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ADVERSARIAL BANDIT CONVEX OPTIMISATION

• K convex subset of Rd

• Adversary chooses a sequence of convex functions (ft)
n
t=1

• ft : K → [0, 1]

• Learner sequentially chooses (Xt)
n
t=1

• Observes ft(Xt)

• Minimax regret

R∗n = inf
policies

sup
(ft)nt=1

max
x∈K

E

[
n∑
t=1

ft(Xt)− ft(x)

]

• Policy : history→ distribution over actions

• Expectation with respect to randomness in policy
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PREVIOUS WORK

Authors Result Notes

Flaxman et al. (2005) dn4/5

Agarwal et al. (2013) d18
√
n stochastic

Bubeck et al. (2015)
√
n d = 1, inefficient

Hazan and Li (2016) O(exp(d)
√
n)

Bubeck and Eldan (2018) d11
√
n inefficient

Bubeck et al. (2017) d9.5
√
n inefficient

Bubeck et al. (2017) d10.5
√
n efficient

Hazan and Levy (2014) d(d+ β/m)1/2
√
n β-smooth and m-strongly convex

This work d2.5√n inefficient

Dani et al. (2008) d
√
n Lower bound

Hu et al. (2016) naive stuff fails Lower bound



Theorem (L, 2020) Suppose that
(a) K contains a unit-width Euclidean ball
(b) (ft)

n
t=1 are convex functions ft : K → [0, 1]

Then the minimax regret is bounded by

R∗n ≤ const · d2.5√n log(n diam(K))



APPROACH

• Reduction Assume (ft) are n-Lipschitz and 1/n-strongly convex

• Bayesian regret

BR∗n = sup
prior on (Ft)nt=1

inf
policies

E

[
max
x∈K

n∑
t=1

Ft(Xt)− Ft(x)

]

• Minimax theorem (Bubeck et al. (2015) and L & Szepesvári (2019))

R∗n = BR∗n

• Bound the Bayesian regret using information-theoretic machinery
developed by Russo and Van Roy (2014)

• Downside No algorithm



REDUCTION
• Bounded convex functions must be Lipschitz deep inside the domain

• Adding small quadratic does not effect the regret much

• Play on {x ∈ K : dist(x, ∂K) ≥ 1/n}

• Add 1
2n ‖Xt‖2 to all observed losses
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INFORMATION-THEORETIC MACHINERY

Let F be the space of convex functions from K to [0, 1]

Theorem (Russo and Van Roy, 2014; Bubeck and Eldan, 2018) Suppose that for
all finitely supported probability distributions µ on F , there exists a probability
measure ρ on K such that

∫
K
f̄(x) dρ(x)−

∫
F
f? dµ(f)

regret

≤ α+

(
β

∫
F

∫
K

(f̄(x)− f(x))2 dρ(x) dµ(f)

information gain

) 1
2

where f̄ =
∫
F f dµ(f) and f? = minx∈K f(x)

Then there exists a policy such that

BRn ≤ nα+O
(√

dnβ log(n)
)



COMBINING EXPLORATORY DISTRIBUTIONS

Let µ be a finitely supported distribution on F and f̄ =
∫
f dµ(f)

Lemma Let (ρi)
k
i=1 be a collection of measures on K. Suppose that for

all f ∈ F , there exists an i such that∫
K
f̄ dρi − f? ≤ α+

(
β

∫
K

(f̄ − f)2 dρi

)1/2

Then, there exists a ρ such that∫
K
f̄ dρ−

∫
F
f? dµ(f) ≤ α+

(
kβ

∫
F

∫
K

(f̄ − f)2 dρdµ(f)

)1/2

Implication: If for all f̄ ∈ F we can find (ρi)
k
i=1 satisfying the above, then

R∗n = O
(
nα+

√
dnkβ log(n)

)



COMBINING EXPLORATORY DISTRIBUTIONS

Let µ be a finitely supported distribution on F and f̄ =
∫
f dµ(f)

Lemma Let (ρi)
k
i=1 be a collection of measures on K. Suppose that for

all f ∈ F , there exists an i such that∫
K
f̄ dρi − f? ≤ α+

(
β

∫
K

(f̄ − f)2 dρi

)1/2

Then, there exists a ρ such that∫
K
f̄ dρ−

∫
F
f? dµ(f) ≤ α+

(
kβ

∫
F

∫
K

(f̄ − f)2 dρdµ(f)

)1/2

Implication: If for all f̄ ∈ F we can find (ρi)
k
i=1 satisfying the above, then

R∗n = O
(
nα+

√
dnkβ log(n)

)



Proof Let (Fi)ki=1 be a partition of F such that for all f ∈ Fi,∫
K
f̄ dρi − f? ≤ α+

(
β

∫
K

(g − f)2 dρi

)1/2

Let µi = µ(· | Fi) and ρ =
∑k

i=1 µ(Fi)ρi

∫
K
f̄ dρ−

∫
F
f? dµ(f) =

k∑
i=1

µ(Fi)
∫
F

(∫
K
f̄ dρi − f?

)
dµi(f)

(by assumption) ≤ α+

k∑
i=1

µ(Fi)
∫
F

(
β

∫
K

(f̄ − f)2 dρi

)1/2

dµi(f)

(by Jensen’s) ≤ α+
k∑
i=1

µ(Fi)
(
β

∫
F

∫
K

(f̄ − f)2 dρi dµi(f)

)1/2

(by Cauchy-Schwarz) ≤ α+

√√√√kβ

k∑
i=1

µ(Fi)2

∫
F

∫
K

(f̄ − f)2 dρi dµi(f)

(∑
i aibi ≤

∑
i,j aibj

)
≤ α+

√
kβ

∫
F

∫
K

(f̄ − f)2 dρdµ
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GOAL

For any f̄ ∈ F find (ρi)
k
i=1 such that for all f ∈ F ,∫

K
f̄ dρδ − f? ≤ α+

(
β

∫
K

(f̄ − f)2 dρδ

)1/2

When d = 1

• α = O(1/n)

• β = O(1)

• k = O(log(n))

When d > 1

• α = O(1/n)

• β = O(d3)

• k = O(d log(n))



Notation
Kδ = {x : f̄(x) ≤ f̄? + δ}
ε : Kε ⊂ x̄? ± 1

2n2

E = {0, ε, 2ε, . . . , 2k−1ε}
ρδ uniform on bd(Kδ)

k ≈ log(n), ε = 1/ poly(n)

Goal: ∀ f ∈ F ∃ δ ∈ E :
∫
K
f̄ dρδ − f? ≤ α+

(
β

∫
K

(f̄ − f)2 dρδ

)1/2

Case 1: f? ≥ f̄? − 1/n

Trivial with δ = 0, α = 1/n and β = 0

Case 2: f? < f̄? − 1/n and ‖x? − x̄?‖ ≤ 1/(2n2)

f̄(x̄?)− f(x̄?)
Lipschitzness

≥ f̄(x̄?)− f? − n ‖x? − x̄?‖ ≥ f̄(x̄?)− f? −
1

2n
≥ 1

2
(f̄(x̄?)− f?)

Case 3: f? < f̄? − 1/n and ‖x? − x̄?‖ > 1/(2n2)

See figure
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λ uniform on level set∫
K
f̄ dλ− f? = f̄(x)− f? .

(
distance

width

)√∫
K

(f̄ − f)2 dλ



MULTI-DIMENSIONAL IDEAS Notation
Kδ = {x : f̄(x) ≤ f̄? + δ}
ε : Kε ⊂ x̄? ± 1

2n2

E = {0, ε, γε, . . . , γk−1ε}
ρδ non-uniform

γ = (1+1/d), k ≈ d log(n),
ε = 1/poly(n)



MULTI-DIMENSIONAL IDEAS Notation
Kδ = {x : f̄(x) ≤ f̄? + δ}
ε : Kε ⊂ x̄? ± 1

2n2

E = {0, ε, γε, . . . , γk−1ε}
ρδ non-uniform

γ = (1+1/d), k ≈ d log(n),
ε = 1/poly(n)

∫
K
f̄ dλ− f? .

(
distance

width

)
≈d

(
1

λ(shadow)

∫
K

(f̄ − f)2 dλ

)1/2

Minimal surface area position
If K is in minimal surface area
position, then λ(shadow) ≥ 1/d

Conclusion
α = 1/n, β ≈ d3 , k ≈ d log(n)

=⇒ R∗n = O(
√
βdnk log(n))

= O(d2.5
√
n log(n))



FROM INFORMATION THEORY TO MIRROR DESCENT

Qt(x) =
exp

(
−η
∑t−1
s=1 f̂s(x)

)
∫
K exp

(
−η
∑t−1
s=1 f̂s(x)

)
dx

Ψ(u) = exp(−u)− 1 + u

Find Pt and Gt : K ×K × [0, 1]→ R minimising

max
z∈K

max
f∈F

[∫
K
f(x) d(Pt −Qt)(x)

relative loss

+

∫
K

(
f(y)−

∫
K
Gt(y | x, f(x)) dx

)
d(Qt − δz)(y)

bias

+
1

η

∫
K

∫
K

Ψ

(
ηGt(y | x, f(x))

Pt(x)

)
dQt(y) dPt(x)

estimation variance

]

Sample Xt ∼ Pt and f̂t(·) = Gt(·|Xt, ft(Xt))/Pt(Xt)

Theorem (L & György): Rn ≤ const d2.5
√
n log(ndiam(K))



THE END

• L & György, Mirror Descent and the Information Ratio, 2020

• L, Improved Regret for Adversarial Zeroth Order Bandit Convex
Optimisation, 2020

• Conjecture is R∗n = Θ(d1.5√n)

• Best lower bound is R∗n = Ω(d
√
n)
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Hu, X., Prashanth, L., György, A., and Szepesvári, C. (2016). (bandit) convex optimization with biased noisy gradient oracles. In

Artificial Intelligence and Statistics, pages 819–828.
Russo, D. and Van Roy, B. (2014). Learning to optimize via information-directed sampling. In Advances in Neural Information

Processing Systems, pages 1583–1591. Curran Associates, Inc.


