull of a small
number of vertices.

o Isotropic positions yields O(d?+/n) regret for any K and can be computed
relatively efficiently when K is given by a separation or membership oracle.
The bound improves to O (d'?/n) when K is symmetric.
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o John’s position yields O(d?+/n) regret for any K and can be computed
efficiently when K is a polytope represented by the intersection of half-
spaces. When K is symmetric, the regret improves to O (d'>+/n).

o When the polar of K is isotropic, then the regret is O (d'-7>v/n) in general
and O(d'+/n) when K is symmetric. Positioning K such that the polar is
isotropic is quite delicate and is discussed in detail in 19.1iii below.

10.ii: No scaling of John’s position yields the same uniform bound on
M (K) as Lowner’s position. Let K be such that K° = Bi’ NA{u:u >-1/d},
which is the convex body formed as the intersection of the unit ball and a
half-space. Theorem 9.26 shows that K° is in Lowner’s position and therefore
K is in John’s position. But M(K) > % is obvious and yet —de; € K holds
since sup, .- (—de,u) = 1. Therefore max,ck ||x|| = d. Since for y > 0,
M(yK) = S M(K),

d
M (yK) max ||x|| = = forall y € (0, ).
xeyK 2

Therefore every scaling of K such that diam(K) = O(d) has M(K) = Q(1).
This suggests the following problem:

Exercise 10.17 W %&? Does there exist a polynomial time algorithm for
positioning the constraint set such that Bf cKc Bgd and M(K) = O(d~'/?)
when:

o K ={x:Ax < b} is apolytope.

o K is given by a separation or membership oracle.

10.iii: The existence and computation of an affine map 7 such that (TK)°
is isotropic is quite interesting. Let

1
K) = d
cen(K) VOI(K)/Kde an

cov(K) = vol;(l() /K(x —cen(K))(x —cen(K)) " dx.

We want to find an affine map 7T such that cen((7K)°) = 0 and cov((TK)°) = 1.
An elementary calculation shows that (AK)° = A~!K°® for positive definite A.
The behaviour of x — (K — x)°, however, is more complicated. Nevertheless,
there exists an s € int(K) called the Santalo point such that cen((K — 5)°) =0
as explained by Schneider (2013). Meyer and Werner (1998) show that x +—
vol((K — x)°) is strictly convex on the interior of K and the minimiser of this
function is the Santélo point (Santald, 1949). Hence, letting s be the Santilo
point of K and A = cov((K — 5)°)!/? and Tx = Ax — As it follows that (TK)°
is isotropic. Regarding computation, given x € int(K) it is possible in principle
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to estimate vol((K — x)°) by sampling and hence use zeroth-order convex
optimisation to find the Santdlo point. Once s has been found, the matrix A can
be estimated by sampling from (K — s5)°. A reasonable guess is that a suitable
approximation of 7 can be found in polynomial time using this procedure, but
the devil is in the details of the approximation errors:

Exercise 10.18 W %&? Suppose that K is a polytope or represented by a
separation oracle. Does there exist a polynomial time algorithm to position K
so that K° is approximately isotropic with errors small enough that the relevant
results in Table 10.1 hold (approximately). The problem is studied when d = 2
by Kaiser (1993).

10.iv: Online Newton step was originally designed for full information online
convex optimisation (Hazan et al., 2007). Its use as an algorithm for driving
bandit convex optimisation methods has been developed by a number of authors.
Suggala et al. (2021, 2024) study the quadratic and near-quadratic settings,
while Lattimore and Gyorgy (2023) considered Lipschitz convex functions in
the unconstrained setting. The algorithm and analysis in this chapter follows the
work by Fokkema et al. (2024).

10.v: You should be a little unhappy about the non-specific constants in
Theorem 10.8. How can you run the algorithm if the constants depend on
universal constants and unspecified logarithmic factors? The problem is that the
theory is overly conservative. In practice both 1 and A should be much larger
than the theory would suggest, even if you tracked the constants through the
analysis quite carefully. This is quite a standard phenomenon, and usually not a
problem. Here there is a little twist, however. If you choose 77 or 4 too large, then
the algorithm can explode with non-negligible probability. For example, the
covariance matrix might stop being positive definite at some point or F; could
grow too large and the algorithm may move slowly relative to the regret suffered.
Hopefully this issue can be resolved in the future but for now you should be
cautious.

10.vi: An interesting question is whether or not Algorithm 10.2 can be
adapted to exploit low variance noise, possibly using the idea in Section 6.6. The
principle challenge is the huge range of the extension, which you could mitigate
by assuming the loss is Lipschitz and using Proposition 3.20 with Remark 3.21.
Or, even better, by developing some new techniques:

Exercise 10.19 W&%? Analyse the regret of Algorithm 10.2 or some
modification thereof under Assumption 6.17.

10.vii: There are several ways to improve the computational complexity of
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Algorithm 10.2. At the moment the complexity when K is a polytope is O(d> +
md?) with the former term due to computing the eigenvalue decomposition
of the covariance matrix and the latter from the projection (Table 3.2). Note
that m > d + 1 is needed for K to be a convex body, so the second term always
dominates.

Exercise 10.20 WW&? Suppose that X!/? is stored in memory and u € R?.

(1) Find ahigh quality approximation of (X~ +uuT)~!/2

using O (d?) arithmetic operations.
(2) Show how to use the above result to reduce the complexity of the Gaussian
sampling in Algorithm 10.2 to O(d?) arithmetic operations per round.

that can be computed

For (1) you may find the results by Hale et al. (2008) useful. The next
exercise is more speculative:

Exercise 10.21 W% ? Modify Algorithm 10.2 by removing the projection
onto K. and prove whether or not the regret bound in Theorem 10.8 still
holds. We only used that y; € K, in the proof of Lemma 10.12, which uses
Lemma 10.5. Intuitively, even without the projection the algorithm should keep
Uy close to K. since the extended loss grows rapidly outside K .. Alternatively,
you may argue that the projections happen rarely, possibly after modifying the
algorithm in some way.
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Online Newton step for adversarial losses

Because the optimistic Gaussian surrogate is only well-behaved on a shrinking
ellipsoidal focus region, algorithms that use it are most naturally analysed in the
stochastic setting where it is already a challenge to prove that the optimal action
remains in the focus region. In the adversarial setting there is limited hope to
ensure the optimal action in hindsight remains in the focus region. The plan is
to use a mechanism that detects when the minimiser leaves the focus region and
restarts the algorithm. This is combined with an argument that at any time a
restart occurs the regret is negative. The formal setting studied in this chapter is
characterised by the following assumption:

Assumption 11.1 The following hold:

(1) The losses are bounded: f; € F, for all 7.
(2) The constraint set is rounded: Bf cKc ]BB;’ i

This is the same assumption as in Chapter 10 except that the setting is now
adversarial. The highlight is a computationally efficient algorithm and regret
bound of O(d?°+/n) under Assumption 11.1. As in Chapter 10 we assume that
6 € (0, 1) is a small user-defined constant that satisfies § < poly(1/d, 1/n) and

L = Clog(1/6)

where C > 0 is a universal constant. The analysis in this chapter builds on and
refers to the arguments in Chapter 10, which should be read first.

11.1 Approximate convex minimisation (-®)

The version of online Newton step for adversarial convex bandits makes use of
a subroutine for approximately minimising a nearly convex function.

173
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Assumption 11.2 K c R% is a convex body and & : K — R, h : K — R and
I’ : K — R4 are functions such that:

(1) his convex and differentiable; and
(2) |h(x) = h(x)| < &g forall x € K; and
(3) (W(x)-h(x),x—y)<e forallx,yeK.

Note, in spite of the notation, there is no need for i’ to be the gradient of h.
The objective is to find a procedure that finds a near-minimiser of &, which is
an approximately convex function. This can be accomplished in many ways,
but the most straightforward idea is to use gradient descent with the ‘gradients’
provided by 7’.

1 args: >0, AeS?,

2 let x1 €K

3 for t=1 to n

4 X = argming g llx - nAR (x) - xll 4
5 return i3y" x

Algorithm 11.1: Approximate gradient descent

Remark 11.3 The matrix A accepted as input by Algorithm 11.1 corresponds
to a change of coordinates, which you will discover is needed in our application
because gradient descent is not equivariant under coordinate changes.

Theorem 11.4 Suppose that ||x — y||§rl < 1 forall x,y € K and that
|7’ (x)|la < G for all x € K. Then, under Assumption 11.2, the output y of
Algorithm 11.1 with n = G [+/n satisfies

N A G
< il
h(y) < ;21f< h(x) +e; +2g + N

Proof We follow the standard analysis of gradient descent. Let x € K be
arbitrary. Then

1 1 A
Slbreen =11 < 3l = nAR () =21

1 7 772 77
= Sl =l =B (e)oee =) + LR ol

2
1 2 ’ 772 2 2
< Slber = 2l = e, ) + e+ I ) I
1 , GZ 2
< 5l —xl%o =k (x)oxe = x) + ey +
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Summing and telescoping shows that

D () = h(0) < 3 0 (), =) h convex
t=1 t=1
2
<ne + mG i
2n
=ne +Gn. (11.1)

Let x € K be arbitrary and remember that y = % 2= X; is the average of the
iterates. Then, by convexity,

h(y) = h(x) <2e0 + h (y) — h(x) By assumption
<2¢ + %2 (h(xy) = h(x)) h convex
S280+81+£. By (11.1)
\Vn
The result follows since x € K was arbitrary. m

Corollary 11.5 Under the same conditions as Theorem 11.4, running Algo-

rithm 11.1 for n = ﬁ iterations yields a point y such that

h(y) < inf h(x) +4eg + 2¢) .
xeK

A theoretically faster but less practical solution is to use the ellipsoid method,
as we explain in Note 11.11.

11.2 Decaying Online Newton step

We introduce a modification of online Newton step that decays the covariance
matrix. Like in Section 10.2, let (g,);__, be a sequence of quadratic functions and
(K,)t”:O be a sequence of nonempty compact convex sets such that K, C K;
for all 7. Decaying online Newton step produces a sequence of iterates (u,) and
covariances (Z;) such that u;+; € K;.
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1 args: >0, pu €Ky and X € 8¢

2 for t=1 to n

3 compute y; € (0,1] and K; Cc K,_; in some way
4 let g =q,(u;) and H; =gy (ur)

5 update Z;ll = %Zt‘l +nH,;

6 update 41 =argming g e = (e = U2t+lgt)||z;+11

Algorithm 11.2: Decaying online Newton step

Theorem 11.6  Suppose that Algorithm 11.2 is run on sequence of quadratics
(41)}"_, and produces iterates (u;);_, and covariances (%,);_,. Then, provided
that Zl‘l, LLx e Sir,foranyx € K,

n+l

- qRegn(x) >

1 1 7~ L, (x)
2 2 2 n
3y Mmet =ll50 < ool =l + 521 lgells,., ==

where qReg,,(x) = X7 (§:(ur) = §:(x)) and T, (x) = 5 20 (1 = y,)|lx -
ﬂt”z;l-

Remark 11.7 The sets (K;);_, and decay factors (y;);"_, can be data-dependent.
In our application (K;) will be defined as the intersection of ellipsoidal focus
regions on which the surrogate loss is well-behaved.

Before the proof, let us say something about why the regret bound is
useful. What is new compared to the standard version of online Newton step
(Theorem 10.2) is the negative terms appearing on the right-hand side. These
can be considerable when x is far from the centre of the ellipsoid E (u;, Z;).
This is precisely the focus region where our surrogate is well-behaved, which
means that once a comparator leaves the focus region the regret with respect to
the estimated quadratic surrogates will be negative, at least when the parameters
are tuned correctly.

Proof of Theorem 11.6 Let x € K,,. By definition,
1 2 1 2
D) Il e +1 _-x||2;+11 < 5 llpe =218 _)CHZ;}1

1 772
= 5 e =51y + Nl =7 G =)

1 n* R .

=5 [l e —x||f/t2t_1 iy ||gr||§m =G (ps) = 41 (x))

11—
2

1 n? R ,
= = |luy _x”;t—l +5 IIgtllé,+l = (G (1r) — 4 (x)) —

2
: e =121
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where in the inequality we used the fact that x € K, C K, and the assumption
that Z;‘l is positive definite. Summing, telescoping and rearranging completes
the claim. O

11.3 Regularity and extensions

Remember that M (K) = E[x(X)], where 7 is the Minkowski functional associ-
ated with K and X is uniformly distributed on Sf‘l. Under Assumption 11.1,
Bf C K and therefore

M(K) < 1.

In contrast to Chapter 10, there is nothing to be gained here by improving M (K)
from O(1) to O(d~"/?). Given an ¢ € (0, 1) to be tuned later, the extension of
the loss function f; is

x ), 2(m,(x) — 1)
7, (x) £ ’
where 7, (x) = max(1,7(x)/(1 — &)). Remember that K, = (1 — &)K. As in
Chapter 10 we abuse notation by saying that the algorithm samples X; from
AN (us, Zy), plays X; /m,(X;) and observes

X, )Ht) L 2Am(X) 1)
ﬂ-/\(Xl‘) &

et(x) = 7T,\(X)ft (

Yy = m,(Xy) (ft (
The surrogate loss in round ¢ is defined by
se(x) =By [(1 - /ll) er(Xy) + }le,((l - D)X + )| .
And its quadratic approximation is

1
qr(x) = {7 (o) = o) + e = uellSy g -

Let p; be the density of 4 (u,,%,;) and The surrogate and its gradient and
Hessian are estimated by

L
§i(x) = (1 - + rt/(lx))Y, and

()Y, X, - A
§,(x)=”1(’_‘)lfz;1( ;_ﬁx—ﬂ,) and (11.2)
AP ()Y [y (X0 — Ax X, — Ax Tll e
st(x)=(1t_—d); z,‘( = —u,)( = —u,) z,‘—z,‘} (11.3)




178 Online Newton step for adversarial losses
with
X;—Ax
D1 (ﬁ)

A= 0ipx) P2

7:(x) = min

Lastly, the quadratic surrogate is estimated by

A N 1 2
qr(x) = (S (pe)s x = pe) + 2l = pellgyr ) -

These are the same estimators that appeared in Chapters 10 and 12.

11.4 Algorithm

The algorithm is a modification of Algorithm 10.2 for the stochastic setting.
The main differences are:

o The decayed online Newton step replaces the classical version; and
o a gadget has been introduced to restart the algorithm if negative regret is
detected.

The estimated regret with respect to the estimated cumulative surrogate losses is

sReg, (x) = ) (ulku) = 3u(0)) -
u=1
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1 args: n, A, 0%, &, v, p
2 u;=0, =021 and Ky=K,
3 for t=1 to n
4 compute K; = {x €K;_1:Ax —y,llz;u < ﬁ}
5 sample X, from A (u;,%;)
6 observe Y; = m,(X;) (f, (—m}&t)) + 8,) + —2<”A(f')_l)
7 compute g; =5§;(y,) using (11.2)
8 compute théf;’(/,t,) using (11.3)
9 compute z;_i = argmin
zeR4
1 ifTog(z-1) 2 3p
y ifE7 2 B 10 # DX

2 1
Y ]f”/'lt _Zt—1||§-1 2 8LA2
t

-1
L) 2 ) (1=y9)llz - us||§;1}

s=1

10 Ve E

1 otherwise.
11 compute 2;11 =y, 2! +nH,
12 compute gy =argming g, [|g = [pe = nZenigellls
13 find y; € K; such that nsReg,(y;) > max,ck, nsReg,(y) — p
14 if sT(e\g,(y,)s—2p then: restart

Algorithm 11.3: Online Newton step for adversarial convex bandits

Computation Algorithm 11.3 can be implemented in polynomial time provided
that K is suitably represented. The difficult steps are:

o Sampling from the Gaussian, which naively requires an eigenvalue decom-
position of the covariance matrix.

o The computation of z,_; in Line 9, which is an unconstrained convex
quadratic minimisation problem and therefore has a closed-form solution.

t—1 |
-1 = (Z(l _'ys)zsl) Z(l - Vs)Z;lﬂs >
s=1 s=1

with the convention that z,_; = 0 when ¢ = 1.

o The projection in Line 12 depends on the representation of K. Note that the
projection is onto K;, which is the intersection of K and the ellipsoidal focus
regions. When K is a polytope, then this is a quadratic program and can
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be solved efficiently using interior point methods. Note, however, there are
O(t) quadratic constraints due to the intersecting ellipsoidal focus regions.

o The most challenging problem is the non-convex problem in Line 13 for
which you can use Algorithm 11.1 or the ellipsoid method as explained in
Section 11.7.

Explanation of the parameters Algorithm 11.3 has many tuning parameters,
including two new ones compared to the stochastic setting. The role of the
parameters and their values up to logarithmic factors are given in Table 11.1.

n  learning rate d/n
A smoothing parameter for surrogate

o defines the initial covariance

T U= Q'.J_.

e defines the set on which the extension is defined d3/n
v  determines the decay of the covariance 1-3

Jol margin that triggers restart condition a3

Table 11.1: Table of tuning constants. Constants and logarithmic factors are
omitted, but are given in Theorem 11.8.

11.5 Analysis

Theorem 11.8 Suppose Algorithm 11.3 is run with parameters

_ 1 _ d/l’l _2_ﬁ
e T="cL r=
1 d2'5L5
ol = — p=204dL* €=
L i

Then, under Assumption 11.1, with probability at least 1 — 6, the regret of
Algorithm 11.3 is bounded by

Reg, =0 (d2'5L5\/ﬁ) .

Proof The argument largely follows the analysis in Section 10.5, but with
several additional steps. Most importantly, we need to show the following hold
with high probability.
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(1) If the algorithm restarts, then the regret is negative.
(2) If the minimiser of the surrogate moves outside the focus region, then the
algorithm restarts.

Let A; = E,_[H,] and define £ ' inductively by £,' = £, and

i_l 'ytit_l +T]I:Iz.

t+1 =

Define
T T
x¢ = argmin Z e;(x) X = argmin Z st (x)
xeKs T xeKe 3
T T
N : K . A
vy = argmans,(y) vy = argmans,(x).
yekK: yeK: o1

The superscript indicates which functions are being minimised. Note also the
different domains with x¢ and x in K, and y$ and y$ in K. Like in Section 10.5,
we define a stopping time.

Definition 11.9 Let 7 be the first round when one of the following does not
hold:

(1) x3 € Krya-
(2) X4 is positive definite.
15-1 -1 S -1 1
() oL =23x X, 2287, 251
(4) The algorithm does not restart at the end of round 7.

If the conditions hold for all rounds, then 7 is defined to be n.

Note that 7 is a stopping time with respect to (#;)]"_, because x;, K;+; and
;41 are F;-measurable.

Step 1: Regret relative to extension Let

n

eReg, = Z (Er-1le (X)] = er(x5) -

t=1

Repeating the analysis in the proof of Theorem 10.8 shows that with probability
atleast 1 —6/7,

Reg, < ne ++/2nlog(7/5) + eReg,, . EQ

And hence for the remainder we focus on bounding eReg,, with high probability.
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Step 2: Concentration Define events

El = {lmax les] < \/log(14n/6)} (1)
<t<t

E2 = {lmax n(Xy) < \/Z} (82)
<t<t

/8d
E3 = { max || X; — pells-1 <4/ = log(14n/6)} . (3)
I<t<t t 3

Repeating the arguments in the proof of Theorem 10.8 and using Table 11.2.a
shows that P(El N E2 N E3) > 1 — 3§/7. The next lemma bounds the sum

2;1 Et—l [Ytz]

Lemma 11.10 Let Yiax = maxi<;<+ (|Ye| + B,_1[|Y¢]]). On EI N E2 N E3 the
following hold:

(1) Ymax S %
(2) X B[] < 10n.

Proof See the proof of Lemma 10.12 except that (10.13) is replaced by (11.6)
and use Table 11.2.b. O

We also need to bound 3/, Y? with high probability. Let £4 be the event
defined by

B4 = {Z Y2 < 21n} : (e4)
t=1

Lemma 11.11 P(s4 U (El NE2NE3)C) > 1-6/7.
Proof See the proof of Lemma 10.13. O

The last two events control the concentration of the estimated quadratic

surrogate about its mean at the optimal point and the concentration of the
. . 24/

Hessian estimates. Let C, = %

hold:

and E5 be the event that all of the following

(D |27 (e (x) = g:(x))| < C forall x € K.
(@) |27 (8 (x) = 5:(x))| < C forall x € K.
() |Z (8 (x) = 57(x),x — y)| < AC, forall x,y € K.

Lemma 11.12 P(e5U (El NE2NE3NE4A)C) > 1-6/7.

Note, the dimension-dependence in C, appears because the concentration
bound needs to hold uniformly for all x € K, which is accomplished by a
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covering argument and union bound. By contrast, in the stochastic setting bounds
of this kind were only needed at the minimiser of the loss.

Proof By Proposition 12.24(2), with probability at least 1 — §,

1
<1+~ dZEH 1L + dLY max

The claim follows from Lemma 11.10. The second part follows by using
Proposition 12.23(2) and the same argument. O

Z(q,oc) 4:(x))

max

Comparing ¥, and £, is slightly more delicate thanks to the decay. Let wq = 1
and w; = [1._, 7s. A simple induction shows that

I+1 [_]l"'nzwsl
t+1_W[ |:—]l+nzws‘|

11>

1
Wy |:_2]1+T]S[ and
o

1>

1 _
Wy |:_2]1 + 77S[
g

=1
The next lemma characterises the important properties of the weights (w;)[_,
The proof is deferred to Section 11.6.

Lemma 11.13  The following hold:

(D X1y #1) <6+dL.
) wye[l/2,1] forallt <.
(3) w; is F;_1-measurable for all t.

Finally, let 6 be the event that
£6 = {-3AL2VanE;" < 5, - 5. <3AL2VanE; | (£6)
Lemma 11.14 P(s6 U (El NE2NE3NE4)C) > 1-6/7.

Proof By Proposition 12.27 (and Remark 12.29 and Lemma 11.13) with
x-l =35 ZT , with probability at least 1 —

—AL% |1+ dZEtl 1+ d*Ymax | = ;lﬁST—ST

<AL |1+ dZ]E,l 1 + d*¥imax 2—

The claim now follows from Lemma 11.10. O
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Let E = 80 N el N E2 N E3 N E4 N ES N E6 be the intersection of all these
high probability events. A union bound over the preceding lemmas shows that
P(E) = 1 — 6. For the remainder of the proof we bound the regret on E.

Step 3: Simple bounds We can now make some elementary conclusions
that hold on the intersection of all the high probability events outlined in
the previous step. Repeating the calculation used to derive (10.16) but using
Lemma 11.10(2),

.
D lledl3, < ant. (11.4)

t=1

By the definition of E6,

Seh = we [+ 8]

S+ g8, + 31]/1L2\/d_ni;1]

IA

Wr

—_—— —

_ 1-
> nS. + 52,‘] by Table 11.2.d

where the final inequality holds because £7}, = v, E;' + nH, = y.E;! =
w271, Similarly,

2*]

T+1

s we[E7 +0Se] - P57 = 571, -

Combining shows that

‘We also need to show that

1, (11.5)

which follows from exactly the same argument as in the proof of Theorem 10.8.
Therefore both Definition 11.9(2) and Definition 11.9(3) hold and so the only
way that 7 # n is if x{ ¢ K. or the algorithm restarts at the end of round 7.
The map ¢ — %; is nearly nonincreasing in the following sense. Given s <t < 7,

o) -1
s, <25, = (2;1 +nst)

Wi-1
2

We-1

Ty 4% 8% (11.6)

(Efl +n§s)7l =
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The decay of the inverse covariance matrix has an important implication: Recall
the definition of (I';) in Line 9 of Algorithm 11.3.

Lemma 11.15  Suppose that x € 0K, then T'-(x) > 3p.

The proof is deferred to Section 11.6. We also need an elementary bound on
the magnitude of the surrogate losses.

Lemma 11.16 Suppose that x € K. Then —% <s(x) <1
Exercise 11.17 % Prove Lemma 11.16 using the following steps:

(1) For the upper bound, combine the properties of the extension (Proposi-
tion 3.22) and Lemma 12.3(2).

(2) For the lower bound, use the definition of s, and non-negativity of e; and
its definition and Lemma 10.5(1) and the fact that M (K )W <l

Step 4: Trace/logdet inequalities Again, we repeat the corresponding argument
in the proof of Theorem 10.8. The argument is made slightly more complicated
by the decaying covariance matrices.

Lemma 11.18 The following holds:
z Ztr(H,Zt) <=
Proof By Proposition 12.6 and Proposition 3.22, for any ¢ < 7,
| 172 "(ﬂz)ZI/ZH nd hp(e’)\/du—z, < 77/10"/_ <1, (11.7)

T4 - e(1-2)
where we used (11.6) to bound ||%,|| < 40-2. The final inequality follows from
Table 11.2.£. Note that

sl y,Z + r]H, > y,Z

t+1 —

By Lemma A.10,
logdet(l + nHl’il) = logdet(’y,]l + T]I:Iti[ + (1 - '}’t)]l)

d(1-vy)

Yt
d(1-1v,)

t

1(y: # 1)
—\/Z s

< logdet(y,1 +nH,Z;) +
= logdet(Z,Z)) +

< logdet(Z,Z7)) + (11.8)
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where the final inequality follows because either y, = 1 or y = 2"~
1 - 2@ Combining (11.7) and (11.8) and Lemma A.9,

4G - @16 ¢ nH,%,
— > tr(H%,) < — ) logdet (]l + —)
A IZ::A An ; 2

®» 16 — _
< — logdet (1 + nH, X
o 3 gt (1412,
© 16 < 16 « - -
S N1y 2D+ — > logdet (z -1 )
/ln\/Z £ t A ; t=t+1
dL 16 _
(%) — + — logdet (]l + 770'2ST)
2An  An
o dL 16 21
(S)—+—10gdet ]l+o-—
2 A 1
@ dL
An’

where (a) follows from Lemma A.9, (b) since %, < 2%;, (c) by (11.8), (d)
from Lemma 11.13(1) and by telescoping the sum of log-determinants, (e)
by bounding nS, < W%i;il < 11 using (11.5) and Lemma 11.13 to bound
wr > 1/2. (£) follows by naive simplification. O

A simple consequence is a bound on the regret relative to the extension in
terms of the regret relative to the quadratic surrogates.

Lemma 11.19 The following hold:

: dL
(1) eReg(x7) < sReg(xy) + 1+ 5%

(2) eReg(xS) < qReg(x3) +2+ ‘f]—l/; whenever x3. € K.

Proof We have:

2 T
eReg(x¢) < sReg(x%) + 3 Z tr(sy (p) %) + 1 by Proposition 12.10
t=1

2% ‘

< sReg(x}) + 5 Z te(s) (i) %) + 1 by def. x$
t=1

45 - -

= sReg(x3) + 1 Z tr(H,Z;) + 1 by def. H,

t=1

dL
< sReg(x}) + ) +1. by Lemma 11.18
n
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The second part follows from Proposition 12.9, the definition of K, and naively
bounding constants. O

Next steps So far the analysis has largely followed that in the stochastic setting,
but now there is a serious deviation. Based on the arguments so far, it has been
established that with high probability the only way 7 # nis if x§ ¢ K,,;. While
in the stochastic setting it was possible to prove that the minimiser of the loss
stays in the focus region, this is no longer the case. Instead, it is necessary to
consider a case-by-case analysis and handle the restarts:

o When x{ € K, it can be shown that eReg_ (x¢) is small and simultaneously
that x§ € K., with the latter showing that 7 = n.

o When x% ¢ K., then the algorithm restarts at the end of round 7.

o Whenever the algorithm restarts, then the regret relative to the extension is
negative.

Step 5: Regret Suppose that x3. € K and the algorithm has not restarted at the
end of round 7, then by Theorem 11.6

1 s 2 @ ||X§_||2 TIZ N 2 (S s
E”'x‘r - luT+1 ||2;-1—1 S 20_2 + ? s ||g[||2t+l - aneg('x‘r) - FT('XT)
w 2d? —
st 4n*dnL - nqReg(x}) — Tr (x})

© 2d? 2 s P
< —3 +4ndnL +nCr —nqReg(x7) - I'r (x7)

2d? dL

(%) “— +4n’dnL + nCy + 27 + — — neReg(x9)
o? Pl

< p - neReg(x)

where (a) follows from Theorem 11.6 and the assumption that x§ € K., (b)
by the assumption that K C Bgd and by (11.4) and (11.6) to bound %,,; < 8%,.
(c) holds on E5. (d) follows from Lemma 11.19 and because x} € K. And
also because I'7(x3) > 0. (e) follows from the definition of the constants
Table 11.2.c. Rearranging shows that

eReg(x%) < L
n
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Furthermore, since the algorithm has not restarted in round 7 it holds that

1 2d*
EHX‘; — Hr+1 ||§_1I st 4n*dnL +nCr — nqReg (x3)
24> ) s .
< —5 +4n°dnL + nCr + 1 —nsReg(x7) by Proposition 12.9
o

2d?
< — + 4n2dnL + T]C‘r +1- nSRegT(yT)
o

24> S
< +4n’dnL +2nCr + 1 — nsReg, (y+) on ES
g

<3

< .
P=are

where the second last inequality follows because the algorithm did not restart
so that nsReg,(y-) = —2p. The last inequality follows from Table 11.2.h.
Rearranging shows that

‘ 1
/1||XST ~ Hr+l ”2;11 /=

2L’

which when combined with the assumption that xJ € K, shows that x € K.

Hence by Definition 11.9, 7 = n and we have successfully bounded eReg(x{;) <

L
n’

Step 6: Restart analysis Suppose at the end of round 7 that the algorithm
restarts, which means that
nsReg, (v}) = max nsReg. () < nsReg. (yr) +p < =p. (11.9)

where in the first inequality we used the definition of y, in Line 13 of Algo-
rithm 11.3 and the second we used the fact that a restart is triggered when
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nsReg. (y+) < —2p. Then,

a dL
neReg (x¢) < 1 + — +7sReg, (x2)

dL ‘
<1+ — +isReg (x7)

() dL
<1+ - +nsReg (x3_ )+ (se(x3_)) — s¢(x3))

@ dL 10 —
<1+ -t nCr +1 (1 + 5) +1nsReg. (x7_))

(e)

dL 10 s (8
ST+ +nCr+n (1 + 5) +1sReg. (y7)

(€3] _— 3
< p +nsReg. (y3)

(@
<0

= [l

where (a) follows from Lemma 11.19. (b) by the definition of x3. (c) by the
definition of xi _{ (d) holds on E5 and by Lemma 11.16. (e) follows from the
definition of 7 so that x}_, € K, and the definition of y7 as the maximiser of
Eﬁe\gf over K. (£) follows from the definition of the constants Table 11.2.e
and (g) from (11.9). Hence, whenever the algorithm restarts the regret with
respect to the extension is negative. On the other hand, if x} leaves K, then
vy € 0K; and

2 (@) 2d2
“yfr - ,U1-+1||2741f] < ? + 4772dnL +nCr —nqReg, () -T2 (y7)
2d?

(2 1+ — +4n?dnL + nC; - nsReg. (y3) — I+ (y7)
© . 2d? ) $ s
<l+ ? + 47] dnL + T]CT - T]SRegT(yT) - FT(yT)
@ 2d? 2 Reg (v s
<1+ ? +4n“dnL +2nC; — nsReg (y7) — T (y3)

. 2d2 — o

<1+ 25 +4dnL + 29C; — psReg, (y5) — 3p
o

H —_— 8

< -2p —nsReg. (y7),

where (a) from the same calculations as in step 4, (b) from Proposition 12.9,
(c) by the definition of y and y; (d) holds on 5, (e) from Lemma 11.15 and
(£) by the definition of the constants Table 11.2.g. Therefore nﬁl—e\gT (%) < -2p.
Hence, by Line 13 of Algorithm 11.3,

nsReg, (y-) < nsReg, (v3) < -2p
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and a restart is triggered. O

11.6 Decay analysis

The purpose of this section is to prove Lemmas 11.13 and 11.15, both of which
are related to the decaying covariance matrix. Recall that

t—1
Ze—1 = argmin |T_;(2) 2 Z(l —¥s)llz _,us”éq]}

z€R4 s=1

and with D, = 3! 1(ys # nEst,

1 ifTroi(ze-1) 2 3p
y if Et_l £ D
Y = .
v it -zl 2 e
1 otherwise.
Remember also that w;, = [T5_; 5.

Proof of Lemma 11.13 We start with part (1), which is the only difficult part.
By definition, 1(y; # 1) = A; + B; where

Ar=1(57 £ Doy and Ty (201) < 3p)

1
B =1 (At =0and [|u — Zt—l”;;l 2 QL2 and I;—1(z,-1) < 3p] -
By Definition 11.9, for s < 7, Zs‘l is positive definite and therefore D,_; X D,
for all + < 7. Furthermore, in rounds ¢+ where A, = 1 it holds that D; =
D,_y + %7  and 57! £ D,_y, which means that 1 < D;'/’D,D7'/> = 1 +
D;_ll/ZZt_lD;_ll/z #Z 21 and therefore

1/2

logdetDt__llD, =logdetD, 172

DD, " > log(2).
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Hence,

D" Alog(2) < ) logdet D!\ D,
=1 =1

=log detDl_lDT

%) 10 # 1)2;‘)

t=1

= log det

2
< dlog (%) < dLlog(2).

Rearranging shows that

S 4 <dr.
=1

Moving now to bound }._, B;. Recall that I'; is a convex quadratic minimised at
7z € RY. Let I} =T;(z;). Note that r — I'}" is non-decreasing by the definition
of I';. A simple calculation shows that when y; # 1, then in rounds ¢t where
B; =1,

* @ % _ _ 2
I; —F,_1+(1 Yze-1 /11”2;1_2;11);12;1

® 1-
ST+ 5l = el
© 1—-vy
>T*  + —0
=17 16L22

@ *
>I7,+3p,

where in (a) we used Lemma A.11 with A = 2,’1 and B = D,_;. (b) follows
because B, = 1 implies that D, = D,_; + X! = 2%-!, which shows that
5D < 4371 () follows from the definition of B, and (d) from
the definition of the constants Table 11.2.h. Since B; = 1 can only happen if
F[*_l < 3p, it follows that 3.7, B, < 1. Combining the two parts shows that

i My #1) = X7 A+ X/, B, < 1+ dL, which establishes part (1).
Part (2) follows from part (1) since

Measurability of the weights (part (3)) follows from the construction of the
algorithm. O
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Proof of Lemma 11.15 Letx ¢ K. By the definition of K, there existsat < 7
such that

b = el 2 (11.10)

2022
Since I'z (x) = I';(x) it suffices to show that I'; (x) > 3p. Suppose that y, = vy,
then

-y
2LA2

v

t
@ = D=yl =l > (1=l = el > 5 = 3p.
s=1
For the remainder assume that y;, = 1. According to the definition of vy,
there are two ways this can happen. When I;_1(z;-1) > 3p, then trivially
Ii(x) =Tio1(x) = Ty-1(zs-1) = 3p. Lastly, if I',_1(z;-1) < 3p and y, = 1,
then

t—1

< Z 1(ys # DE;'  and (11.11)
s=1
2 o] 11.12
”/«H _Zt—lllzt—l = SIA2 (11.12)

Therefore,

L (x) =T (x)
r—1

= > 0=yl = ll2
s=1 *

t—1
= (1=) D 1(ys # Dl = sl
s=1 ’

VE

t—1
1
1=y ) 105 # D) [Eux =zl =l —us||§;1]
s=1

t—1

_ I‘TV Zl 1(ys # Dl = 21l = Tioa(zi-1)
po
St 4 N S
2 %
(g I—Ty BHX - 'ut”i" = llpe = Zf—l”é;‘} —3p
@ 1-
= 16427L 3

(e)

>3p,
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where (a) follows from the inequality ||a + b||> < 2|la||* + 2||b]|*>. (b) by
the assumption that I';_1(z;,) < 3p and (11.11). (c) by the same inequality
as (a). (d) by (11.10) and (11.12). (e) by the definition of the constants
Table 11.2.h. m]

11.7 Approximate optimisation

We need to explain how Algorithm 11.3 might implement the optimisation
problem in Line 13 to find a point x € K; such that

nsReg, (x) > max nsReg, (x) — p, (11.13)
xeK;

which is equivalent to finding an x € K, such that

n

t
u=

t
§,(x) < min anu(x) +p.
1 yeke i3

The plan is to use gradient descent (Algorithm 11.1). To this end, let t < 7 be
fixed for the remainder of the section and

h(x) = 772 S,.(x) and h(x) = nZsu(x) and h'(x) = an;(x).
u=1 u=1

u=1

In order to apply Corollary 11.5 we need to prove the following:
Lemma 11.20 Given any t < 1, the following hold:

(1) Bounded gradients: maxcg, I\ (O)lg1 = O(poly(d, n)).
(2) Approximate values: maxyeg, |h(x) — h(x)| < %).
(3) Approximate gradients: maxy yek, <h'(x) - iz’(x),x - y> < %.

Lemma 11.20 when combined with Corollary 11.5 shows that Algorithm 11.1
when run with A = £! and K = K, and gradient function W(x)=n X Su(x)
and n = O(poly(n, d)), returns a point x satisfying (11.13).

Exercise 11.21 W¥ Prove Lemma 11.20.

11.8 Constraints

Like in Chapter 10, the analysis in this chapter depends on a complicated set of
constraints on the parameters, which are given below.



194 Online Newton step for adversarial losses

1122 oVd<l 112b 4L <op

112 2L +dpdnL+9Cr+2n+ 9 <p | 112d  3paL>Vdn < |

AoVd

11.2.e "7L+nCT+n(1+£) <p 1n2£ oy <1
2 1—

112.9  1+2% +d4p’dnL +29C < p 11.2h  p <57k

Table 11.2: Constraints on the parameters used in the analysis of Algorithm 11.3

You can check that the constraints are satisfied when

2 Vd/n

_ 1
A= W n= CL v =27 L
1 d2.5c3L6
o= p=CdL* S
dL NG

where C > 0 is a suitably large absolute constant.

Remark 11.22 Let us comment on where there might be room for improvement
and on the tightness of the choices of the parameters. First, it seems nearly
essential that 1 —y = O(1/d). But satisfying Table 11.2.c ensures that %’ <p
and satisfying Table 11.2.h ensures that p < (1 — y)/A%, which means that
A< 1_77 =0(1/d*.But C, = %\/%, so the regret with this choice of A is at
least %\/d_ = d*5+/n, which is the rate achieved. The Vd in C; arises from a
union bound that may be loose. If this could be improved to C; = }l\/ﬁ, then
the regret would become d>+/n.

11.9 Notes

11.i: The algorithm and analysis here is a refined version of the algorithm
proposed by Fokkema et al. (2024). The restarting has been used to handle
adversarial losses by a number of authors (Hazan and Li, 2016; Bubeck et al.,
2017; Suggala et al., 2021). The gadget used here most closely resembles that
by Suggala et al. (2021). The main difference is the mechanism for deciding
when to decay the inverse covariance. At a high level both decay the inverse
covariance when the focus region changes too much. They use an argument
based on reduction of volume, which is less computationally efficient than the
more algebraic calculations used in Algorithm 11.3.

11.ii: We mentioned that the ellipsoid method can replace gradient descent
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for approximately minimising a near-convex function. We adopt the notation
and assumptions in Theorem 11.4. Let us additionally assume access to a
separation oracle for K and extend // : K — R4 to i’ : RY — R< by
defining /' (x) to be the output of the separation oracle for x ¢ K. Let E| be
an ellipsoid such that K ¢ E| and define (Ey) centered at (xi) inductively by
Ers1 = MVEE(Ex N {x : (W (xp),x — xx) < 0}). Let x € K be arbitrary and
suppose that /1(x) < h(x;) — 29 — &1. Then

(h' (xie), x = xic) < (h'(xp0), X = xi) + &1
< h(x) — h(xg) + &
< h(x) = h(x) + 2g0 + &1
<0,

which means that x € Ky41. Following the standard argument of the ellipsoid
method shows that with m = O(d? log(G /max (&g, £1)) it holds that

min A(xy) < inf h(x) + 4eo + 2¢; .
k<m xeK

11.iii: The running time per round of Algorithm 11.3 depends polynomially
on t. The reason is two-fold: (1) The focus region K; has at least ¢ quadratic
constraints, which means the projection in Line 12 involves a large number of
constraints. (2) Approximately maximising the empirical regret in Line 13
requires storing and accumulating all previous data during the approximate
convex optimisation procedure. The following exercise is quite speculative:

Exercise 11.23 W% ? Suppose that K is represented as a polytope or via
a separation oracle. Modify Algorithm 11.3 to have O (poly(d, log(n))) running
time per round. The following is a suggestion only:

(1) Show that the focus region can be updated only O(d) times when the
ellipsoid E (y;, ;) changes dramatically.

(2) Show that the optimisation procedure in Line 13 can be warm-started or
implemented in a streaming fashion to reduce the complexity per round.

11.iv: Like Algorithm 10.2 from the previous chapter, the analysis of Al-
gorithm 11.3 relies on a complex and moderately non-explicit parameters. In

principle you can calculate the constants explicitly, but in practice the resulting
choices will be overly conservative. And the problem that poor approximations
of the optimal constants may lead to linear regret are even worse here, thanks to
the additional constants that define the decay of the inverse covariance and the
restart condition.
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Gaussian optimistic smoothing

The purpose of this chapter is to introduce and analyse the surrogate loss functions
used in Chapters 10 and 11. The results are stated in as much generality as
possible to facilitate their use in future applications. In case you want a quick
summary of the results, read this section for the basic definitions and then head
directly to Section 12.9.

Suppose that f : R? — R is convex and X is a random vector in R¢. We
are interested in the problem of estimating the entire function f from a single
observation Y = f(X) + & where E[g|X] = 0 and E[exp(£?)|X] < 2. Given a
parameter A € (0, 1), define the surrogate by

s(x)=E[(1—/ll)f(X)+/11f((1—/l)X+/bc) , (12.1)

which is plotted in Figures 12.1 and 12.2. We saw this surrogate in Chapters 6
and 9 with 2 = 1/2 and where X was supported on an ellipsoid. For the
remainder we assume that the law of X is Gaussian with mean u and covariance
X. The density of X with respect to the Lebesgue measure is

/2
1 1
p() =|5-]  VdetzTexp |-l - ull ) -
2n 2
We also make use of a quadratic approximation of the surrogate defined by

’ 1 2
40) = (" (x =)+ gl =il

which is related to the second-order expansion of s at u but the zeroth-order
term is dropped and the leading constant of the quadratic term is % rather than %
Since we dropped the zeroth order term you should not expect that g(x) = s(x).
Rather we will see that g(x) — g(u) is comparable to s(x) — s(u) for suitable x.

196
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Assumptions and logarithmic factors Because the analysis is quite intricate
and we are not so concerned by constants and logarithmic factors, we make the
following assumption:

Assumption 12.1 The following hold:

(1) Convexity: f : R? — R is convex and K is a convex body.
(2) Gaussian iterates: X has law A" (u,X) and u € K.
(3) Subgaussian responses: Y = f(X) + & with

E[e|X] =0 and E[exp(e?)|X] <2.

(4) Boundedness: 6 € (0, 1) is a constant such that

max (d, lip(f), sulglf(x)l, IZIL 1=, 1/4]) <
XE

Sl

1
Moreover, A < T

We let L be a logarithmic constant:
L =Clog(1/9).

where C > 0 is a large non-specified universal positive constant. We also let
(Cy) be a collection of k-dependent universal positive constants.
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Figure 12.1: The figure plots the surrogate for different choices of u and X
with A = % in all figures. Notice that the surrogate is always optimistic in the
sense that s(x) < f(x) for all x. Moreover, the quality of the approximation
depends on whether or not x is in the region where the relevant Gaussian is
well-concentrated and the amount of curvature of f in that region.

3.0 1

2.5 1

Cil= D= Ol

2.0 1

1.5 1

1.0 1

0.5 1

0.0

Figure 12.2: The figure plots the surrogate for y and X constant and different
choices of A. You can see that smaller A yields a smoother surrogate, but also
one that has more approximation error.
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12.1 Smoothing

Our analysis would often be made considerably easier if f € Fgy. Let 0 =
exp(—L/200), which is a miniscule constant and let

fng*¢g

where ¢, is the smoothing kernel defined in Section 3.8. The following lemma
is nothing but a rewriting of Proposition 3.23.

Lemma 12.2  The following hold:

(1) f, is twice differentiable and B-smooth with 8 = (d + 1)(d + 6) lip(f)/o.
) |Ifo = fllw < olip(f).

The surrogate loss associated with the smoothed loss f, is

500 =B| (1= 3) 200+ 101 -0 420

By definition, o is tiny, which means that s, may not be that smooth, but it is
just enough for our purposes.

12.2 Elementary properties

An immediate consequence of the definitions is that s is convex, Lipschitz and a
lower bound on f.

Lemma 12.3  The function s in (12.1) is well-defined, infinitely differentiable
and

(1) s is convex; and

(2) s(x) < f(x) forall x € R%; and

(3) lip(s) < lip(f).

Proof That s is well-defined, infinitely differentiable and Lipschitz is left as

an exercise. Part (1) is immediate from the convexity of f. Part (2) also uses
convexity of f and Jensen’s inequality:

s(x) =E

(1 . %) FOX) + A=K+ 1)

<E

(1 _ %) FX0 + 2T =DFX) + A7 (0]
= f). }
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Exercise 12.4 W Prove the omitted parts of Lemma 12.3.

Perhaps the most important property of s is that it is not too far below f on
an ellipsoidal region about u. Establishing this is quite involved, however, and
relies on a better understanding of the Hessian of s.

12.3 Properties of the Hessian
The next important property is a kind of continuity of the Hessian.
Proposition 12.5 [f A ||x — y|lg-1 < L™Y2, then s” (x) < 25" (y) + 6=\
Proof The interesting part is to establish a version of the claim for the smoothed

surrogate loss, which is followed by a mundane comparison.

Step 1: Smoothed analysis Lete = ’l(ly__/lx) and assume by changing coordinates

that ¢ = 0. By definition,

sy (x) = AB [ (1 - D)X + Ax)]
— 1’7 1= d
/l/Rd fo (1=D)z+Ax)p(z) dz

:/l/Rd FE((I=)w+Ay)p (w + &) dw,

where the exchange of integral and derivatives is justified by the assumption
that lip(f) < oco. The last equality holds by a change of coordinates. Given a set
B c RY let

I(B)=/I/Bf£','((1—/l)w+/ly)p(w+s)dw.

The plan is to construct a set A for which P(X ¢ A) is negligible and I(A) <
25’y (y) and then argue that /(A“) is negligible. Consider the density ratio

p(w+eg) (
—— —exp
2

1 1
o S lwrell+5 ||w||§l)

1
= exp (_E el - (w,8>zl) -
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Next, let A = {w : —% ||8||§,| —(w,&)s-1 < 10g(2)}, which is chosen so that
I(A) = /l'/AfE’)’((l —Dw+Ay)p(w+e)dw
< 2/1./Af£')’((1 —DHw+ Ay)p(w)dw
<21 /]Rd Jo (1 =)w + Ay)p(w) dw

=2s,(y),

where the first inequality uses the fact that f, is convex so that f;" = 0 and
the definition of A. The second follows from convexity of f,. Moving now to
bound the integral over A°. Recall the definition of 8 in Lemma 12.2. Then, by
convexity of the spectral norm,

i =2 [ 2 -aw s anpors o
<AB | p(w+¢g)dw
- /lﬁ]P(A); _se A
= ABP (—% leli, - (X —&,x7'e) > log(2))

(102 ~ 112, )

2
2llells

< ABexp| -

k)

where in the final inequality we used Theorem B.14 and the fact that <X , Z‘ls>
has law .4 (0, ||s||§_l ). As well as the fact that %”8”%_1 < log(2), which holds
for suitably large L by the assumptions in the proposition statement. Therefore,

(102~ 4 leli2- )’

2
2[lell5-s

5 (x) 2257 (y) + ABexp| -

14 L
2255 (y) + ABexp (_ﬁ)ﬂ’ (12.2)

where the last inequality follows because 4 < 1/2 by Assumption 12.1 and the
conditions in the statement that A ||x — y||y-1 < 1/VL so that

2
A 1 4
2 = —yE, € ———— < — <log(2).
llellz - (1_/1) [lx y||z—l—L(1_/1)2—L—0g()
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Step 2: Comparison We now compare s” and s). Let
M(z) =S 1257512 _q,

Then, using convexity of the spectral norm and Lemma 12.2,

@

212057 () = sz

0 = 1)1 =z + M @)p(a)

(1-2)?
2 o) “pgz) [ m@ip a:
© /l(fli—p/gz) g 51227TE 12 ]al(z) dz
@ (d +(?fi;izp(f) ’ (12.3)

where (a) follows by (twice) integrating by parts, (b) by Lemma 12.2, (c)
by substituting the definition of M and (d) since for ~'/?z under p(z) is a
standard Gaussian and for W ~ A47(0, 1), E[||[WWT —1||]] <E[||[WWT|[]+1 =
E[IW]|?] + 1 = d + 1. Therefore,

(d +1)Aolip(f)
(1-2)2

L
2 257 (y) + 4B exp (—m) 1+

5" (x) 2 57y (x) + x!

(d+ DAolip(f) ._
(1-2)2

2(d + ) Aplip(f)
(1-2)2

L
< 25" (y) + ABexp (—m) 1+
@ ’” —1
22s"(y) + 627,

where (a) follows from (12.3), (b) from (12.2) and (c) from (12.3) again.
Lastly, (d) follows from the definitions of o = exp(—L/200) and 8 = (d +
1)(d + 6) lip(f) /0 in Section 12.1 and Assumption 12.1 that §1 < 7! O

Since f is Lipschitz and s is a smoothing of f, the Hessian of s cannot be too
large relative to || X! || as the next proposition shows.

Proposition 12.6 For any 7 € R¢:

W Is” ()l < 22U fayz-T].
144 ]
@ [ <z>zl/2||s—*;fi;f> 4=

Proof Assume for a moment that f is twice differentiable. Then, exchanging
derivatives and the expectation and integrating by parts shows that for any
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nesil,
n's"(2)n = AE[n" f((1 - DX +a2)n]
= B [ S (0 = DX+ 2) 27 (X - )]
< LU [t — )
< APUD 42 [ — ]

< %(ﬂf) A=

Then use the fact that ||s” (z)]| = Max, gd-1 n's” (z)n. The second part follows
from the same argument. In case f is not twice-differentiable, then apply the
above argument to s, and f, and pass to the limit as o — 0. Alternatively,
use direct means to justify the second equality above with (-, f'(+)) replaced
with the directional derivative D f(-)[-]. The second part follows from the same
argument and is left as an exercise. m

Exercise 12.7 W Prove the second part of Proposition 12.6.

Lastly, we compare the Hessian of the surrogate to the mean Hessian of the
loss f.

Proposition 12.8 Suppose that A < #. Then

;i%E[fg(X)] < % [25” (p) + 26271 .

Note the limit of the smoothing is used because f may not be twice differen-
tiable. This corresponds to viewing the Hessian of f as an operator on suitable
distributions.

Proof Let Z have law A" (u, 2_7/12), which is chosen so that (1 — )X + 1Z
has the same law as X. Therefore,

Blsp(2)] = AB[ £ (1 - )X +aZ)] = AELf (X)].
Passing to the limit shows that

E[s"(2)] = A lim B[ 0 (X1

Define event A = {1||Z — p]|s-1 < L~'/2}. By Proposition 12.5,

145" (Z) 225" (u) + 6271 (12.4)
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By the definition of Z, /3% 27"/2(Z - p) has law .#/(0, 1). Therefore, by
Proposition B.12 and Lemma B.3,

P(AC) = P (/1 1Z - llsrt > L‘l/z)

2
[ 1

= L >z _ -

FllNz=2% "Z-» >/l(2—/l)L)

3
<2exp|l-—
= eXp( 8dxl(2—/l)L)
3L

< 2exp (_E) . since A < #

Combining the above display with (12.4) and Proposition 12.6 shows that
E[s"(Z)] = E[145"(Z) + 1acs"(Z)]

Al
< 25" (u) + 6T + P(A°) 11‘1(/{) A=t
3L\ Ali
< 25" (1) + 62X + 2exp (_R) %(/lf) d||z-11

< 25" (u) +26571,

where the final inequality follows from the definition of L and by Assump-
tion 12.1. O

12.4 Properties of the quadratic surrogate
Recall that the quadratic surrogate is

’ 1 2
400 = (5" x = )+ 5 e =gl

Obviously ¢ inherits convexity from s. By Proposition 12.5, s has a nearly
constant Hessian in a region about u from which it follows that g(x) — g(u) <
s(x) — s(u) on aregion about u as the follow proposition shows:

Proposition 12.9  Suppose that A||x — pl|s-1 < % then

50 = 50 < 440~ g() + =5

Proof By Proposition 12.5, for any y € [u, x],

)= 5 57w - 057
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By Taylor’s theorem there exists a y € [y, x] such that

1
$() = 5() + (5" ()x = )+ 5 b= wll

) 1 )
> () + (5" )x = ) + 7 e = w2y = 5 o=l

’ 1 2 4
2 () + (8" () x =gy + e = pllr ) = 2L

> 5() +4(0) = 2

The result follows by rearranging and because g(u) = 0. m}

12.5 Lower bound

We have shown that s < f holds everywhere. In general there is no uniform
upper bound on the entire function f — s, but f(u) — s(u) can be upper bounded
in terms of the curvature of s as u.

Proposition 12.10 Provided that A < d%,

26d

£ <BLFOOT < 50 + 2 05" (0)2) + 22

Proof The first inequality is immediate from Jensen’s inequality and because
E[X] = u. Let Z be a random variable that is independent of X and has law
N (1, p*T) where p? = 4 is chosen so that (1 — 2)* + 2%p? = 1. Then

E[s(Z)] =E [(1 - %) f(X)+ %f((l -X +/lZ)]

-5 (1 3} 0+ o]
=B/,

where we used the fact that (1 — 2)X + AZ has the same law as X. Let us
now compare E[s(Z)] to s(u). By Taylor’s theorem, for every z € R there

exists a &, € [, z] such that s(z) = s(u) + 5" ()" (z = p) + %Iz —ullz,,(&). By
Proposition 12.5, if z is close enough to u, then s’/ (z) is close to s (u). Define

A={zeR¥: Az -ulgr <L7'?}.

Note that u € A and that A is convex. Hence, if z € A, then £, € A and by
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Proposition 12.5, s” (£;) < 2s”"(u) + 6Z~'. Then

Els(2)] = E [sw) 5 (W) (Z ) + 5 12 —ulli/(&)]

14(2) ) 14 (2) :
SNZ = il | 42| FESNZ = ey |-
) 1 L = 1

=s(u) +E

The dominant term D is bounded using Proposition 12.5 and the definition of A
by

14(Z)

— _ 2
D=E T”Z /J||S//(§Z):|

<E by Proposition 12.5

1)
1Z = 1y + 5 17 = wll3

=t (" @B [(Z - (2~ )7 ]) + SE[1Z - ]

5dp?
2
od 5

2
< 1 tr(s”(u)Z) + < since p~ <

= p (s (WE) +

~

Collecting the results shows that
2 " od
BLF(X)] = E[s(2)] < s(u) + T (s GOT) + = +E.

All that remains is to bound the error term, which follows by showing that
Z € A€ holds with vanishingly small probability.

Bounding the error term Let

i Alip(f) [d
1/2 1/2 a
1203 < SRS (12.5)

M = sup

z ERLZ

where the inequality follows from Proposition 12.6 and the assumption that
1Z] < %. Let W have law .47(0, 1) and note that %Z‘I/Z(Z — u) also has law



12.5 Lower bound 207

A°(0,1). Then,

1 2
E =3B |1Z = ulg,) 1ae(2)]

M
< SE[IZ - iz 14 (2)]

2
= YR IWIP 140 (2)]

IA

2
20 Jeliwit- 1 ¢ 4)

Mp2
2

1
&2+ 2P [||W]? > ——
( ) (II Il /lzsz)

< 1\4dp2\/11:>(||wn2 > (12.6)

/l2p2L)'

where we used the definition of M, Cauchy-Schwarz and Proposition A.3. By
Proposition B.12, H||W||2H o S 3d and by Lemma B.3 and the assumption that

1

1 1 1 L
PIWI? > ———) < 2exp|-——— | < 2exp[-—— | < 2exp -2 ] .
(” I _/lzsz)_ eXp( 3d/12p2L)_ eXp( 6d/lL)_ eXp( 6)

Combining the above with (12.6) and (12.5) and naively simplifying the constants
by ensuring L is large enough shows that £ < 67‘1. O

Corollary 12.11 Suppose that A < # and A ||x — pljg-1 < \LE Then

1

BLFOO1 = £() < (1) = g + 2 (5" (%) +.8 | 2 +

Proof By Lemma 12.3(2) and Proposition 12.10 and Proposition 12.9,

26d

BLFO0] - £00) < s(1) = 5(0) + > (s (0)%) + 2

2 . 2d 1
< q(p) - q() + S t(s” (WI) + 6| ==+ =
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12.6 Estimation

The surrogate loss function can be estimated from X and Y using a change of
measure. Precisely,

s@= [ ([1-3) 7@+ pra-vrean) pax

B 1 P (R

- /. (“fm rered

3 1 r(x2)

_/Rd (1_/_l+ ) )f(x)p(x)dx, (12.7)

where r(x, z) is the change of measure defined by

! )dL—ﬁ)

reo) = (_ p(x)

— (12.8)

which satisfies

or(x,z) 3 Ar(x, Z)Z‘l x—Az B
oz 1-4 -1 *

9’r(x,2)  2%r(x,2) 51 X—/lz_'u X—/lz_lu TZ"—Z” ‘
1-2 1-2

a2 (1-2)2
Looking at (12.7) and exchanging derivatives and expectations we might estimate
s and its derivatives by

§(z)=(1—}l+r()i’z))y

i = Dy (X2 )

o Ar(X, )Y [ (X -2z X-az  \'o oo
S(Z)_W[Z](I—A —/1)(1_/1 —,u)Z Z].

And indeed, these are unbiased estimators of s(z), s’ (z) and s”'(z), respectively.

Exercise 12.12 % Show that E[5(z)] = s(z) and E[¥(z)] = s’(z) and
E[5”(z)] = s”(z) for all z € R4,

The quantity r(X, z), however, is not especially well behaved and for this
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reason we let 7(x, z) = min(exp(2), r(x, z)) and define estimators

§(z)=(1—l+r_()i—’z))Y

1

o XY (X -z

$@==_% (1—/1 )

o AFXY [ (X=az \(X-az N\
TRy [2 (1—4 “)(1—1 “)2 = ]

Remark 12.13 Our notation for these estimators is a little clumsy because
§'(z) and §”(z) are not the derivatives of §(z).

Note that while s is convex, in general neither x — §(x) nor x — §(x) are
(see Figure 12.3). Mostly we are interested in estimating gradients and Hessians
of the surrogate at y, which satisfy

r(X, )Y ' (X - p)

§' () = e
e ArX Y [ X - (X -pTE
T =Ty e

Note that r(x, u) = r(x, i) for all x thanks to Lemma 12.16.
Proposition 12.14  Provided that A||z — p||s-1 < \/% The following hold:

(D) |E[5(z)] —s(2)| < 6.
2) ||E[§(2)] = s'(2)|l < 6.
(3 E[S"(2)] = 5" ()] < 6.

Moreover, E[$()] = s(u) and E[§" (1)] = 5" () and E[§” ()] = 5" ().
Proof Let E be the event that r(X, z) > exp(2). Then
|I"(X,Z) _F(X’Z)| < ]-Er(X’Z) .

By Lemma 12.16 in the next section,

r(X,z) <exp|l+ (X — 2 — )z

Pl
(1-2?

Therefore, using the definition of E and the fact that A (X — u,z — u)s-1 has
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law A (0, 21z~ ).
P(E) = P(r(X,z) > exp(2))
< P(/l(X—,u,z—#)z—l > (1 —4)2)
< exp (—&) by Theorem B.14
2%z = ullg,

(1 —/1)4L)

< exp (— >

You showed in Exercise 12.12 that §(z) is an unbiased estimator of s(z) and
therefore

[E[$(2)] = s(2)] = [E[3(2) = 5(2)]]
_ 'E [Y(F(X, z) —r(X, z))”

A

<E [lEIYIV(X, z)]
A

< %E[Y“]%E[r(x, ONER)
<.

where we used Lemma 12.19 and Lemma 12.20 below. The proof parts (2)
and (3) follow the same argument. That the estimators are unbiased when
z = p follows from the observation that 7(x,u) = r(x,u) for all x and
Exercise 12.12. O

Exercise 12.15 W Prove Proposition 12.14(2) (3).

12.7 Concentration (-®)

In this section we explore the tail behaviour of the estimators in the previous
section. Almost all of the results here are only used as technical lemmas in the
previous/next sections. Recall that r is the change of measure function defined
by

P (%)

(1-)?p(x)
where p is the density of the .4 (u,X). The next few lemmas bound the
magnitude, gradients and moments of r.

r(x,z) = and 7(x,z) = min(exp(2),r(x,z)),
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Lemma 12.16 Forall x,z € RY,

A
r(x,z) < exp (1 + a2 (x —ﬂ,Z_,U>Zl) .
Proof Let us assume without loss of generality that u = 0. By definition,
) = P UER)
| (1-2)4p(x)
L lx—/lz2+1””2
=——exp|—-=||—— —|lx
(1—d Pl 2 || 1=l T2 Wi
< 1 ex /l(X,Z>2—1
S - P2
/l<x’z>2_]
<exp|l+ —"="],
Xp( (1- 1)

where in the final inequality we used Assumption 12.1 that 4 < ﬁ so that
(1—/1)_ds(1+$)dSexp(1). O

The next lemma loosely bounds the Lipschitz constant of z - 7(x, 7).

Lemma 12.17 Suppose that A = {z : A ||z — pt|lg-1 < 1} and x € R¥. Then
1

lip4 (F(x,)) < g .

Exercise 12.18 W Prove Lemma 12.17.

Later we need some conservative upper bounds on the moments of the various
estimators. The easiest way to obtain these is to bound the moments of the
constituent parts and combine them using Holder’s inequality. Remember in
what follows that X has law A" (u, X).

Lemma 12.19 Forany k > 1, E[r(X,x)¥] < Crexp (Ck/12 [|x — ,u||§_1).

Proof By Lemma 12.16 and Proposition A.3,

E[r(X,x)*] < exp(k)E [exp ((1 ik/l)Z (X — p,x — ,Ll)zl)]
272
= exp(k) exp (m llx — #”;-1)
< Cexp (Co® o - pll2-) - :

Lemma 12.20 Suppose that u € K. Then, for any k > 1,
E[If(X)1"] < Cro™2 E[IY*] < Gk
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Proof Since u € K, by Assumption 12.1, | f ()] < 1/6,

E[lF(X)] =E[I£(X) - f(@) + F(]¥]
< 28 1e7F 1 2 M ip(HFE 11X - wll]

< 2157k 4 2k ip (AR IZIZ E [I1X - kL]
< Cro .

where we used the fact that (a + b)* < 25~ 1[a* + b*] and Proposition B.12
and Lemma B.4 to bound the moments of || X — u||x-1 and Assumption 12.1. And
of course we made sure to choose Cy as a suitably large k-dependent constant.
The second part follows from the first and using the fact that Y = f(X) + & and
€ is conditionally subgaussian (Assumption 12.1). O

12.8 Concentration continued

We now focus on the sequential aspects of concentration. Let fi,. .., f, : R —
R be a sequence of convex functions. Assume that Xi, Y, ..., X,, Y, are the
sequence of action/losses generated by an algorithm interacting with a convex
bandit, which is adapted as usual to the filtration (#;);_,. Let 7 be a stopping
time with respect to the filtration (%;). As usual, we let P, = P(:|#;) and E, be
the corresponding expectation operator. We let [|-|[; ,, be the kth Orlicz norm
with respect to P;. The next assumption generalises Assumption 12.1 to the
sequential setting:

Assumption 12.21 The following hold almost surely for all 1 < ¢ < 7:

(1) Convexity: K is a convex body and f; is convex.
(2) Gaussian iterates: X; has law A" (u;, %) under P, and y; € K.
(3) Subgaussian responses: Y; = f;(X;) + & where

Er1ledX,]=0 and E, i[exp(s])|X,] <2.

. 1
(4) Boundedness: A < 7T and

SN

max n,d,lip(fr),SuII;Ifz(X)I,l/ﬂ,IIEzII,IIEIIII <
X€

As before, we let L be a logarithmic factor:

L =Clog(1/6),
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where C > 0 is a universal constant. The surrogate function and its quadratic
approximation now change from round to round and are given by

5:(2) = Eroy [(1 , %) FiX) + L= DX, +22)

, 1
q1(2) = (57 (o), 2 = ) + 5 12 = el -

Note that even when f; = f is unchanging, the surrogate depends on y, and X,
and may still change from round to round. Let p, be the density of A (u;, Z;)
and

7¢(x,z) = min (exp(Z),

Pt (x]j,z)
(1-)dp,(x) )
We abbreviate 7, (z) = 7;(X;, z). The estimator of s, and its gradients are
R 1
st(z)=(1—z+ )Yt

Y ()Y (X — Az
TR SILE N

71 (2)
A

-1 [
i A (2)Y: sl Xy - Az Xi — Az TZ—I v -1
SO=mTpr B\ e e ) B R

Throughout we let g; = §;(y;) and H; = %f;’(,u,) and g, = s;(yu;) and
H, = %s;’ (u¢), which means an estimator of the quadratic surrogate is

1
Gr(x) = {gr, X = juy) + E(x — pte) THy (x — )

and the actual quadratic surrogate is
_ 1 _
qt(x) = <gt»-x - ,ut> + E(-x - ,ut)THt(x - ,th) .

Objectives and plan The questions in this section concern concentration of
quantities like ., (§; — s;). This is an entire function, so we need to be precise
about what is meant by concentration. Typical results show that functions like
this are small at a specific x or for all x in some set. The magnitude of the errors
generally depends on some kind of cumulative predictable variation and our
bounds reflect that. The change of measure 7; (x) that appears in the definition
of the estimators is well-behaved when x is close enough to u. Because of this
most of the concentration bounds that follow only hold on a subset of R%. An
illustrative experiment is given in Figure 12.3. Given r > 0, let

K:(r) = {x eR?: max Aljx — g1 < r} ,
I<t<t t
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which is an intersection of ellipsoids and hence convex. The set K, (r) is often
referred to as the focus region. The general flavour of the results is as follows:

o Given a deterministic x, 3,7, (§;(x) — s;) is well-concentrated about zero
provided that x € K, (1/V2L) almost surely.

o The function )7, (8;(x) — s;(x)) is well-concentrated about zero for all
x € K-(1/V2L), with a slightly wider confidence interval than the case
above.

The predictable variation of the estimators is mostly caused by the variance
in the losses. Let V; = 3.7_ B,_1[¥?] and Yinax = maxj<, <7 |Y¢| + Beo1 [|Y]].
Generally speaking, in applications the losses (¥;) will be bounded in O (1) with
high probability and in this case V; = O(n). Our concentration bounds will be
established using a martingale version of Bernstein’s inequality (Theorem B.19),
which is a variance-aware concentration inequality.

10 - — f(z) ==

T T T T
-10.0 =75 =50 =25 0.0 2.5 5.0 7.5 10.0

Figure 12.3: The concentration of }}}'_, §;(x)/n with f; = f =|-|and n = 10°
and y = 1/2 and ¥ = 1 and A = 1/2. The thin lines correspond to the first one
hundred estimated surrogates. The estimate is very close to the real surrogate
on an interval around u but can be extremely poorly behaved far away, even
with n so large. Note also that the estimated surrogate is convex near y but not
everywhere.

Concentration bounds We start with a naive bound on V; and Y;,,x, which is
only used to bound these quantities when they appear in logarithmic terms.
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Proposition 12.22  With probability at least 1 — §/2,

max (Ymax, Vz) < poly(1/6) .
Proof Combine Markov’s inequality, a union bound and Lemma 12.20. O

The first significant result is a Bernstein-like concentration bound for the sum
of the surrogate loss estimators:

Proposition 12.23  Under Assumption 12.21, the following hold:

(1) Letx € R be a non-random vector such that x € K-(1/VL) almost surely.
Then, with probability at least 1 — 6,

1
<1+ [\/LVT + LYmaX] .

T
D (31(x) = s,(x))
=1
(2) With probability at least 1 — 6,

max
xeK.(1/V2L) |%

Z(St(x) —s;(x))] <2+ _W dLﬁmax .

You should view these bounds as a kind of Bernstein inequality with the term
involving Y.« the lower-order term and V; = O(n) with high probability.

Proof Starting with part (1), let x € R be such that x € K, (1/VL) almost
surely and recall that

§t(x) = (1 + @) Yt .

Let A; = §;(x) —E;—1[8;(x)]. A martingale version of Bernstein’s inequality
(Theorem B.19) applied to the sequence (A;);_, says that with probability at
least 1 —6/2,

- 4 max(B, VM
ZA, S3¢M10g(%ﬂ +2Blog
=1

where M = 37| E,_ [A2] and B = max(1, max;<,<. |A;|). We now bound the
random variables M and B. By definition,

., (12.9)

4 max (B, \/M))
6

M < ZEz 1[5 (x ) eXp(4) ZEt— Y2 = eXp(4) —Vz,
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where we used the fact that 7, (x) < exp(2). Additionally,
B = max (1, max |A,|)
I<t<t

<1+ max |§(x) =E,_1[5 (x)]]
I<t<t

<1+ [max. (18 ()| + [Be—1 [8: (x)]1)

exp(2
<1+ % max (|Y;| +E;—1[|¥:]])
1<t<t

exp(z) Ymax
-
By Proposition 12.22, with probability at least 1 — /2,

=1+

max (B, VM) < poly(1/6).

Combining with (12.9) shows that with probability at least 1 — d,
- 1

> Al < - [\/VTL + LYmaX] .

1=1

Note that so far we did not use the fact that x € K, (1/VL). The argument above
shows that 3.7, (8;(x) — E,—1[$:(x)]) concentrates well for any x € RY. All
that remains is to argue that E,_ [§,(x)] is close to s, (x). Since x € K (1/VL),
by Proposition 12.14,

<nd+

D160 = 5 (x)
t=1

DG —E,_l[s,u)])'
t=1

1
<1+ z [\A;:Z:+'Ly%mx]

This completes the proof of Part (1). Moving now to part (2). Abbreviate
K: = K. (1/¥2L). By Assumption 12.21, ¥ < 1511 and 4 > ¢ and by the
definition of K,

K, c {x : /l||x—/,t1||2;1 < 1/V2L} - {x =l £ 5’3/2} 2 J. (12.10)

The argument follows along the same lines as part (1) but now we need an
additional covering and Lipschitz argument. Let € be a finite cover of J such
that for all y € J there exists an x € % such that ||x — y|| < & with

& = poly(9) . (12.11)
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Vershynin (2018, Corollary 4.2.13) shows that € can be chosen so that

. d
2d J
7| < (ﬂ . 1)
&
By (12.10), diam(J) < 2673/2. Hence, by the definition of L = Clog(1/6)
for suitably large universal constant C, it follows that log |€’| < dL. Repeating

the argument in Part (1) along with a union bound over ¢ shows that with
probability at least 1 — § the following both hold:

(1) maxXyxes \Z, 1(st (x) =B [8:(x)] | % [VdV + dLYmax]
(i1) max(Ymax, Vr) < poly(1/6).

For the remainder we assume these events occur. Let y € K. By the construction
of & there exists an x € € such that ||x — y|| < &. Since y € K; forany t < 7,

Ae 1 1
Al = puellsor < Al = Ylig + Ally = pellsr < =

+— < —,
Vs V2L VL

where we used the definition of K., the triangle inequality and the definition of
€ in (12.11) and naive bounding. Therefore x € K, (1/VL) and for any 1 < 7,

A o |7 (x) = 7 ()] |Yz] |Y:| &¥max 1
— = < — - < < —.
80 = 5,0)] DR < D -y < S < 2
where we used Lemma 12.17 and the assumption that ||x — y|| < &. By

Lemma 12.3(3),

lip(s,) <lip(f;) <

Oql'—‘

Hence [s;(x) = s;(y)| < £ < ﬁ Therefore

T
—se()[<1+]) (8:(x) — 5 (x))
=1
<2+ (8;(x) —E;_1[$:(x)])| by Proposition 12.14
=1
1
+3 [ AV.L + dLYmax]
which completes the proof. O

More or less the same result holds for the quadratic surrogates estimates.

Proposition 12.24  Under Assumption 12.21, the following hold:
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(1) Let x € R be a non-random vector such that x € K-(1/VL) almost surely.
Then, with probability at least 1 — 6,

1
<1+ Il [\/VTL + YmaxL] .

T
(@ (x) = 41 (x))
=1
(2) With probability at least 1 — 6,

max

| Z(qt(x) 4:(x)

<l+- [\/dV L+ dede]

Proof Letx € R? be a non-random vector such that x € K. (1/VL) almost
surely and A; = §;(x)—gq;(x), which satisfies E;_ [A;] = 0 by Proposition 12.14
and the definition of §,. By Theorem B.19, with probability at least 1 — §/4,

ZAt <3JM1 (SmaX(B \/_))+2310g(w), (12.12)

where M = 37 | E,_ [A?] and B = max;<,<¢ |A;|. Moreover, by Proposi-
tion 12.22, with probability at least 1 — §/2,

max (Ymax, V¢) < poly(1/6) . (12.13)
Since E;—1[§:(x)] = ¢g:(x) we have
B o1 [A7] <Bioi[gi(0)’] and  |A] <4, (0)] +Broi [1G: (0)]] -

Let Uy = {(x — us, Xy — ,th>2t—1. Substituting the definitions of g; and H; yields

1
Gr(x) ={gr, X — py) + E(x - #t)THz(x — M)

U, . /lez Allx - Ht”;;]
1-4 41 -4 4(1-2)2

=7 (u)Ys

Using the fact from Lemma 12.16 that 7, (u,) € [0,exp(1)] and A < 1/2 and
the condition that x € K, (1/VL) it follows that

R 1
19, ()] < 1Yl exp(1) | 21Uy ] + 441U * + | - (12.14)

The law of U; under P;—y is .A7(0, [|x — p;[[z-1)-
Exercise 12.25 W Complete the following steps:

(i) Show that |[UZ|l;-1.4, < 525
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(ii) Use (12.14), part (i), Assumption 12.21 and Lemma B.8 to show that

. CE;-1[Y/] . CE,_1[|Y:]]
Bald: ()] <6+ == Ballg (Il <6+ ————.
(iii) Use Lemma B.3 to show that with probability at least 1 — /4
Cly,
|c}t(x)ls%foralll <t<T. (12.15)

By a union bound, with probability at least 1 — ¢ the high probability events
in (12.12), (12.13) and (12.15) all hold. For the remainder assume these events
hold. Your solution to Exercise 12.25 shows that

T

CV
E, 1[A?] < né + —°

M = 2z

r=1
Moreover,

A Y,
B = max |A/| < max (1¢;(x)] +E,1[|§:(0)[]) <6+ —
1<t<t I<t<t

Combining these with (12.12) shows that

1
<1+ [\/VTL + LYmax] .

Part (2) follows by repeating more-or-less the same argument the covering
argument in Proposition 12.23. m}

D (ae(x) = 41 (x))
t=1

Exercise 12.26 W Prove Proposition 12.24(2).

The next proposition shows that the accumulation of second derivatives along
the sequence uy, . .., 4, is well-concentrated.

Proposition 12.27 Let & C ¢ be the (random) set of positive definite matrices
such that 7' < 7! forallt <t and S, = 1=1 87 (ur) and S, = =1 57 (te).
With probability at least 1 — 6, for all 27! € &,

—AL? [1 + AV, + szmaX] s1<S. 5. <aL? [1 +AfdV, + szmax] s

Proof By definition of the Lowner order, the claim is equivalent to showing
that with probability at least 1 — & for all u € ¢~ and £ € & that

07 (Se = Soyu] < AL |1 VAV + Yo 1l (12.16)
The approach followed will be the usual one:

o Prove that (12.16) holds for all « in a finite cover of S‘ll_l with slightly
smaller constants.
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o Extend to all u € S{~! by a Lipschitz argument.

Let %5 be a cover of Sf‘l such that for all u € Sf‘l there exists a v € %5
such that ||u — v|| < & where & = poly(8) is a small constant. Vershynin (2018,
Corollary 4.2.13) shows that %5 can be chosen so that

2
log |65| Sdlog(— + 1) <dL.
E

LetW; =%, 12 (X —py), which is a standard Gaussian under P, _;. By definition,

N _ Ar (pe)Yr Z;_1(Xt = pe) (X - #t)th_l v -1
St ﬂt) - (1 _/1)2 (1 _/1)2 -~
= Ary () Yy Z;I/ZWIW:Z;I/Z _y-!
(1-2)2 (1-2)2 !

Let u € %5 and define

_ AT ()
S (1-22

& u,w,)?

Q1. T

s

~ lul
which is chosen so that u'§)(u)u = Y,Q.,. By Proposition 12.14
E-1[8) ()] = 57/ (ur)- Hence

At,u = YtQt,u -Ei [YlQl,u] = “ngl(ﬂt)“ - “TS;,(HI)M-

By Lemma 12.16, 7, (u,) < exp(1) and hence by (B.1) and Propositions B.11
and B.12 and naively simplifying constants,

Qs ulli-1.4, <1502 ||u||§t,1 . (12.17)

Therefore, since the variance of a random variable is upper bounded by its
second moment and by Lemma B.8 with k = 2,

Er1[A7 ] <Eia[Y207,]
< 26+ LB, [V hull.

< poly(1/6) (1+ Er-1[¥21) ,

where the final inequality crudely uses the fact that u € Sf‘l and assumption
that ||, !|| < 1/6. A union bound combined with (12.17) and Lemma B.3 and
Lemma B.8 with £ = 1 shows that with probability at least 1 —§/4 for all u € 65
and1 <t <,

|Ar ] < Ad (Yinax + 6L lull3 < poly(1/6) (1 + V) -
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By Proposition 12.22, with probability at least 1 — §/2, max(Ymax, Vz) <
poly(1/6). Combining these high probability bounds and another union bound
over €5 with Theorem B.19 shows that with probability at least 1 — § for all
u€ % andany X € §,

T
2B
t=1

—
< J dL Z E,_1[A2,] +dL max (A,
t=1 -

-
< ANully L2 1+ 4|d D B [Y2] + @Yo |
t=1

where we used the assumption that X! < =1 forall < 7. The claim is finished
by a Lipschitz argument:

Exercise 12.28 W Complete the proof by showing that with high probability
u — A, is suitably Lipschitz and using the properties of the cover €.

O
Remark 12.29  Suppose that (a,)]"_, is a sequence such that a; € [0, C] almost

surely and a, is %;_|-measurable for all #. Redefine

T T

S; = Za,ﬁg'(u,) and S, = Z ars; (uy) .

=1 t=1

Then Proposition 12.27 continues to hold with the essentially the same proof.
Finally, the gradient estimates of the surrogate loss also concentrate.

Proposition 12.30 Let & ¢ S¢ be the (random) set of positive definite matrices
such that 371 < 27! for all t < 7. The following hold:

(1) Suppose that x € K.(1/V2L) almost surely. Then, for any u € R?, with
probability at least 1 — 6, for any ¥ € &,

T

Z <§; (x) = s7(x), u)

t=1

< lullgr L [1 +V, + Ymax] .

(2) With probability at least 1 — & for all x € K;(1/V2L) and u € R¢ and
Yed,

T

PR A EFACNN)

t=1

< lullsr L [1 + v, + szmax] .
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Proof Let u € RY and x be such that x € K. (1/V2L) almost surely. By

definition,
. 7 (x)Y, (X - Ax
<St(x)5u>: tl_/lt <u92tl( {_/l _:ut)>

Let A; = (8;(x),u) — B,_1[(§,(x),u)]. As usual, we need to bound E,_; [A?]
and max|<;< |A;|. Let

0= 1 {51 (2225, ),

T 1-2 A
which is chosen so that A, = Y;Q;. By definition 7, (x) < exp(2) and therefore
10 1.4 < Clallg-r [T+ A0 =l | < 2C il
Hence, by Lemma B.8,
Bra[A7) <l (6 + B [¥71) L.

Also by Lemma B.8 in combination with Lemma B.3 and a union bound, with
probability at least 1 — §/2, forallt < 7

|At| < ||M||z;1 (6 + Ymax) \/Z

Part (1) now follows from Theorem B.19. For part (2), combine the above

with the covering argument in Proposition 12.23, covering both K (1/V2L) and

sa-1, m]
1

Exercise 12.31 W Prove Proposition 12.30(2).

12.9 Summary

Let us summarise what has been shown. The surrogate loss function is convex
(Lemma 12.3(1)) and optimistic:

s(x) < f(x) forallx e RY . Lemma 12.3(2)
On the other hand, the surrogate evaluated at y is relatively close to f(u):
2 26d iy
E[f(X)] < s(u) + 7 tr(s” (W) + - Proposition 12.10

Furthermore, the quadratic surrogate offers the same benefits on the focus region.
Specifically, Corollary 12.11 shows that for any x such that A ||x — u||g-1 < L,

BLF(0] - () < g(u) ~ 4(x) + > (5" (0)2) + 6 | 24

/12
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The effectiveness of the quadratic surrogate arises from the fact that s is
nearly quadratic on the focus region. Proposition 12.5 shows that provided
Allx = yllg-1 < L™V2, then 5" (x) < 25" (y) + 627\

Sequential concentration Recall the notation of the sequential setting explained
in Section 12.8. Particularly, that

K. (r) = {x € K:max Al — pullyy < r} :

Remember also that V; = 3} E;_ [YE] and Ypax = maxj< < (Y| +
E;_1[1Y¢|])- The following results hold under Assumption 12.21. The surrogate
is well-concentrated in the sense that by Proposition 12.23,

(1) For x € R? such that x € K;(1/VL) almost surely, with probability at
least 1 — 9,

g(s,(x) Cs0)| =1+ % [\/M+ LYmax] .

(2) With probability at least 1 — ¢,

T

D) = s,(x))

t=1

sup
x€K-(1/V2L)

1
<1+ [\/dLVT + dLYmax] .

Similar results hold for the quadratic surrogate. Precisely, by Proposition 12.24,

(1) Givenanyx € R suchthatx € K, (1/V2L) almost surely, with probability
atleast 1 — 0,

T
. 1

th(x) _CII(X) <1+ Z [VVTL+YmaxL] .

t=1

(2) With probability at least 1 — ¢,

sup
xeK.(1/V2L)

1
<1+ [\/dVTL + deaxL] .

ZT: 4r(x) — q:(x)

t=1

The Hessian estimates are also reasonably well-behaved. Recall that & is the
random set of matrices 7! such that 7! < 27! for all < 7. Then, with
probability at least 1 — ¢, forall £ € &,

—AL? [1 +dV, + szmax] > <8 -5, <AL’ [1 +dV, + szmax] ol

where S; = ¥,7_, 8/ (1) and S; = .7, s/ (u). Lastly, the gradient estimates
concentrate. Let & be as above. The following hold:
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(1) For x € RY with x € K.(1/V2L) almost surely and u € R?, with
probability at least 1 — 4, for any X € &,

PR CACEEAN)
t=1

(2) With probability at least 1 — ¢ for all x € K. (1/V2L) and all u € R¢ and
any X € &,

< llullsi L [1 +\ Vo + Ymax] .

T

PR CACEEALEND)

t=1

< lullg-r L [1 +aVs + szmaX] .

12.10 Notes

12.i: The optimistic surrogate was introduced in a slightly different form by
Bubeck et al. (2017) and in the present form by Lattimore and Gyorgy (2021a).
The quadratic approximation was first used by Lattimore and Gyorgy (2023),
who proved most of the results in this chapter or variants there-of.

12.ii: The parameter A determines the amount of smoothing. The change of
measure in (12.8) blows up as A > 1/d. Meanwhile, for A € (0, 1/d) there are
trade-offs.

o Alarge value of A increases the power of the lower bound of Proposition 12.10
showing that s is not too far below f.

o Alarge value of A decreases the focus region on which the quadratic surrogate
is close to the non-quadratic surrogate and where the concentration properties
of the estimators are well-behaved.
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Submodular minimisation

Let [d] = {1,...,d} for some integer d and & its powerset. A function
f: P —[0,1] is submodularifforall X CY c [d] and x € [d] \ Y,

FXU{xh - f(X) = fru{xh - f(Y).

Submodular functions are sometimes viewed as a combinatorial analogue of
convexity via a gadget called the Lovasz extension that we explain momentarily.
In bandit submodular minimisation the adversary secretly chooses a sequence
()i, + &P — [0,1] of submodular functions. Then, in each round ¢, the
learner chooses a set X; € 9 and observes Y; = f;(X;) + &;. The optimal set is

n
« = argminz [ (X)
Xe? T
and the regret definition is unchanged. As usual, one can consider the stochastic
version of the problem, where f; = f for some unknown f and all 7. The
raison d’etre of this chapter is to explain how convex bandit algorithms can
be used for bandit submodular minimisation. In particular, O (d'-+/n) regret
is possible in the stochastic setting by combining Algorithm 10.2 with the
Lovasz extension. And in the adversarial setting Algorithm 11.3 yields a regret
bound of O (d?3+/n). Besides this we explain how the special structure of bandit
submodular minimisation means that the algorithm in Chapter 5 can be improved
to have regret O(dn?/?) and O(d>/£?) sample complexity.

Remark 13.1 The classical optimisation problem of finding the minimum of
a submodular function f : & — [0, 1] is quite interesting and we give some
pointers in Note 13.v.

Many problems in economics and operations research have some kind of
submodularity based on the principles of diminishing returns or economies of
scale. Consider the following toy example. A specialty chocolate manufacturer

225
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is considering offering a subset of [d] items on their website. The expected
earnings when offering item k is some unknown p (k) and for X C [d] let ¢(X)
be the cost of offering subset X. The expected loss (costs minus earnings) when
offering X is

FX) =e(X) = pk).

keX

Thanks to economies of scale one might expect that when k ¢ Y O X the cost
of adding & to Y may be less than adding it to X:

c(XU{k})—c(X)2c(YU{k}) —c(Y),

which implies that f is submodular. You can find many applications of submod-
ular function minimisation in the survey by McCormick (2005).

13.1 Lovasz extension

Let f : & — [0,1] be a submodular function. We can and will identify
9 with {0, 1} in terms of the indicator function so that (1,1,...,1) = [d]
and (0,0,...,0) =0 and (1,0,1,0,0,...,0) = {1,3} and so on. The Lovasz
extension is a function g : [0, 1]¢ — [0, 1] defined by

1
gx) = /0 f{ixizu})du. (13.1)

An illustration of the Lovasz extension is shown in Figure 13.1 and its integral
representation above is shown in Figure 13.2. There are many ways to represent
the Lovdsz extension. A simple one is given in the following exercise:

Exercise 13.2 W Suppose that U is uniformly distributed on [0, 1] and
S ={i:x; 2 U}. Show that E[ f(S)] = g(x).

You should be able to see that if x € {0, 1}9, then g(x) = f(x), where we
have abused notation by using the identification between {0, 1}¢ and 2. The
following classical theorem is what makes this chapter possible:

Theorem 13.3 Let g be the Lovasz extension of f. The following hold:

(1) g is convex; and
(2) g is piecewise linear; and

(3) g is minimised on a vertex of the hypercube.
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. f{L2p =1
F{2n =09 +
1 (1) =07

{1}

Figure 13.1: The Lovasz extension for submodular function: f(0) =
0, f{1}) = 0.7, f({2}) = 0.9, f({1,2}) = 1. The Lovasz extension is
piecewise linear with each piece corresponding to a permutation o of [d].
The piece associated with permutation o is the simplex spanned by the sets
0,{c (D)}, {oc(1),0(2)},--- ,{o(1),---,0(d)} where a set is associated with
a corner of the binary hypercube by its indicator function. In the figure d = 2 so
there are only d! = 2 pieces.

F{4}h

f({3.4})
F({1,3,4}) £(0)

f({1,2,3,4})

0 0.3 0.52 0.7 0.8 1

Figure 13.2: An example of the integral computation in (13.1) with d = 4 and
unspecified f and x = [0.52,0.3,0.7,0.8] so that g(x) is the area in grey.

Proof A sequence Si,...,S, € Pisachainif S € S» € - € Sp.

Remember that we identify U € & with an element in {0, 1} c [0, 1]¢. The
convex closure of f is the function

h(x)=min| > p(U)FWU): > p)U=x, peAP)],

UePp UeP
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which is convex by the theory of linear programming (Bertsimas and Tsitsiklis,
1997, §5.2). Suppose that f is submodular. We will show that g = h. Define
#(p) = Yyeor p(U)|U|? and let x € [0, 1]¢ be fixed. By compactness, there
exists a p € A(9P) such that

)= ), pO)fW) and x= 3 pU)U.

UeP UeP

In case of ties, let p maximise ¢. Suppose that {S : p(S) > 0} is not a chain. That
is, there exists S,7 € & with p(S) = p(T) >0and S ¢ T and T ¢ S. Consider
q=p-p(T)1y—p(T)ls + p(T)1snr + p(T)1syr. Without any assumptions,
Svenr q(U)U = x and by submodularity, f(SUT) + f(SNT) < f(S) + f(T),
which implies that ;e q(U) f(U) < Ypyeop p(U) f(U). Furthermore,

ISUTP+|SNT)P? = |SP+|T1>+2|T\S|IS\T| > |S|> +|T|*.

But from this it follows that ¢(g) > ¢(p), contradicting our assumption that p
maximises ¢. Therefore {S : p(S) > 0} is a chain and Y gc 5 p(S)S = x. We
leave you to prove that there is a unique chain satisfying these properties and to
conclude from (13.1) that i4(x) = g(x). Part (2) follows since 4 is piecewise
linear (Bertsimas and Tsitsiklis, 1997, §5.2). Part (3) is immediate since g is
an average of f-values and the minimum is never larger than the average. O

Exercise 13.4 W Finish the proof of Theorem 13.3(1) as instructed above.

The Lovasz extension also has nice computational properties. Given exact
access to f you can compute it by noticing that the integrand in its definition
is piecewise linear with at most d + 1 pieces. You only need to evaluate f at
d + 1 different sets, all of which are easily found by sorting the coordinates
of x. Given x € [0,1]? let o(-|x) : [d] — [d] be a permutation such that
k = Xo(k|x) 18 non-increasing with ties broken arbitrarily. We adopt the
convention that o(0]x) = 0 and o"(d + 1|x) = d + 1 and xp = 1 and x4+ = O.
Let S(k|x) = {o(i|x) : i € [k]}, which means that

0 = S(0)x) c S(1]x) € --- € S(d|x) = [d] .

When all coordinates of x are distinct, then S(k|x) contains exactly the co-
ordinates associated with the k largest entries of x. Then, with g the Lovasz
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extension of submodular function f,
1
€)= [ F =
d

=S F(S(kIx) (Xor(kix) = Xor(k1]x))
=0

d
= f(S(0]x)) + Zxo'(klx) (f(S(klx)) = f(S(k = 1]x))) .
k=1

There is also a nice expression for the subgradients of the Lovasz extension.
Staring at the above equality yields the following standard proposition:

Proposition 13.5 Let g be the Lovdisz extension of submodular function f and
x € [0,1]4 and o~ (-|x) be the inverse of the permutation o (-|x). Then the
vector u € R? with

ux = f(S(o™ (ko)) = £(S(o™ (klx) = 1]))
is a subgradient of g at x.
Exercise 13.6 W Prove Proposition 13.5.

You may wonder what properties the Lovdsz extension has. For example, is it
smooth, strongly convex or Lipschitz? A look at the definition reveals that it is
piecewise linear and hence it cannot be strongly convex and is only smooth in
the special case that it is linear. It is 2-Lipschitz, however:

Proposition 13.7 (Lemma 1, Jegelka and Bilmes 2011) The Lovasz extension
g of a submodular function f : P — [0, 1] satisfies lip(g) < 2.

Proof By Theorem 13.3, g is convex and piecewise linear so that lip(g) <
sup, ||g’ (x)|| where the supremum is over all x where g is differentiable. Let
x € (0, 1)? be any point where g is differentiable and abbreviate S(k) = S(k|x)
and o (k) = o (k|x). By Proposition 13.5,

gr(x) = F(S(e™ (k) = fF(S(e™ (k) - 1)).
Let P = {k : g} (x) > 0}, then

I’ @I < lg’ Gl = D) g = > ghlx)

keP ke[d]\P

=2 g0 - > i) (13.2)

keP kel[d]
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The last term telescopes:
- > g = £(0) - £([d]). (13.3)
keld]
For the other term in (13.2), reorder the terms in the sum so that

|P|

23 gh(x) =2 ) (F(S(x(m))) - f(S(x(m) = 1)),
m=1

keP

where m +— |S(x(m))] is increasing. This sum does not obviously telescope.
Let us now make use of submodularity. Let a,,, = S(7(m)) \ S(x(m) — 1) and
A, ={ai,...,an}. Since ® c S(1) c --- c S(d) = [d] is a chain, we have
A, C S(m(m)) and therefore by submodularity,

JF(Am) = f(Am-1) = f(S(x(m))) = f(S(x(m) - 1)).

Therefore
|P| |P|
23 (F(S(r(m)) = F(S(r(m) = 1)) <2 3" (F(Am) = f(Am-1) (13.4)
m=1 m=1
= 2f(A1p) - 2£(0). (13.5)
Combining (13.3) and (13.5) with (13.2) shows that
lg" (Nl < 2f(Ap) — f(0) - f([d]) <2. o

13.2 Bandit submodular minimisation

We now explain how to use the Lovasz extension as a bridge between bandit
convex optimisation on the hypercube and bandit submodular minimisation. Let
g: be the Lovasz extension of f; and K = [0, 1]¢ the hypercube.

Exercise 13.8 W Show that f = 2.y f¢ is submodular and the Lovész
extension f is 21", &;.

Your solution to Exercise 13.8 combined with Theorem 13.3(3) shows
that 37 | g; is minimised at some x, € {0, 1}4. Consider a bandit convex
optimisation algorithm playing on K and (XX ), be actions in K proposed
by the bandit algorithms. We need a way to select the real actions X; C [d]
and return losses to the algorithm. This is done by sampling A; uniformly from
[0, 1] and letting X, = {i : (XX); > A,}. Then the loss is ¥; = f;(X;) + &. By
Exercise 13.2, E,_[¥;] = g, (XX) so this procedure is equivalent to the learner
interacting with the Lovész extension sequence. The following proposition
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shows that the regret of iterates (XX) with respect to the Lovdsz extension
implies a regret bound for the original bandit submodular optimisation problem.

Proposition 13.9 Let (XtK)t":1 € K and (X;);'_, and (Y;);_, be defined as
above. Then, with probability at least 1 — 6,

Reg, = 3" (fi(X,) = fi(X,)) < gReg, +2nlog(1/6),

t=1

where gReg, = Y, (g:(XK) - g:(xx)).

Proof As we argued above, "' | g/(xx) = 27, fi(Xx). Then

Reg, = 3 (5:(XF) - . x0)

t=1

= 3 (s - £i(x)
t=1

=) ) - A+ Y (65 - £(x0)
t=1

t=1
“Reg,+ ) (0 (X5) - 60)
t=1

By definition,

gt(XzK) =E;1 [f,(X,)|XtK] .

Therefore the sum is a martingale with increments bounded in [—1, 1] and by
Azuma’s inequality (Theorem B.18), with probability at least 1 — ¢,

Reg, < gReg, + v2nlog(1/6). O

Consequentially, any algorithm for bandit convex optimisation can be used
for submodular minimisation with very little overhead. When looking at the
complete list of algorithms in Section 2.5, remember that for the hypercube
we have diam(K) = Vd and the self-concordance parameter is ¢ = ©(d).
Moreover, except for scaling K is already in Lowner’s position. The special
structure of the Lovasz extension allows for at least one new idea, which we
explain in Section 13.3. Table 13.1 more or less summarises the state-of-the-art
in bandit submodular optimisation.



232 Submodular minimisation

AUTHOR REGRET/COMP ~ COMPUTE NOTES

Hazan and Kale (2012)  dn?/? O(dlogd)

Fokkema et al. (2024)  d'“+/n O(d?) +TI +svp  stochastic only
Fokkema et al. (2024)  d*3+/n poly(d, n)

This book ‘:—Z O(dlog(d)) stochastic only

Table 13.1: Regret bounds for various algorithms for bandit submodular
minimisation

13.3 Gradient descent for submodular minimisation

By applying the algorithm in Chapter 5 you can immediately obtain a regret
of E[Reg,] = O(d**n/*). It is instructive to revisit gradient descent for
submodular minimisation via the Lovész extension because the special structure
of the problem leads to a significant improvement with almost no additional
work. At the same time, in Chapter 2 we promised to explain the phenomenon
noted by Shamir (2013) that for quadratic bandits the simple regret is ©(d?/n)
while the cumulative regret is Q(d+/n). This curious situation is a consequence
of two factors:

o In the simple regret setting the learner can afford to play actions far from the
minimiser x4; and

o In many parametric settings these actions can be far more informative than
playing actions close to x, because they allow the learner to reduce variance.

This situation arises in submodular bandits where a very simple algorithm
has sReg, = O(d'->/+/n) simple regret, while the algorithms with Reg, =
O(d'>+/n) are all sophisticated second-order methods. The idea is to play
gradient descent on the Lovédsz extension and estimate the gradient by sampling
from a subset of corners of the hypercube. The cumulative regret incurred with
this approach is linear but the variance of the gradient estimate is small, which
leads to small simple regret.

Gradient descent Algorithm 13.3 plays gradient descent on the Lovasz ex-
tension to produce a sequence of iterates (x;);", but replaces the spherical
smoothing using in Algorithm 5.2 with another mechanism for estimating the
gradient. With probability y € (0, 1) the algorithm explores and otherwise it
exploits:

o When exploring the algorithm samples k; uniformly on {0, 1,...,d} and
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plays S; = S(k¢|x;). The result can be used to estimate an element of dg; (x;)
using importance-weighting and Proposition 13.5.

o When exploiting the algorithm samples A; uniformly from [0, 1] and plays
{k : (x¢)x = A;}, which in expectation leads to a loss of g;(x;).

When minimising the simple regret we choose y = 1 so that the algorithm
always explores. Otherwise 7 is tuned to balance exploration and exploitation.

1 args: >0, ye(0,1)
2 let x; €[0,1]¢
3 for r=1 to n
4 sample A, from %([0,1]) and let S;={k: (x)r = A;}
5 sample k; uniformly from {0,1,...,d}
6 let k- {1 withprob.y X - {S(k,pc,) ifE, =1
0 withprob. 1 -y Sy ifE; =0
observe Y, = f(X;) + &
8 let 9, = SUE [k 2 0)e gt x) — 1(ki % d)eo(kysiin) ]
‘ 5 (ke lx0) (ke+11x)
9 update xq1 =argmin,cpo 13« [Ix — [x; — 9]l
10 let X,=i3" x
11 sample U from %([0,1])
12 return §n = {k : ()?n)k > U}

Algorithm 13.1: Gradient descent for bandit submodular simple regret minimi-
sation

Theorem 13.10 The following hold for Algorithm 13.1:

—2/3'

(1) Suppose thaty = (1 + d)n~'3 and n = %n Then the cumulative

regret in the adversarial setting is bounded by
E[Reg,] <3(d+ 1)n?3 = 0(dn*?3).

2+2d
simple regret of Algorithm 13.1 is bounded by

.5
E [sReg, | <2(1 + d)\/g =0 (%) :
n

Proof Since Reg, < n for any algorithm, we assume for the remainder that
v € (0, 1] since otherwise the claimed regret bound in Part (1) holds for

(2) Suppose thaty = 1 andn = ! \/g. Then in the stochastic setting the
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any algorithm. Let g, be the Lovasz extension of f; and v, € dg,(x;) be the
subgradient defined in Proposition 13.5.

Exercise 13.11 W Show that E;_[¥;] = v;.

We are now in a position to bound the regret of the iterates:

Zn: (Vi X = Xx)

® dlam(K) L R
ZE 19:1%]

() - g () | SE

. d
© ”ZE[nv,n

(éd)i_'_ 27]n(d+1)2
2n Y

where (a) follows from convexity of g;, (b) by Exercise 13.11 and Theorem 5.2,
(<) since diam(K) = Vd. (d) follows because

((d+1)y,)2 E (d+1)2
t t ')/

Y
where we used (1.3) and the assumption that f; is bounded in [0, 1] to bound
B -1 [Y2E,] = Boo1 [(fi(X;) + &/)%|E;] < 2. By definition the regret satisfies

, (13.6)

2
< 4(d+1)
Y

E[I9:]1’] <2E|E <4E

b}

E[Reg,] =

Zfz(xt) f,wl

+E

=B Z £i(X) = 81 (x2)
t=1

Z 8r(xs) — gt(x*)l
t=1

d 2nn(d + 1)2
cnys Ly Hmdr )T
2n Y

where in the final inequality we used the fact that

E1[fe(X)] = B [Ee fr (Xo)] + B [(1 = Ep) fi (X0)]
=B [E fi (X0)] + Eeo [(1 = Ef) f2(S0)]
=B [Efi(X)] + (1 =y)8:(xt)
<Y+ 8i(x).

The bound on the adversarial regret now follows by substituting the definition
of the parameters. To bound the simple regret in the stochastic setting where
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ft = f and g = g, is the Lovasz extension of f, By substituting the parameters
into (13.6),

E <2(d+1)Vdn. (13.7)

D (g(x) - g(xx)
t=1

Then, using the definitions at the end of the algorithm and convexity of the
Lovasz extension,

BlrSn| 2B e < B

%Zg(x»l "< gra) +2(d + 1)@ :
t=1

Since g(x«) = f(X,) it follows that

E[sReg,] <2(d + 1)\/5. O

So what has been achieved? Algorithm 13.1 is computationally practical and
has excellent simple regret when y = 1. On the other hand, the dependence of
its regret on n is suboptimal, though in some regimes it is theoretically superior
to Algorithm 11.3 in the adversarial setting and its analysis and implementation
are much simpler than Algorithm 10.2 in the stochastic setting.

13.4 Notes

13.i: There are many resources to study submodular functions and optimisa-
tion. For example, the book by Bach (2013) or the wonderful short survey by
Bilmes (2022).

13.ii: Algorithm 13.1is due to Hazan and Kale (2012), though the elementary
simple regret analysis is new.

13.iii: Bandit submodular maximisation is another topic altogether and has
its own rich literature (Gabillon et al., 2013; Zhang et al., 2019; Foster and
Rakhlin, 2021; Chen et al., 2017; Takemori et al., 2020; Tajdini et al., 2024;
Niazadeh et al., 2021). Even in the classical optimisation setting without noise,
exact submodular maximisation is computationally intractable. Approximately
maximising submodular functions is often possible, however, at least provided
the constraints are reasonably well behaved. Because of this the standard
approach in bandit submodular maximisation is to prove that

;ﬁ(x» > ageaé;mm +o(n),
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where a € (0, 1) is the approximation ratio, which depends on the constraints
% and assumptions on the functions (f;). For example, when the functions ( f;)
are assumed to be submodular and monotone and ¥ = {X C [d] : |X]| < k},
then Niazadeh et al. (2021) design an efficient algorithm such that

1 n n
(l—z)glgé;ﬁ(X)—E ;ﬁm)

In the stochastic setting the regret can be improved to O (kd'/3n?/3), which is
essentially the best achievable (Tajdini et al., 2024).

= O(kd**n®P).

13.iv: The Lovéasz extension is due to Lovasz (1983) and provides the inter-
face between submodular bandits and convex bandits but introduces additional
noise. This is one justification for ensuring your algorithm can handle additional
noise, even in the adversarial setting.

13.v: The complexity of minimising a submodular functions f without noise
is still an active area of research. Let g be the Lovasz extension of f and
fx = miny ¢ 1y g(x). By Proposition 13.5 a subgradient of g can be computed
with O (d) queries to the f. Combining this with cutting plane methods (Bach,
2013; Bubeck, 2015) shows that with O(d? log(d/<)) queries to f one can find
an X € [0, 1]¢ such that g(¥) < fx + &. Then let

S = argmin{S(k[X) : 0 < k < d},

which can be evaluated with another O(d) queries to the loss function f and
satisfies f(S) < fi + &. The discrete structure of submodular optimisation
means you can even achieve exact minimisation (Jiang, 2022).



14
Outlook

The tool-chest for convex bandits and zeroth-order optimisation has been
steadily growing in recent decades. Nevertheless, there are many intriguing
open questions both theoretical and practical. The purpose of this short chapter
is to highlight some of the most important (in the author’s view, of course) open
problems.

14.i: The most fundamental problem is to understand the minimax regret
for F,. The lower bound is Q(d+/n) and the upper bound is O (d'-+/n) in the
stochastic setting and O (d?+/n) in the adversarial setting.

14.ii: From a practical perspective the situation is still relatively dire for
d > 1. The algorithms that are simple and efficient to implement have slow
convergence rates without smoothness and strong convexity. Algorithms with
fast convergence rates have awkward assumptions. For example, online Newton
step learns fast for #° and is difficult to tune. Is there a simple algorithm that

b
works well in practice without too much tuning and obtains the fast rate?

14.iii: Algorithms that manage O (poly(d)+/n) regret without smoothness
and strong convexity all estimate some kind of curvature or use continuous
exponential weights. In particular, they use Q(d?) memory. Can you prove this
is necessary?

14.iv: In the stochastic setting both the range of the loss function and Orlicz
norm (or maybe variance) of the noise should appear in the regret. This is
hidden throughout because in most places we (questionably) opted to fix the
range to [0, 1] and the Orlicz norm of the noise to 1. If you repeat the analysis
naively for most settings you will find that for losses bounded in [0, B] and
Orlicz norm bound of o, the leading term in the regret is B + 0. For example,
for online Newton step with K in Lowner’s position we would have a regret
of O((B + o)d'+/n). Really, however, the range of the losses should appear

237



238 Outlook

in a lower-order term, since over time an algorithm with sublinear regret will
play in a region where the range of the losses is small (otherwise it would
have high regret). Handling this properly in the analysis is probably quite
complicated and maybe not fundamentally that interesting. But could lead to
practical improvements in many cases. Note, we did things properly in Chapter 4
where the loss was not assumed to be bounded and also in Section 6.6. The
techniques developed there may be adaptable to other algorithms, including
cutting plane methods and online Newton step.

14.v: More adaptive algorithms are needed. We have seen a plethora of
results for this algorithm or that with such-and-such assumptions. But what if
you don’t know what class the losses lie in. Can you adapt? What is the price?
Very few works consider this or have serious limitations. A good place to start
is the paper by Luo et al. (2022). We also assumed that n is known upfront
and used this to tune learning rates or other parameters. You can always use a
doubling trick (Besson and Kaufmann, 2018), but generally speaking you would
expect better practical performance by using a decaying learning rate. We would
not expect to encounter too many challenges implementing this idea, but the
devil may be in the details. For example, the set K. usually depends on n via €
in many algorithms. And in the analysis of online Newton step the definition of
the extended loss would become time-dependent.

14.vi: There is scope to refine the algorithms and analysis in this text to
the non-convex case. Of course, proving bounds relative to a stationary point
rather than a global minimum. Someone should push this program through.
Alternatively, one may still focus on the finding the global minimum but with
weaker assumptions such as quasi-convexity or losses that satisfy the Polyak—
Lojasiewicz condition (Polyak, 1963; Karimi et al., 2016; Akhavan et al., 2024b).
Note that these function classes are not closed under addition and hence are not
amenable to the adversarial setting.

14.vii: Almost all of the properties we proved for the optimistic surrogate
relied on Gaussianity of the exploration distribution. Two properties that do
not rely on this, however, are optimism and convexity. This leaves hope that
something may be possible using an exponential weights distribution rather
than a Gaussian and this may interact better with the geometry of the constraint
set. This seems to have been the original plan of Bubeck et al. (2017) before
they resorted to approximating exponential weights distributions by Gaussians.
Perhaps you can make it work.

14.viii: Suggalaetal. (2021) and Bubeck et al. (2017) both handle adversar-
ial problems by some sort of test to see if the adversary is moving the minimum
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and proving that if this occurs, then the regret must be negative and it is safe to
restart the algorithm. One might wonder if there is some black box procedure to
implement this program so that any algorithm designed for the stochastic setting
can be used in the adversarial setting.

14.ix: It would be fascinating to gain a better understanding of Algorithm 8.3.
What loss estimators does it use? Maybe you can somehow implement this
algorithm when d = 1 or derive analytically what the estimators look like for
special cases.

14.x: There is potential to unify the algorithms and analysis from stochastic
approximation and bandit convex optimisation. The former is generally focussed
on precise asymptotics while the latter concentrate on minimax finite-time
regret. At the moment there is very little integration between these fields, even
though many of the ideas are the same.

14.xi: You could spend a huge amount of time generalising the conditions
on the noise. For example, to heavy tailed distributions. This has been widely
explored in the multi-armed bandit setting (Bubeck et al., 2013, and citations
to/from). Probably this should only be done if you have a particular application
in mind. Alternatively, you could investigate heteroscedastic or multiplicative
noise, with an initial foray by (Jingxin et al., 2025).

14.xii: When d = 1 the best bound on the cumulative regret for losses in
Fp is O(+/nlog(n)). On the other hand, Cheshire et al. (2020) have shown
that the minimax simple regret is ®(4/loglog(n)/n). What is the minimax
cumulative regret and does it depend on whether or not the setting is adversarial
or stochastic?

14.xiii: This entire book is about bandit convex optimisation on subsets of
euclidean space. Convexity and the convex bandit problem can be generalised
to Riemannian manifolds. Ao et al. (2025) start this program by constructing
the Riemannian analogue of Algorithm 6.2 and proving that under appropriate
smoothness conditions its regret is O (n*/3). The extent to which other algorithms
and analyses in this book can be generalised to the non-euclidean setting is
probably quite a fascinating question.
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Miscellaneous

A.1 Identities

Proposition A.1 (§4.9.1.4, Zwillinger 2018) Let I'(-) be Euler’s gamma
function. Then:

rd pd]2

dy _
(1) vol(B%) = REM)
(2) vol(S¢~1) = Lvol(BY).
The next proposition is the standard formula for integration in spherical

coordinates, which follows from the coarea formula (Evans, 2018, Appendix C)
or by direct proof.

Proposition A.2  Suppose that f : R? — R satisfies f(x) = g(||x||) for some
g : RY — R. Then, as long as either left-hand or right-hand side below is
well-defined,

,
/ flx)dx = dvol(Bf)/ s971g(s)ds.
BE 0
Proposition A.3  Suppose that W has law A (0, X). Then,
(1 E[IWIP] = u(2).

@ E[IWI'] = (%) + 2 (2.
() Elexp(W,a)] = exp (4 llal}).

Proof Let Z have law .4°(0,1). Then W and £'/?Z have the same law.
Therefore E[||W|?] = E[||IZ"%Z|]?] = E[Z72Z] = E[tr(ZZ7%)] = tr(D).
For the second part, since the euclidean norm is rotationally invariant we can
assume without loss of generality that X is diagonal. Then write W] as a
sum and expand the square E[||W][*] = E[IW|I? IW]|*] and use the fact that
E[Zé] = 3. Finally, note that X = (W, a) has law .4#7(0, ||a||§), which has

240
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moment-generating function Mx (1) 2 E[exp(1X)] = exp(A? ||a||§ /2) and the
result follows by substituting A = 1. O

Proposition A.4  Suppose that X has law % (Bf). Then E[||X]|]] = ﬁ.

Proof By Proposition A.2,

1 ! d
BlIXI = [l = [ rtar= 5 .
vol(Bf) Ja 0 d+1

A.2 Moore-Penrose pseudoinverse

Given a matrix A € R™*", the Moore-Penrose pseudoinverse is a matrix
A* € R™™ such that all of the following hold:

(1) AA*A = A.

(2) A*AA* = A*.
(3) (AA*)T = AA™.
(4) (ATA)T = A*A.

Proposition A.5 The Moore-Penrose psuedoinverse of any A € R™ " exists
and is unique.

Proof Let A = UDVT be the singular value decomposition of A, which means
that D is diagonal and U and V have orthonormal columns. A straightforward
calculation shows that if D has diagonal A4, ..., Ak, then D* is the diagonal
matrix with diagonal py, . . ., px and p; = 1/4; for A; # 0 and O otherwise. Then
A* = VD*UT straightforwardly satisfies the conditions of being a pseudoinverse.
For uniqueness, let B and C be two matrices satisfying the conditions. Then

AB=ACAB = (AC)"(AB)T =CTATBTAT =CT(ABA)T =C"AT = AC.
Similarly, BA = CA. Therefore B = BAB = BAC = CAC =C. m}

Fact 6 Suppose that A € R™*" is a matrix and y € im(AT) and 6 € R". Then
(y,ATAO) = (y,0).

Proof By assumption there exists a w such that y = ATw and so (y, A*A8) =
(ATw, ATAG) = (w, AATAB) = (w, AG) = (ATw,0) = (y,0). O

Fact7 Suppose that A, B are positive semidefinite and A = B. Then A* < B*
if and only if ker(A) = ker(B).

Fact8 Suppose that A € R"*". Then tr(AA*) = tr(A*A) = rank(A).
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Proof Let A =UDVT be the singular value decomposition of A so that U and
V have orthonormal columns and D is diagonal with rank(A) nonzero entries.
Then

tr(AAY) = tr(UDD*U") = tr(DD*) = rank(A) .

Moreover, tr(A*A) = tr(D*D) = tr(DD*) = rank(A). O

A.3 Technical inequalities

Lemma A.9 Suppose that A is positive definite and A = 1. Then tr(A) <
2logdet(1 + A).

Proof Use the fact that the trace is the sum of the eigenvalues and the
determinant is the product and that x < 21log(1 + x) for x € [0, 1]. O

Lemma A.10 Suppose x,y > 0 and x1 < A € S¢. Then logdet(A + yl) <
logdet(A) + dTy.

Proof Let (/lk),‘f:1 be the eigenvalues of A. The eigenvalues of A + y1 are

(A + y)¢_, and by concavity of the logarithm,

d
log det(A + y1) = Z log(Ax + y1)
k=1

d
= logdet(A) + —. O
X

Lemma A.11 Suppose that f(x) = ||x —y||2A and g(x) = ||x—z||129 with
A,B € S4,. Then

. _ 2
;QJIRI}l(f(x) + g(x)) - ”Z - Y||A_A(A+B)71A .

Proof Let h(x) = f(x) + g(x). Then h is quadratic and strictly convex and
hence has a unique minimiser at x € R? with

0=h(x)=2A(x—-y)+2B(x - 2z).
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Solving shows that x = (A + B) ™' (Ay + Bz) and therefore
. _ 2 _
min 1(x) = [[(4 + B)" (Ay + B2) =3[} + [[(A + B (Ay + B2) - e

= A+ B) Bz - By, +|[(A+B) " (Ay - A
= llz=yll% »
where
H=B(A+B) 'A(A+B) 'B+A(A+B)"'B(A+B)"'A
=A(A+B)'B+A(A+B)"' [-A(A+B)"'B+B(A+B) 'A]
=A(A+B)'B
=A-A(A+B)'A. o
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Concentration

B.1 Orlicz norms

Given a random variable X and k € {1,2} let

I1X1l,, = inf{t >0:E [exp(|X/t|k)] < 2} .

The random variable X is called subgaussian if || X]|,, < co and subexponential
if [[X||,, < oo. As explained in detail by Vershynin (2018), this definition is
equivalent except for universal constants to the definitions based on moments
or the moment generating function, which appear, for example, in the book by
Boucheron et al. (2013). See also Proposition B.10.

Fact 1 For k € {1,2}, [|||,, is a norm on the corresponding Orlicz space,
which is the subset of measurable functions f such that || f||,,, < co and where
functions that agree P-almost everywhere are identified. In particular:

WD X+ Yy, <Xy, + 1Yy,
) llaXlly, =allX|l,, forala > 0.
(3> IXlly, = 0implies that X = 0 with probability 1.

Regrettably, the Orlicz norm of constant functions do not behave exactly as
you might expect:

1
Iy, = —>5 and Iy, = ~
Y17 log(2) v log(2)

(B.1)

More generally, for bounded random variables:
Lemma B.2 Suppose that | X| < B. Then

) 11Xy,
@) Ix1ly,

_B__
log(2)*
B

Viog(2)”

IAIA
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Proof Substitute the definitions. O

Lemma B.3  Given any random variable X and t > 0,
t
(1) P(IX| >1) < 2exp (_W)
2) P(X|>1) < 2exp |-—Lr|.
X1y,

Proof Both results follow from a standard method. For (1),

i x| !
F(x| 2 1) = P(exp(nxuwl) y exp(llxllwl ))

< 2exp (—

t . .
W) . Markov’s inequality
2}

Part (2) is left as an exer. O

Lemma B.4 Let I'(-) be the Gamma function. Given any random variable X
and k > 1:

(1) E[|X[¥] <201 + &) [1X]1},-
(2) E[|X|¥] <20°(1 + k/2) |IX ]I},

Proof Since |X| is non-negative,
E[|X|k]=/ P(IX|* > 1) dt

0
=/ P(1X| = t'/*) dr

0

00 tl/k
< / 2exp (— )dt
0 X1y,

= 2T (1 + k) ||X|5, -

Part (2) follows by the same argument. O
Lemma B.4 can be refined when k = 1.

Lemma B.5 Given any random variable X :

(W ELIX]] < I1X]ly,

@ EIIXI] < iy 1 X1l

Proof For (1) assume without loss of generality that || X||,, = 1. Using the
inequality x < exp(x) — 1,

E[|X]|] < E[exp(|X)]-1<1.
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For (2) assume without loss of generality that || X||,,, = 1. Then, by Proposi-
tion B.11 and (B.1),

EIXI < X1, < IXIly, 111, = ~12011-. O

1
Vlog(2)

Lemma B.6 Given random variable X,

(W IX =E[X]lly, < A+ g5 X1y,
@) IX ~E[X]lly, < (1+ 5035 1X1ly,-

Proof By the triangle inequality (Fact 1),

IX - E[X]lly, < [IXlly, + IE[X]I],,

1
<IXlly, + @'E[X“ Lemma B.2
1
< IXlly, + log(Z)E“X” Jensen’s inequality
Part (2) follows using the same argument. O

Lemma B.7 Suppose that X is a non-negative random variable with E[ X] = 1.
Then E[X log X] < log E[ X?].

Proof Let p be the law of X and define a measure v by v(A) = E[X14(X)],
which is a probability measure by the assumption that E[ X] = 1. By construction
g—; (x) = x so that

/xlog(x) dp(x) = /log(x) dv(x)
R R

< log (/xdv(x))
R

= log (/)c2 dp(x))
R

= log E[X?],
where the inequality follows from concavity of the logarithm. O

Lemma B.8 Let log, (x) = log(max(1,x)). There exist absolute constants
(Ck)y., depending only on k and with Cy = 1 such that for any non-negative



B.1 Orlicz norms 247

random variables X and Y with E[X?] < oo and ||Y1/k||¢I < o0 it holds that

E[x2]\
E[X]z)

E[XY] < CGE[X] Y515, (1 + (log

1/k & E[x?]\"
E[XY] < Ck|lY ||¢1 E[X] + E[X] (logJr 5—2) +&| forallé > 0.

Proof Suppose that k = 1. The result is immediate if E[ X] or E[Y] vanish.
Hence, by normalising it suffices to consider the case where E[X] = 1 and
I¥ll,, = 1. Let f(y) = exp(y) which has convex conjugate f*(x) = xlogx — x.
By the Fenchel-Young inequality,

E[XY] <E[f"(X) + f(Y)] Fenchel-Young
=E[Xlog X +exp(Y)] - 1
<E[XlogX]+1 since ||Y||y, = 1
< 1+1ogE[X?]. by Lemma B.7

The second part follows since

2 2 2
E[X]log (g{i]g) = E[X] log (E[; ]) +E[X] log (E[(:?X]z)

< E[X]log (E[;z]) +¢&,

where the inequality follows because log(x) < v/x for all x > 0. The argument
for k > 1 follows from the same highlevel idea using the (non-convex) function
f() = exp(y'/¥) and is left as an exercise. o

Exercise B.9 W Prove Lemma B.8 with k > 1.

The definition of subgaussianity based on moment generating functions is as
follows. Given a random variable X, let Mx (1) = E[exp(4X)] be its moment
generating function. The set of subgaussian random variables with variance
proxy o2 is

(o) = {X : Mx(2) <exp(c?4?/2) forall A € R} .

The next proposition connects ¥ (o) to {X : E[X] = 0, [ X[[,, < o}. Similar
results with slightly larger constants are given by Boucheron et al. (2013);
Vershynin (2018); Zhang and Chen (2020).

Proposition B.10 Suppose that E[X] = 0. Then

(1) IfX € (o), then || X||,, <+8/30.
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@) IfIXll,, < 0. then X € (\N20).

Proof In both parts assume without loss of generality that o = 1. For (1), let

a = +/8/3. Then

Blexp((X/a))] =B | 2 [ e (- + 25 ar
Lt 2
< —/ exp( —2)d

Therefore || X]|,, < a. Moving now to (2). Suppose that [4| < 1. Then,

E[exp(1X)] < E[exp(12X2) + AX]

< PE[exp(X2)] +1- A2
(C<) 1+ 22
< exp(4?),

where (a) follows from the fact that exp(x) < x + exp(xz) for all x € R, (b)
since E[X] = 0 and by convexity of 12 — exp(x24?), (c) since by assumption
E[exp(X?)] <2 and (d) since 1 + x < exp(x) for all x € R. On the other hand,
if |[4] = 1, then

E[exp(1X)] = E [exp (%\/EX)]

2
(<) E [exp (% + XZ)}
< 2exp(2%/8)

2 exp(1?),

where (a) follows from the Fenchel-Young inequality: xy < x%/2 + y?/2 for
all x,y € R, (b) since E[exp(X?)] < 2 by assumption and (c) from the
assumption that [1| > 1. O

Proposition B.11 (Lemma 2.7.7, Vershynin 2018) Let X and Y be any random
variables. Then || XY ||, < IX1ly, 1Y |l y,-

All the results in the next proposition can be found somewhere in the book by
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Vershynin (2018) but with non-explicit constants. The referenced paper gives
the explicit constant but is probably not the first to do so.

Proposition B.12 (Lattimore and Gyorgy 2023)  Suppose that W is a standard
Gaussian random variable in RY. Then:

(D {166 WLy, =2v2/3 ix]l.
Q) le(AWWD|l,, <3t(A).

3 WP, <84/3.
@ MwwT-1]ll,, <54d.

Lastly we give a bound on the Orlicz norm of (U, ) where U is uniformly
distributed on the sphere. Morally this is comparable to the case where U is
A0, é]l), as the bound shows.

Proposition B.13  Let X = (U, n) where U has law %(S‘f‘l) and n € R%.

Then
4
X < —_—
X1, = Wl 575

Proof Assume without loss of generality that ||77]| = 1. Let Y be beta distributed
with parameters @ = 8 = d/2, which has mean 1/2. Then X/2 + 1/2 has the
same law as Y and Marchal and Arbel (2017) prove that for all 1 € R,

2
E[exp(A(Y —E[Y]))] < exp (_ﬁ) :

Therefore

A2 202
Efexp(AX)] = E[exp((20)(¥ — E[¥]))] < exp (—m) - exp (—T) ,

where 02 = 2(dl—+1) The result follows from Proposition B.10. O

B.2 Concentration
The following are classical:

Theorem B.14 (Duembgen 2010)  Suppose that X has law 4 (0, 1). Then, for
any x >0,

1 2
P(X >x) < 5 €XP (—%) .
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Theorem B.15 (Boucheron et al. 2013, Theorem 5.6)  Suppose that f : RY — R
and X has law A (u, X). Then, for any § € (0, 1),

P (IELF(X)] - 701 = lip()V2 2T Tog(2/6)) < 6.
Furthermore, || f(X) — E[f(X)]ll, <lip(/)Vo [IZ].

The next two theorems are versions of Hoeffding’s and Bernstein’s inequalities
in terms of Orlicz norms. The constant 4 appearing in Hoeffding’s inequality
follows by combining the bound using the definition of subgaussianity based on
the moment generating function (Boucheron et al., 2013) and Proposition B.10.

Theorem B.16 (Hoeffding’s inequality) Let Xi,...,X, be a sequence of
independent random variables with || X;||,, < o and E[X;] = 0. Then, for any

5€(0,1),
1 v 41log(2/9)
P( Z;Xf > a,/T) <.

Theorem B.17 (Bernstein’s inequality, Pinelis 2022) Let Xi,..., X, be a
sequence of independent random variables with || X, ,, < o and E[X,] = 0 for
all 1 <t < n. Then, for any 6 € (0, 1),

12":)([ 2mx( /40’210g(2/6), 2(rlog(2/6))) s
n po n n

Theorem B.18 (Azuma’s inequality) Let Xy, X1, ..., X, be a martingale with
| X; — X;—1| < ¢t almost surely. Then, with probability at least 1 — 6,

X, < Xo + 4 2Zc310g(1/5).
=1

The next theorem is a strengthened version of Freedman’s inequality due to
Zimmert and Lattimore (2022).

P

Theorem B.19 Let Xy, ..., X, be a sequence of random variables adapted
to filtration (%) and T be a stopping time with respect to (%;);_, witht < n
almost surely. Let B, [-] = E[-|#;] and assume that E,;_[X;] = 0 almost surely
forallt < t. Then, with probability at least 1 — 6,

< 3\/VT log (—2 max(éB, VW) ) +2Blog (—2 max(B, \/V_T)) ,

T

>

t=1

0
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where Ve = 3.7 B,y [X?] is the sum of the predictable variations and B =
max (1, maxi<;<z |X¢1).

The next theorem is a folklore result. A version without stopping times
appears as Exercise 5.15 in the book by Lattimore and Szepesvari (2020).

Theorem B.20 Ler X1, ..., X, be a sequence of random variables adapted to
filtration (#;)!"_, and T be a stopping time with respect to the same filtration.
Suppose that @|X;| < 1 almost surely for all t < T with a > 0. Then, with
probability at least 1 — 6,

DX = BalX]) <@ ) By [X7] + w,
t=1 =1
where E,[-] = E[-|%].

Proof LetA; = X, —E,_1[X,] and S, = ¥7_| A, and V; = 37| B, [X7].
By Markov’s inequality,

P(ST >aV, + M) =P (exp (aST - asz) > l)
a 0

< 6E [exp (aST - (XZVT)]
=0E[M.],
where M, = exp (aS; — a*V;). Suppose that < 7. Then
E,_1[M,] = M,_\Ey_; [exp (aA, —o’E,_, [XE])]
= M;_jexp (—E,_l [ath2 + aX,]) E;_1 [exp (aX;)]
< M,_, exp (—]Et_l [®X2 + ax,]) E, 1 [1+aX, +a?X?2]
<M.

where in the first inequality we used the fact that for [x| < 1, exp(x) < 1+x +x2
and the last that 1 + x < exp(x) for all x. Hence (M,) is a supermartingale and
My = 1 is immediate from the definition. Since 7 is almost surely bounded, by
the optional stopping theorem E[M ] < My = 1. Therefore

log(1/6) <5
— |9

P(Sr>aV: + O
The following is an elementary corollary of Theorem B.20.
Theorem B.21 Let Xy, . .., X, be a sequence of non-negative random variables

adapted to filtration (%;);_, and T be a stopping time with respect to the same
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filtration. Suppose that aX; < 1 almost surely for all t < T with @ > 0. Then,
with probability at least 1 — 0,

th<ZZEt X + l0g(1/5)

where E;[-] = E[-|F].
Proof Apply Theorem B.20 and bound aE,_; [X?] < E,_;[X,]. O
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Notation

A+ B Minkowski addition, A+ B={a+b:a€ A,b e B}
_A -A={-a:ac A}

A-B Minkowski subtraction, A — B = A + (—B)

X+ A abbreviation for {x} + A

uA Minkowski multiplication, uA = {ua : a € A}, u € R
c,D subset/superset, possibly equal

P Loewner order operators

[-1.1-1 ceiling/floor functions

fxg convolution of f and g

(x,y) standard euclidean inner product

(X, ¥)A inner product xT Ay for A € §9,

R,Z reals, integers

R, Ry (0, c0) and [0, c0)

s¢,,s¢ positive definite and positive semi-definite matrices acting on RY
BY euclidean ball of radius r in RY

sd-1 euclidean sphere of radius 7 embedded in R¢

E(x,A) the ellipsoid {y : [|x — y|l,-1 < 1}

H(x,n) the half-space {y : (y — x, ) < 0}

[x,y] convex chord {Ax + (1 - )y : x € [0,1]}
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of (x)

subgradients of f at x

B(K) Borel o -algebra on K

A(K) probability measures on (K, B(K))

Am probability distribution on {1, ..., m}

A}, Ay NRYY

U(A) uniform probability measure on A ¢ R4

Ft natural filtration o (X1, Y1, ..., X, Y;) p 10
P, conditional probability measure P(-|%;) p 10
E, conditional expectation E[-|%; ] p10
111l euclidean/spectral norm of vector/matrix

1114 L-norm, [Ix|ly = Xy Xkl

II1leo oo-norm, || x|l = maxg |xg|

-1l Orlicz norms, k € {1,2} p 244
II-1la llx|l o = VxT Ax for positive semi-definite A

Il & |I-Ilx = 7k (-) when K is a symmetric convex body p25
K normally a convex set

K° the polar of a convex set K p25
K Minkowski functional of K, usually abbreviated to 7 p24
hk support function of K, usually abbreviated to h p25
int(K) interior of K p9
ri(K) relative interior of K p9
oK boundary of K p9
diam(K) diameter of K, sup,. ycx I|x = ¥l p27
vol(K) volume of K

conv(A) convex hull of A

N(A,B), N(A, B) external/internal covering numbers p76
ISOK affine map such that 1sok (K) is isotropic p3l
JOHNK affine map such that joung (K) is in John’s position p38
SEPK separation oracle for K p 38
MEMEK membership oracle for K p 38
frf gradient/Hessian of f : R — R
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Df(x)[u] directional derivative of f at x in direction u

D2f(x)[u,v] second-order directional derivative in directions u, v

D3 f(k)[u,v,w] third-order direction derivative in directions u, v, w

dom(f) domain of convex f : R — R U {co}, {x € R? : f(x) = oo}

lipg (f) Lipschitz constant, sup {f(ﬁc)z%iﬁy) ix,yeK,x# y}

lip(f) lipgom(f) ()

fisoosSn convex/submodular loss functions inrounds ¢t € 1 ---n

Elyevs En noise random variables pS
X, Xn iterates played by algorithm p4
Y, Y, observed losses p4
@ and B smoothness and strong convexity parameters p4
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